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Leaky-Wave Antennas I: 


Summary—A microwave network approach is employed for the 

_ description and analysis of leaky-wave antennas. This approach is 
based on a transverse resonance procedure which yields the complex 

_ propagation constants for the leaky waves. A perturbation technique 


is then applied to the resonance equation to obtain results in simple- 


and practical form. These procedures are illustrated by application to 
a number of practical leaky rectangular waveguide structures. Very 
good agreement is obtained between the theoretical results and the 
measured values. 


I. INTRODUCTION 
[: IS KNOWN that the radiation from a continuous 


longitudinal slot in a uniform lossless waveguide 
can frequently be characterized by a traveling wave 
with a complex propagation constant. This traveling 
wave propagates along the waveguide with a velocity 
greater than that of light and is attenuated as it travels, 
thus indicating a continuous leakage of energy. Waves 
possessing this characteristic behavior have been desig- 
nated as leaky waves. 
These leaky waves are not characteristic modes of the 
open waveguide region. The nonmodal character of 
such waves is evident from the fact that they increase 


* Manuscript received by the PGAP, June 9, 1958; revised manu- 
script received, November 3, 1958. This investigation was performed 
at the Microwave Res. Inst., Polytechnic Inst. of Brooklyn, Brook- 
lyn, N. Y., under Contract No. AF 19(604)-2031 with the AF Cam- 
bridge Res. Ctr,, Bedford, Mass. The paper is a portion of a disserta- 
tion submitted by L. O. Goldstone in partial fulfillment of the D.E.E. 
degree at the Polytechnic Inst. of Brooklyn, May, 1957. 

+ Microwave Res. Inst., Polytechnic Inst. of Brooklyn, Brook- 


lyn, N. Y. 
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contributions 


Rectangular Waveguides* 


L. O. GOLDSTONE{ anp A. A. OLINERT 


without limit in the transverse direction. This improper 
behavior of the leaky waves and the distinction between 
them and characteristic modes are discussed in the next 
section. Despite this unphysical behavior, however, 
these nonmodal waves may nevertheless be employed 
for the representation of field solutions in suitably 
restricted portions of open waveguide regions. More- 
over, since the leaky waves are solutions of the source- 
free field equations, their propagation constants can 
be obtained rigorously from a transverse resonance 
calculation which is formally identical to that for dis- 
crete characteristic modes. 

In order to carry out such a resonance calculation, 
however, it is first necessary to effect a transverse net- 
work representation of the open structure. Two steps 
are required in accomplishing this. The first consists of 
the introduction of a complete set of characteristic 
modes and the second entails the solution of a discon- 
tinuity problem. Different modal sets can be employed 
in effecting the network representation. In this paper a 
set of modes differing from the usual E and H (or TM 
and TE) modes are derived which are particularly con- 
venient for the transverse network representation of 
slotted rectangular waveguides. These modes are desig- 
nated as E-type and H-type modes, and are discussed 
in detail in Section IV. If conventional E or H modes 
in the transverse direction are used in the description 
of leaky-wave structures, the resulting transverse 
network may be complicated in form, involving the 
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coupling of two or more transverse modes of different 
types. On the other hand, the use of E-type or H-type 
modes results in the simplest form of network for all 
uniform homogeneous leaky-wave structures since these 
two types of modes are never coupled in such structures. 
For many leaky waveguides of practical interest, the 
second step, that associated with the discontinuity 
evaluation, does not need to be actually carried out 
since the desired results are available in the literature. 
When this is the case the network representation may 
be obtained immediately without solving a field prob- 
lem. In any case, this approach reduces the calculation 
of the propagation constants to the solution of a network 
problem. In general, the transverse network description 
of a slotted waveguide as viewed from within the guide 
consists of a number of transmission lines coupled by a 
lumped network at the plane of the slot. However, in 
the cases of practical interest where the field is char- 
acterized by a single leaky wave the network consists of 
only one transmission line, short-circuited at one end 
and terminated in a lumped network at the other end. 

The network resonance equations, which must be 
solved for the propagation constants, can be convenient- 
ly treated by a perturbation technique since in the 
cases of interest the leaky-wave propagation constants 
can be regarded as perturbations on the propagation 
constants of modes in closed waveguides with perfectly 
conducting or reactive walls. The major advantage of 
such a perturbation technique is that it yields simple 
closed-form expressions for the propagation constants, 
whereas exact solutions (of these complex transcendental 
equations) require either computing machines or ardu- 
ous numerical computations. An added advantage is 
that the functional behavior of the solution is immedi- 
ately evident, thus permitting a measure of insight. 

It should be emphasized that the application of 
microwave network concepts to the analysis of leaky- 
wave structures involves the decomposition of the over- 
all problem into two essentially independent parts. One 
of these is a field problem for the network parameters of 
the appropriate wave,uide discontinuity. The other is 
a network resonance problem which yields the desired 
propagation constants directly. The chief advantages 
of this decomposition are as follows: 


1) it is a systematic procedure which reduces the 
over-all problem to a simple form common to a 
variety of structures; 

2) the network parameters of a large number of 
waveguide discontinuities are either known or can 
be obtained from the application of relatively 
simple “small aperture” techniques, thus eliminat- 
ing the necessity of treating difficult field problems; 

3) the resonance calculations are conveniently treated 
by perturbation procedures to yield simple closed- 
form expressions for the propagation constants. 


The analysis of leaky wave antennas has received 
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considerable attention in the literature.!~!? Hansen,! who . 
first suggested the use of leaky structures as antennas, ~ 
was apparently also the first to recognize that the be-— 
havior could be characterized by a complex propagation — 
constant, and presented an elementary but pioneering © 
analysis based upon this concept. The most extensive — 
analysis of slotted rectangular waveguides has been — 
that presented by Rumsey.® In contrast to the micro- — 
wave network approach, however, Rumsey treats simul- 
taneously the two aspects of these problems referred 
to above. His variational procedure for determining 
the propagation constant actually incorporates in a 
concealed fashion the determination of the network 
parameters of the transverse discontinuity. The micro- 
wave network approach makes direct use of the avail- 
able results for the transverse discontinuities, thereby 
saving considerable effort and reducing the complexity 
of the form of the results. Some workers, however, have 
made use of transverse network representations in 
connection with leaky waveguides. Rotman® used such 
a network for an approximate analysis of the channel 
waveguide antenna (see diagram 3 in the Appendix) 
but he did not employ a correct transverse resonance 
procedure. More recently, Honey has independently 
employed network representations and a transverse 
resonance procedure for the calculation of leaky-wave 
propagation constants.'°!! However, his work is con- 
fined to two specific structures (see diagram 2\in the 
Appendix for one of these), and the references cited con- 
tain no theoretical discussion which would provide a 
basis for the extension of the network approach to a 
wider class of leaky structures. He has not employed 
perturbation techniques for the solution of the reso- 
nance equations but has obtained exact numerical solu- 
tions with the aid of a computing machine. 

In this paper, the following structures will be treated 
as examples of the network approach to the analysis of 
leaky rectangular waveguides: 1) slotted rectangular 


1 W. W. Hansen, “Radiating electromagnetic waveguide,” U. S. 
Patent No. 2,402,622. 

? HH. G, Booker, “Girders and Trenches as End-Fire Aerials,” 
Telecommun. Res. Establ., Swanage, Eng., Rept. No, 30; 1941. 

’ A. L. Cullen, “On the channel section waveguide radiator,” 
Phil Mag., vol. 40, pp. 417-428; April, 1949. 
_ 4A. S. Schelkunoff and H. T. Friis, “Antenna Theory and Prac- 
tice,” John Wiley and Sons, Inc., New York, N. Y.; 1952. 

5 W. Rotman, “The channel guide antenna,” Proc. Nat. Elec- 
tronics Conf., vol. 5, 1949, 

°V. H. Rumsey, “Traveling wave slot antennas,” J. Appl. Phys., 
eee: pp. ee aaa 1953. 

. F. Harrington, “Propagation along a slotted cylinder,” J. 

Appl. Phys., vol. 24, pp. 1366-1371; November, 1953. % 

J. N. Hines, V. H. Rumsey and C. H. Walter, “Traveling-wave 
slot antennas,” Proc. IRE, vol. 41, pp. 1624-1631; November, 1953. 

°F, J. Zucker, “The Guiding and Radiation of Surface Waves,” 
Proc. Symp, on Modern Advances in Microwaves Techniques, Poly- 
technic Institute of Brooklyn, Brooklyn, N. Y.; November, 1954. 

© R. C. Honey, “Horizontally Polarized Long-Slot Array,” Stan- 
ford Res. Inst., Menlo Park, Calif., Tech. Rept. No. 47; August, 1954, 

“ R. C. Honey, “A Flush-Mounted Horizontally Polarized Di- 
rectional Antenna,” Stanford Res. Inst., Menlo Park, Calif., Tech. 
Rept. No. 54; January, 1956, 

*R. S. Elliott, “Serrated waveguide—part I: theory,” IRE 
emer & ANTENNAS AND PROPAGATION, vol. AP-5, pp. 270-275; 
uly, ; 
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‘Waveguide carrying the Hi leaky wave; 2) slotted 


rectangular waveguide carrying the Ey, leaky wave; 3) 
rectangular waveguide with a periodic array of circular 
apertures in the narrow face carrying the Hy leaky 


wave. It is understood, of course, that the foregoing 
leaky-wave designations correspond to the unperturbed 


modes that would exist in the closed guide. Since the 
Hip and Ey, modes in closed rectangular waveguide can 
be regarded as the lowest H-type and E-type modes, 


respectively, propagating transversely, the leaky waves 


corresponding to these modes will hereafter be referred 


to as H-type and E-type leaky waves. A tabular sum- 


mary of the theoretical results for these structures is 


_ presented in the Appendix. These results are compared 


in Section VI with measured data, either previously 


available or obtained in connection with this study. The 
consistently favorable comparison between the theoreti- 
cal and measured values indicates that the perturbation 
_ procedures are indeed sufficiently accurate for practical 
_ purposes. 


II. CHARACTERISTICS OF LEAKY WAVES 


It was mentioned in the Introduction that while 


“leaky waves are solutions of the source-free Maxwell 
_ equations they are not proper modes because of their 
_ singular behavior at infinity in the transverse, or cross- 


section, plane. Despite the decidedly unphysical nature 


_ of this aspect of the leaky-wave solutions, however, they 


are valid field representations in certain restricted 
regions within which they remain finite. It is the pur- 


_ pose of this section to expand on these remarks. 


A leaky wave travels along its guiding structure with 


a complex propagation constant; its phase velocity is 


greater than that of light and its attenuation constant 


is indicative of a continuous leakage of energy along 


the guiding structure. The improper transverse varia- 
tion of the field of a leaky wave follows directly from 
the relationship among the wavenumbers for rectangu- 
lar regions, which is 


, 


(1) 


where k=27/) is the free space wavenumber and k,, 
ky, and k, are the wavenumbers in x, y, and z directions 


hk? = kh + hy? + k,?, 


‘respectively. If the leaky wave propagates in the 
(longitudinal) z direction with 


k= Ie = £2, — J&s; (2) 


_and if , is real and less than k, then the wavenumber 


in the (transverse) x direction is necessarily of the 


form 


(3) 


with B,>0 and a,>0. If the region into which the 
leaky structure radiates is defined by x>0, the varia- 
tion of the leaky wave in the x direction is 


kz =e Bz + jae; 


(4) 


é (ax—iBa)x 
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It is evident, therefore, that the leaky wave propagates 
in the « direction with ever increasing amplitude, be- 
coming infinite at infinity in the transverse plane. 
Despite this improper transverse behavior, leaky 
waves can provide a valid and highly convergent repre- 
sentation of the field within certain restricted regions of 
source-excited open waveguide structures. This state- 
ment may be clarified by reference to Fig. 1, which 


POWER 


Fig. 1—Radiation from a semi-infinite leaky waveguide. 


shows a semi-infinite uniform leaky waveguide of width 
a, fed by a closed waveguide. The radiating slot is 
contained in the x=0 plane, starts at z=0 and extends 
to infinity in the positive z direction. Since leaky waves 
are solutions of the homogeneous field equations the 
incident wave in the feed guide can excite a leaky wave 
within the open waveguide. In the interior of the open 
waveguide, 0>x>—a, the leaky wave is finite every- 
where and constitutes a valid representation of the 
field. This leaky wave excited within the guide radiates 
into the space x >0 in the manner indicated by Fig. 1. 
Any radiation from the junction between the feed guide 
and the leaky guide is of course neglected here. The 
angle at which the radiation occurs is given approxi- 
mately by 

® = cos! Ak ? (5) 

Ag 

where \,=27/8, is the guide wavelength of the leaky 
wave in the zg direction. Since the amplitude of the 
leaky wave decays as the wave propagates along the 
z direction, the amount of radiation per unit length de- 
creases with increasing z. This variation in the intensity 
of radiation is indicated in Fig. 1 by the decrease in the 
density of the rays. It can be seen that at any point 
z'>0 the field intensity increases in the x direction up 
to the height x=z’ tan ®. The x dependence of the 
field in this region is just that given by (4). For x>3' 
tan ® the field intensity must decrease rapidly because 
no radiation from the leaky wave reaches this region. 
The radiation from the leaky wave is therefore essen- 
tially confined to the region x<z tan ®. Everywhere in 
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this region the leaky wave has a finite amplitude and 
is therefore a valid representation of the radiation field. 
It can also be seen that the region in which the amplitude 
of the leaky wave approaches infinity (x) is auto- 
matically excluded from the domain in which the radia- 
tion field can be correctly characterized by the leaky 
wave. One is thus confronted by the interesting feature 
that while the properties of the leaky wave are analyti- 
cally determined by a source-independent condition, 
the domain in which the leaky wave is a valid represen- 
tation of the field is in fact dependent on the location 
of the source. 

Although leaky waves are frequently assigned to the 
same class as surface waves, which are also employed 
in flush-mounted antennas, they are distinctly different 
in nature from true surface waves. A true surface wave, 
unlike a leaky wave, is a proper mode and possesses the 
following characteristics: a phase velocity ordinarily 
less than that of light, a real propagation wavenumber 
in the longitudinal direction, and a purely imaginary 
wavenumber in the transverse direction such that the 
wave decays away from the guiding structure. In con- 
trast, a leaky wave is nonmodal and possesses a phase 
velocity along the surface greater than that of light, 
a complex propagation constant in the longitudinal 
direction, and a complex transverse wavenumber such 
that the wave propagates transversely away from the 
guiding structure with increasing amplitude. In addi- 


tion, these two wave types have different mechanisms — 


of radiation. The surface wave is basically nonradiating 
and can produce radiation only at a discontinuity on the 
guiding structure whereas the leaky wave radiates 
continuously. 

The nonmodal nature of leaky waves can be exhibited 
only by a careful examination of the modal spectrum 
of the guiding structure. The modal spectrum of an 
open waveguide is usually purely continuous although 
under certain conditions there may also exist a discrete 
spectrum. It can be shown™ that the complete modal 
spectrum is given by an integration over all the singu- 
larities of an appropriate one-dimensional Green’s 
function, called the characteristic Green’s function. In 
closed waveguides, only pole singularities are present 
and the resulting modal spectrum is purely discrete. 
In open regions, branch point singularities also occur, 
and the integration for the modal spectrum must be 
performed on the proper branch, the one corresponding 
to decaying waves at infinity. The residues of the poles, 
if any, on the proper branch then correspond to true 
discrete modes, while the branch cut integration(s) 
yields the continuous spectrum. 

Also, pole singularities are often present on the wrong 
branch, and in the past their presence, if noted, was 
ignored since these poles did not contribute to the 
spectrum and were unphysical in that they corresponded 

#8 N. Marcuvitz, “Field representations in spherically stratified 


regions,” Commun. Pure and Appl. Math., vol. 4, pp. 284-293: Au- 
gust, 1951. ; 
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to growing waves at infinity. However, Marcuvitz™ | 
recognized that these poles are in fact leaky waves, 
that under certain conditions some of them may con- 
tribute to the radiated field, and that they are valid 
only in certain suitably restricted regions. 

The characteristic Green’s function can be identified | 
as the voltage (or current, depending on the problem) | 
on a transmission line along one of the coordinates | 
transverse to the axial direction of the waveguide — 
(for example, the x direction in Fig. 1). Translated into 
microwave network terms, the singularities of this 
Green’s function are actually the resonances of the 
appropriate transverse network representation of the 
structure. It is seen, therefore, that the transverse 
resonance procedure yields not only the true discrete _ 
modes of an open structure, as is well known, but is } 
also the condition for leaky waves. 


III]. PERTURBATION SOLUTION OF THE RESONANCE 
EQUATION . 


The general form of terminated transmission line | 
which is representative of a transversely viewed wave- | 
guide is shown in Fig. 2. 


. : aes . 2 
Fig. 2—Terminated transmission line representing 
a waveguide cross section. 


The transverse wavenumbers «x corresponding to 
source-free fields in the waveguide are obtained from 
the solution of the resonance equation 


Zo) = "Z (x) 4+ Zc) = 0 


or 


oO — => 
V(x) = V(x) + V(x) = 0, (6) 
ee OO 
where Z, Y, Z, Y are the impedances or admittances 
looking to the left and right, respectively, from some 
arbitrary reference plane. This resonance equation is 
usually a complex transcendental equation for which an 
exact solution cannot readily be obtained. Numerical 
methods or computing machines may be employed in 
specific cases but such numerical solutions are not of 
particular value in gaining insight into the general 
behavior of leaky structures. 
Since for the class of leaky-wave antennas considered 
here the leaky wave can be regarded as a perturbation 
of a mode in a “closed” waveguide, the transverse 


“N. Marcuvitz, “On field representations in terms of leaky 
modes or eigenmodes,” IRE Trans. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-4, pp. 192-194; July, 1956. 

* A waveguide is regarded as “closed” when it does not radiate 
and consequently possesses real propagation wavenumbers. Reactive 
wall waveguides are included in this category. 
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wavenumber of the leaky wave can be written as 
K = Ko + Ak, (7) 


where x is the wavenumber of the unperturbed mode 
and Ax is the perturbation to be determined. For homo- 
geneous cross sections the resonance equation (6) may 
be written in terms of normalized impedances (ad- 
mittances) by dividing through by the characteristic 
impedance (admittance). Expansion of the normalized 
form of (6) about the point ck=xo to first order in Ak 
yields 


—- 
ee dZ’ (x) 
Z' (Ko) + Ax = QO, 
dx K=Ky 
so that 
Ze) 
K 
Ak + — : ) (8a) 
<> 
(= ) 
dk kK=Ko 
or 
Y" (Ko) 
ee Le De (8b) 
—> 
€ Y’(x) ) 
dk kK=ko 
where 
<—> co 
> > 
Zeno aad VY! = 
0 Yo 


The reference plane for the resonance equation is 
normally chosen at the slot of the leaky guide as a 
matter of convenience. For larger perturbations, itera- 
tion procedures may be employed but the results of 
- such iterations must be checked for convergence in 
each case. 

For a leaky rectangular waveguide such as that 
shown in Fig. 3, the transverse transmission line repre- 
- sentation is along the x direction and is of the type shown 
in Fig. 2, but with Z72=0. The length of the transmis- 
sion line is, of course, equal to the guide width a. The 
propagation wavenumber along the z direction for this 
type of leaky guide is given by 


ke = Vk? — ky? — &’, (9) 


where k=27/d and &, is the propagation wavenumber 
in the y direction. When (7) is substituted into (9) and 
the term involving (Ax)? is neglected, 


kz y a/ k? a pee = Ko" = 2koAk (10a) 
x 2 

~ = (1-"* an), (10b) 
Ago Agr? 


Goldstone and Oliner: Leaky-Wave Antennas I: Rectangular Waveguides 


311 


Fig. 3—Slitted rectangular waveguide. 


where 
2a 


\go = 


is the guide wavelength along z of the unperturbed 
mode. Then the real and imaginary parts of the propa- 
gation constant along zg are 


B ON ON KoAgo- 
— = — = —(1-— Ak; 
Rk Noe akon Aq? 
Ago 
an = KoAKi, (11) 
1 


where we have set k,=8—ja and Ax=Ax,+jAk;. Ap- 
proximations (10) and (11) should be used only when 
the frequency is well above the cut-off frequency of the 
unperturbed mode. When the cut-off frequency is ap- 
proached, (9) must be used without approximation. 

The perturbation Ax of the transverse wavenumber for 
a rectangular leaky waveguide is obtained from (8) 
and is 


Zr’ (ko) +7 tan Koa 


Ak = — ) (12a) 
dZ 7’ : 
+ ja sec? koa 
dk K>KQ 
or 
Y 7’ — 7 cot Koa 
Saat een EOE) 


dY 7 ; 
( + ja csc? Koa 
dk /Kk=K, 


where the terminating admittance Y7’=1/Zr'. The 
derivative of the terminating impedance or admit- 
tance, appearing in the denominators of (12), can fre- 
quently be neglected for nonresonant terminations so 
that (12) reduces to the simplified expressions 


7 Zr'(ko) +7 tan Koa 
) 


a sec? Koa 


(13a) 


K => 


or 
q Vo'(ko) — 7 cot Koa 


: (13b) 
a CSC* Koad 
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IV. MopEs FOR TRANSVERSE TRANSMISSION LINE 
y DESCRIPTIONS 


The representation of a uniform open waveguide by 
a transverse equivalent network involves first, the 
introduction of an appropriate set of modes, and second, 
the solution of an appropriate discontinuity problem. 
When an open rectangular waveguide such as that 
shown in Fig. 3 is viewed transversely along x it can 
be regarded as a parallel-plate waveguide of height 6 
terminated in an electric wall, or short circuit, at the 
plane x = —a and radiating into a half space at the plane 
x=0. The modal representation appropriate to the de- 
scription of such a structure in the region —a<x<0 
by a transmission line along x is therefore that in terms 
of characteristic modes of a parallel-plate waveguide. 

The desired modal representation of the transverse 
(to x) fields is!® 


E,(x, y, z) = 2 Vi(x)ed(y, z) (14a) 


Ai(x, y; Z) = Ds T(x) hi(y, Z). (14b) 


These electric and magnetic fields satisfy the transverse 
part of the Maxwell field equations. When (14) is 
substituted into the transverse field equations, a sepa- 
ration may be effected in which the x dependent quanti- 
ties V and I satisfy transmission line equations, and 
the mode functions e and hA satisfy coupled second- 
order equations which constitute (together with appro- 
priate boundary conditions) the eigenvalue problem for 
the modes. When e and A satisfy appropriate orthog- 
onality conditions, these coupled equations can be 
transformed into an uncoupled pair of second-order 
equations. 

It is known that in a parallel-plate waveguide the 
modes separate into two types, and these can be chosen 
in a variety of ways. In particular, the mode functions 
may be chosen to satisfy the relationship e;=A;XxXo. If 
this is done the resulting modes are the usual E and H 
modes along x characterized by H,=0 and E,=0, re- 
spectively.© This type of representation suffers from a 
disadvantage in connection with leaky-wave structures 
since the slot in the guide wall produces coupling be- 
tween the two types of mode, and thereby complicates 
the treatment of the discontinuity problem. However, 
if an alternative representation is used such that for one 
set E,=0 and for the other H.=0, no coupling between 
these two mode types results since the slot is uniform 
im the 2 direction. These alternative modes are desig- 
nated as H-type and E-type modes, respectively. The 
use of this alternative representation effects the decom- 
position of a vector electromagnetic diffraction problem 
into two scalar problems with a resultant simplification 
in the treatment of the discontinuity. 


6 The notation employed here is that given by N. Marcuvitz, 
“Waveguide Handbook,” M.I.T. Rad. Lab. Ser., McGraw-Hill Book 
Co,, Inc., New York, N. Y., vol. 10, ch. 1; 1951. 
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It follows that for these E-type and H-type modes 


the mode functions are characterized as follows: 
H-type: e.; = 0 
E-type: 4; = 0. 


The general form of the vector mode functions which 


result from this characterization, and their orthcg- 


onality properties, are presented elsewhere.” For 
parallel plate geometry, the explicit form.of the E-type 
mode functions, which are designated by a prime, is*® 


‘2 mmry 
e, = — sin — Zo 
b 
2 ur ike ny 
— j4/ — — —— cos — 15a 
if L Poi oe 
2 wry 
Ah,’ = — sin — 15b) 
b b Yo ( 
where 
nr \? 
Kn- = k? a (=) — je 
b 
h=1,2 5 = 7, Ooo 
and the characteristic impedance Z,’ is given by 
1 hk? — k,? 
Z,' = = : (16) 
J got WEKn 


The explicit form of the H-type mode functions, which 
are designated by a double prime, becomes 


En 


nry 
Ci See ra ee (17a) 
én =o My 
AZ! = — cos —z 
/ b ; 
om Wie Wei ack: y (17b) 
sin 
ov. 1b Se ee 
where 
oe 
Kno = k? — | — ==," 
b 
t. 2. =70, 
Cn = 
2, ewes 
#60, 10,3 Au ne os eon eee 
and the characteristic impedance Z," is > 
1 WUKn 
re, = < 
rae Y,,/" oo Rk ee ke? (18) 


L. O. Goldstone and A. A. Oliner, “Leaky Wave Antennas I: 
Rectangular Waveguides,” Microwave Res. Inst., 


August 11, 1957, 


18 The exponential dependence on z has been suppressed since it 


is common to all the mode functions. 


Polytechnic 
Inst. of Brooklyn, Brooklyn, N. Y., Rept. R-606-57, PIB-534; 


/ 
| 
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It is significant to note that for k,=0 (no variation 
} along z) the E-type mode functions and characteristic 
impedance become identical with those for the con- 
ventional H modes along x (E,=0) and the H-type mode 
functions and characteristic impedance become identical 
with those for the familiar E modes along x (H,=0). 
Thus, when there is no variation along z, the usual 
E and H modes of a parallel-plate waveguide are simul- 
taneously H-type modes and E-type modes, respective- 
ly. This feature will be exploited in the next section 
_ to obtain the circuit parameters of the lumped termina- 
tions for the transverse transmission line representa- 
tions of certain uniform leaky structures. 

Although the modes given in (15) and (17) are the 
most convenient for the circuit representation of such 
discontinuity structures as uniform infinite slots, they 
_are not appropriate for the treatment of periodic dis- 
| continuities which occur in the case of periodic leaky 
_ waveguides (see Fig. 4). In such cases, the modes must 
_be characterized by a discrete infinite set of wavenum- 
_ bers along z corresponding to the spatial harmonics of 
' the periodic discontinuity. The set of mode functions 
_ appropriate to periodic discontinuities is given else- 
where.” 


Fig. 4—Transverse equivalent network for uniform 
leaky rectangular waveguide. 


V. TRANSVERSE EQUIVALENT NETWORKS 


The modes which have been discussed in the preced- 

ing section provide a transverse transmission line repre- 
_ sentation of leaky rectangular waveguides. To complete 
_the transverse network description it is necessary to 

obtain a lumped network characterization of the dis- 

continuity represented by the slot or apertures in the 

waveguide wall and the external region into which the 
_ guide radiates. 

In this section transverse network representations will 
be obtained for several uniform leaky waveguides of 
the type shown in Fig. 3, and for a leaky waveguide 
in which one of the narrow faces contains a periodic 

array of circular apertures. 
¢ 


A. Uniform Leaky Waveguides 


There are two leaky waves which are of primary 
interest in connection with uniform slotted waveguides. 
The first such leaky wave is one for which the field 
distribution corresponds to that of the Hio mode in a 
closed waveguide; the second is a wave which corre- 
sponds to the Ey, mode (see diagram 4 of the Appendix). 
Each of these poses a different discontinuity problem 
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so that different transverse networks must be obtained 
for each case. 

In the first case, the transverse discontinuity prob- 
lem involves an incident H-type parallel-plate mode 
with no variation in the y direction (n=0) but with 
arbitrary periodicity in the z direction. Because of the 
uniformity of the structure along z this discontinuity 
problem involves only H-type modes. Since the condi- 
tions here are those corresponding to the Hip mode in a 
closed waveguide, the frequency is such that \>26 and, 
therefore, all higher modes (~>0) are nonpropagating. 
In the second case, the incident wave is an E-type 
mode with a y dependence given by sin wy/b and with 
arbitrary periodicity in the z direction. Only E-type 
modes are involved, and since this case corresponds to 
the Ex: mode in a closed waveguide the frequency is 
such that 26 >X>b. Consequently, all the higher modes 
(n>1) are nonpropagating. The required mode func- 
tions are those given in (15) or (17). 

Since the basic discontinuity problem in both cases is 
that of a parallel-plate waveguide radiating into a half 
space, a general stationary expression for the normalized 
admittance of the lumped network which is valid for 
both cases can be written as follows: 


4 Yn] Val? 


ott a SAL 


+ f dy f dy’ 
ap ap 


where Yo and V» are the characteristic admittance and 
voltage of the propagating mode, the Y, and V, are 
the characteristic admittances and voltages of the 
nonpropagating modes, and YY, is the two-dimensional 
half-space dyadic Green’s function. The prime on the 
summation sign in (19) indicates that the sum is taken 
over the nonpropagating modes only. 

The first term on the right-hand side of (19) is purely 
imaginary and represents the contribution to the sus- 
ceptance due to the stored energy in the internal region 
x <0. In writing (19) the assumption has been made 
that none of the nonpropagating modes “see” the back 
wall of the guide at x= —a. Since the nonpropagating 
modes decay rapidly away from the slot, this assump- 
tion is normally valid. However, if the back wall. is 
quite close, the assumption may be incorrect for a few 
of the lowest order nonpropagating modes. Under these 
circumstances, it is possible to effect a simple correction 
to take into account the interaction with the back wall. 
This correction consists of replacing the characteristic 
admittances in the first term on the right-hand side of 
(19) by the actual admittances seen by those modes 
which are affected by the back wall. These actual ad- 
mittances are just the input admittances of short- 
circuited lengths of cut-off transmission lines and are 


erie » (19) 


i 


Fe ee com | Kn | a, 
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where Y,, is the characteristic admittance of the mode 
and x, is its wavenumber for propagation along x. For 
all of the cases considered in this report the correction is 
negligible for all the nonpropagating modes. 

The second term of (19) is complex. It represents the 
conductance due to the radiated energy and the con- 
tribution to the susceptance due to the stored energy in 
the external region x>0. This term, of course, is in no 
way affected by the presence of the back wall. 

For the two cases being considered here the conduct- 
ances and susceptances are known for the case k,=0. 
These known results can be readily extended for arbi- 
trary k,. The required modification can be obtained by 
noting that when k,=0 the field components E, and 


H, satisfy 
(= i ke hs #) 0 5 
Ox? oy? H, ay: 
and when k, 0 they satisfy 


(S+S+r kt) f= 0 
ax oy? SSE WN: 


Since the boundary conditions on E, and H, are inde- 
pendent of k,, the solutions for kz#0 can be obtained 
directly from those for k,=0 by replacing k in the 
latter by V/#?—kZ. The z components of the fields of 
the propagating modes in each case can be represented 
as 


a 


H, = [Tine(x) + Iver(x) |e (9) 
Ez = [Vine(x) + Vien(x) ]ee(y) 


If (voltage) reflection coefficients are defined so that 


for the H-type mode, 
for the E-type mode. 


H, refl i r Ireti 
z inc Dine 
and 
E, refl Le Viren 
E, ine Vise ; 


it can be seen that the reflection coefficients for the 
case k,~0 must be related to those for k, =0 in the same 
manner as the field components. Since normalized ad- 
mittances are related to reflection coefficients by 


Veg iC 

Voto lis Di 
the replacement of k by /#—k- is also the required 
modification for the normalized admittances. 

Since the field in the vicinity of the slot for x <0 for 
both the H-type and E-type modes depends primarily 
on the local geometry and not on the nature of the 
region x >0, the “internal” susceptances, which are repre- 
sented by the first term of (19), can be approximated 
by one-half the capacitive and inductive susceptances, 
respectively, of a slit aperture in an infinite parallel- 
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plate waveguide. When the foregoing replacement of 
k by V#—k2Z is made, the internal susceptances are 
given approximately, for the H-type mode, by” 


; Bint xb ( =) 
Bint = = — In ( csc— 20 
t on i 2b ? ( ) 
with 
y Sens 
and for the E-type mode by”? | 
Dis | 
BiG mie Sato (21) 
Yo Kb 


K = Sk? — (2/b)? — k,. 


The external susceptances and conductances for 
both the H-type and E-type modes are obtained by | 
suitable modifications of results given in the “Wave- — 
guide Handbook” (WGH).?!:22 These WGH expressions — 


correspond to the special case for which the waveguide 


October 


height is equal to the height of the slit. When the slit — 


height is less than the waveguide height these expres- | 


sions are modified in the following manner. One first 


recognizes that the power per unit length radiated into — 
a half space from a slit is independent of the height of — 


the guide feeding the slit, provided that the slit height 
and the slit electric field remain unchanged. If the 
subscripts 1 and 2 denote the cases for which the slit 
and guide heights are equal and unequal, respectively, 
we may then write 


ViVi? = Y2V3?, 


where Y is the input admittance of the slit and V is the 
slit voltage, given by 


V= n X E-hdy, 
slit 
where £ is the slit aperture electric field, 7 is the normal 
to the slit, and # is the dominant mode function of the 
feeding waveguide. The power equality relation can be 
solved for Y2 and appropriately normalized to yield 


Vacs role (=) 
Voo Yor \Yo2/\V2/ ~ 
Quantity Yi/Yo is the normalized input admittance 


given in the “Waveguide Handbook.”?!:22 The ratio of 
characteristic admittances is 


for H-type modes 


Yo my yea 

Yoo K 
— for E-type modes, 
Ke 


® Marcuvitz, op. cit., footnote 16, p. 218, (2a). 
ee bid. Only the k,=0 case is available, and is given by (1b) on 
pa22ie 


1 Ibid., p. 184, (1b) and (2b). 
* Ibid. The k,=0 case is given by (2b) and (3b) on p, 191. 
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while the slit electric field, occurring in the expressions 
for the voltages, is either 


1 for H-type modes 
E(y) = A 


wy 
cos ya for E-type modes, 


where y is measured from the center of the slit. The 
amplitude of the field is of no consequence since the 
voltage terms occur in a ratio. 

Employing the procedure outlined above, the external 
conductances and susceptances become, for the H-type 
mode, 


Gea G Kb ie 
m3 (22a) 
; Diez Kb e 
fey icy Bae ened (22b) 
0 T xd 
where ¢=2.718, y=1.781, c=/k?—k2, and for the E- 
type mode, 
7b(1 — (d/b)?)? 72 
De 7 Nh) 28 eee (23a) 
Yo 16d cos? (rd/26) 
B wb(1 — (d/b)?)? 
ef Bm ar ms 
y, 16d cos? (xd/2b) 
with 


m= Vk? — (x/b)*. —_k,*. 


The complete transverse equivalent network for a 
uniform leaky rectangular waveguide has the form 
shown in Fig. 4 for both modes, where B represents 
(Bine + Bext). For the H-type mode B is capacitive, while 
for the E-type mode it is inductive. It might also be 
noted that the equivalent network of Fig. 4 with 


G 
Se j 
0 
and 
B 2xb ( =) 
= — In [{ csc— 
ae vg 26 


represents the long-slot array treated by Honey?® (dia- 
gram 2 of the Appendix). 

In the case of the transverse network for the E-type 
leaky wave, the use of E-type modes is particularly 
significant. If conventional E and H modes were used, 
the transverse network would consist of two transmis- 
sion lines, one for an E mode and one for an H mode, 
which are coupled by the slot. Furthermore, the parame- 
ters of the coupling network are not known and would 
have to be evaluated. With the use of E-type modes, 
only a single transmission line is required, and the dis- 
continuity admittance is obtainable immediately from 
a known result upon replacement of k by /#—k2, an 
operation whose justification also requires the use of 
E-type or H-type modes. — 


a 
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B, Periodic Leaky Waveguides 


An example of the class of periodic leaky waveguides 
is the one shown in Fig. 5. The apertures are circular 
holes of diameter d. The principal leaky wave in this 
structure can be regarded as a perturbation on the 


Fig. 5—Periodic leaky waveguide. 


dominant Hio mode in the closed guide. Although struc- 
tures such as the one shown in Fig. 5 differ consider- 
ably, in some respects, from the uniform leaky guides, 
when the aperture spacing is small enough (¢<d/2) 
their leaky-wave behavior is similar to that of the uni- 
form structure. 

While the transverse discontinuity admittance for 
this periodic structure is not available, it can be derived 
relatively easily by appealing to a “small aperture” pro- 
cedure. The results are therefore subject to the restric- 
tions kd <1 and d<6, but are quite accurate otherwise. 
Under these circumstances the electric field established 
in any aperture by an incident field is the same as that 
which would be produced in this aperture in the absence 
of all the others. 

The incident wave for this discontinuity problem is 
taken to be an H-type parallel-plate mode with no 
variation in the y direction and with a zg dependence 
exp (—jkzoz), where ka(=~/k?—(m/a)?) is the wave- 
number of the unperturbed Hio mode, 7.e., in the closed 
guide. The complete set of H-type modes for a periodi- 
cally-loaded parallel-plate waveguide have been given 
elsewhere.!” The incident mode here can be identified 
as the lowest member (m=n=0) of that set. Because 
of the small aperture approximation only H-type modes 
are excited by the array, and since the elements of the 
array are assumed to be spaced less than a half free- 
space wavelength apart all modes except the lowest are 
nonpropagating in the x direction. 

From the small aperture point of view, the aperture 
fields and the stored energy in the vicinity of the aper- 
tures are relatively independent of the surrounding 
waveguide geometry. For this reason, the susceptance 
portion of the admittance may be well approximated 
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by the susceptance corresponding to the situation where 
the region x>0 is a parallel-plate waveguide rather 
than a half space. To first order, this susceptance can be 
expressed in unnormalized fashion as” 


1 


eer St ames 24 
ou | h|?” ua 


Bz 
where =d3/ 6 is the magnetic polarizability of a circu- 
lar aperture and | h| =1//bc is the absolute value of 
the mode function for the incident mode (m=n=0). 


The normalized susceptance can therefore be written 
as 


B 6bc 
Bl = — = — (25) 

Yo xa 

where 
Vo = k/an, K = ko = Vk* — kzo?. 
The conductance may be calculated from 

ais (26) 

eee 


where P is the real transverse power flow per unit cell 
and V is the modal voltage of the propagating mode 
at the aperture plane. Since the transverse power flow 
per unit cell within the guide must be equal to the out- 
ward radial power flow per unit cell in the half space, 
the numerator of (26) can be calculated from the far 
fields in the half space. The details of the calculation 
of the conductance are given elsewhere,!” and it is 
shown that the expression for the unnormalized con- 
ductance is 


bx? 
G~—, (27) 
2Qop, 
while that for the normalized conductance is 
eee 28 
yo (28) 


The complete transverse equivalent network of the 
periodic leaky guide is shown in Fig. 6. 


VI. THEORETICAL AND EXPERIMENTAL RESULTS 


The leaky-wave propagation constants of the specific 
structures for which transverse equivalent networks 
have been derived in the preceding section are now 
readily obtained from the perturbation relations (11) 
and (13). 


A. Narrow Slots and Small A pertures 


For the case of the leaky waveguides shown in Figs. 
3 and 5, where the slots and apertures are small (db), 
the appropriate unperturbed structure is simply a 


_3 N. Marcuvitz, “Waveguide Circuit Theory: Coupling of Wave- 
ides by Small Apertures,” Microwave Res. Inst., Polytechnic 
nst. of Brooklyn, N. Y., Rept. R-157-47, PIB-106; 1947. 
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Fig. 6—Transverse equivalent network for the 
periodic leaky waveguide. | 


completely closed rectangular waveguide of dimensions © 
a by b. The unperturbed transverse wavenumber for — 
the H-type waves in both the uniform and periodic — 
waveguides and the E-type wave in the uniform guide — 
is then 


Rraaee (29) 


The attenuation constants and guide wavelengths for — 
these cases are given by 


dr 
ay er nee (<) (30a) 
a a 
beng lege Loe 
Dual (1 a eee ()). (30b) 
No Ago 47a” a 


For the H-type wave in both the uniform and periodic 
structures 


Po ae Ss eS | 
V-(;) 
yee (ners 
2a 
and the positive and negative signs in (30b) apply to the 


periodic and uniform guides, respectively. For the 
E-type wave in the uniform structure 


rn 


A\h oe ONT So 
Uaedes hie ery 

2a 26 
and the positive sign in (30b) is to be used. The quanti- 
ties R’ and X’ are given by 


Ago — 


Ago = 


R’ 


I 


Che) 

Yo Yo 

where B/Yo and G/Y> are the appropriate parameters 
for each case as given in the preceding section. The 
approximate expressions for attenuation constants and 
guide wavelengths given by (30) for these cases hold 


only when the frequency is well above the cut-off fre- 
quency of the corresponding unperturbed mode. In the 


- ; 
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case of the H-type waves in the uniform and periodic 

guides these expressions are therefore valid only if 
\<2a. In the case of the E-type wave in uniform guide 
_they are valid only if \2ab/+/a?+5%. When the above 
conditions are not fulfilled the desired propagation con- 
‘stants must be computed from (9). 

The approximate expressions for guide wavelength 
and attenuation constant given in (30) also apply to 
the long-slot array treated by Honey (see diagram 2 
of the Appendix) for the leaky wave which he designates 
as the “a mode.”!° To check the usefulness of the per- 
turbation procedure, calculations were made for the 
Stanford Research Institute long-slot array using (30). 

A comparison of these values with the results obtained 
_by Honey from an exact numerical solution of the 

resonance equation is shown in Fig. 7. The perturba- 
tion calculations yield almost exact agreement for \/\, 
values, and although the agreement for the aa values 
is not as good as that for \/A, it can be seen to be quite 
satisfactory. 

Calculations were also made for the periodic leaky 
waveguide. A comparison of measured and calculated 
values of guide wavelength for this structure is shown 
in Fig. 8. The attenuation constant of the experimental 
structure was too small to be measured. 


B. Wide Slots 


When the slot in the uniform leaky guide of Fig. 3 is 
not narrow the structure cannot simply be regarded as 
_a perturbation on an ordinary closed waveguide. Never- 
theless, very good results can be obtained by a modified 
perturbation procedure. 


The most extreme case is that of the so-called channel. 


waveguide in which the slot width is equal] to the narrow 
dimension of the guide (see diagram 3 of the Appendix). 
_A possible unperturbed structure in this case is a rec- 
tangular waveguide with a magnetic wall for one of the 
narrow faces. The corresponding unperturbed wave- 
number is then xo =7/2a. For a very flat channel guide, 
for which a>>b, this simple perturbation procedure 
yields satisfactory results since for this situation the 
aperture admittance is small and can therefore be 
treated as a small perturbation on an open circuit. 
For the usual waveguide dimensions, however, this 
is not the case. Since the phase part of the desired 
propagation constant depends primarily on the energy 
storage property (susceptance) of the discontinuity, 
the first step in the perturbation procedure consists of 
formulating a resonance problem, involving only the 
susceptance, in the following form: 


cot Koa = B’ (ko). (31) 


This equation (for real ko) may be readily solved to any 
desired degree of accuracy by a successive approxima- 
tion or graphical procedure, or may be solved approxi- 
‘mately by perturbing about an open-circuit termination 

(magnetic wall). The perturbation approach yields the 
solution 
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Fig. 7—Propagation characteristics vs slot width for 
leaky wave on long slot array. 
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Fig. 8—Guide wavelength of H-type leaky wave in rectangular 
waveguide with circular hole array. 
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The solution of (31) (either numerical or perturbation) 


is then used in (13b) and yields 
j  G'(ko) 


@ csc? Koa 


(32) 


(33) 


KkK= 


The attenuation constant and guide wavelength of the 
H-type leaky wave in the channel guide are then ob- 


tained as 
IN ko” 
B = — = / = : ) (34a) 
k No Aq? 
A\ Agko G’ (Kk 
ON (—) Reg, O19) (34b) 
a/ 2w csc? Koa 


In Figs. 9 and 10 theoretical curves computed from 
(34) for \/A, and oad for the “lowest” H-type leaky 
wave in a channel guide are compared with a set of 
measured results. 
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Fig. 9—Guide wavelength of H-type leaky wave 
in channel waveguide. 
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Fig. 10—Attenuation constant of H-type leaky wave 
in channel waveguide. 


In the case of the E-type wave in the uniform guide 
when the slot is wide but does not occupy the entire 
narrow face of the guide, a procedure similar to that 
above yields very good results. The first step again 
consists of formulating a resonance problem using 
only the susceptance, as follows, 


1 
B’ (ko) 


tan Koa = — (35) 
The above equation for real ko can be solved numerically 
or by perturbing about a short-circuit termination 
rather than an open-circuit termination as in the case 
of the channel guide. The perturbation procedure yields 
the solution 


a a B'(r/a) (36) 


The solution of (35) is then used in (13a) to obtain the 
result 


A R’ (ko) + jX' (ko) + 7 tan koa 
K Se + i220 Mn—n — 
a sec? Koa 


(37) 


The guide wavelength and attenuation constant in this 
case are then given by 


d Ago a X’ Ko Ko 
ee i ean (=) eels we) (38a) 


Ny Ago 2ra sec? Koa 
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Fig. 11—Guide wavelength of E-type leaky wave 
in square waveguide. | 
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Fig. 12—Attenuation constant of E-type leaky wave 
in square waveguide. 
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Theoretical curves computed from (38) for a square 
waveguide with d/b=0.56 are compared in Figs. 11 
and 12 with experimental results published by Hines, 
Rumsey, and Walter.® 
In all of the above cases, the agreement between the 


measured data and the theoretical values can be ob- 
served to be very satisfactory. 


(38b) 
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APPENDIX 
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A Flush-Mounted Leaky-Wave Antenna with Predictable Patterns* 
R. C. HONEYt 


Summary—This paper describes the design and the measured 
performance of a large, flat antenna consisting of an inductive grid 
spaced over a conducting surface. The analysis employs the trans- 
verse-resonance method to determine the radiating properties of the 
structure. This analytical technique is shown to predict very ac- 
curately the amplitude and phase of the illumination along the 
aperture of the antenna. 

An antenna was built with an 18- by 24-inch aperture and tested 
over the frequency band from 7-to-13 kmc. The results of these tests 
confirm the theoretical predictions in every detail. A pencil beam 
from the antenna scans in the H-plane (perpendicular to the antenna) 

‘from 20° to 60° from the normal to the aperture as the frequency 
changes from 7-to-13 kmc. The H-plane beamwidth remains vir- 
‘tually constant over most of this band. The first H-plane sidelobe 
or shoulder is at least 29 db below the main lobe from 7-to-10 kmc, 
and at least 23 db below from 10-to-13 kmc. All H-plane sidelobes 
‘beyond three or four beamwidths on either side of the main lobe are 

at least 40 db below the main lobe everywhere in the 7-to-13 kmc 

band. At the design frequency the measured pattern agrees with the 
theoretical pattern within a fraction of a db down to 40 db below the 
peak of the main lobe, even though the gain of the antenna at this 
frequency is only 33 db. 


I. INTRODUCTION 


EAKY-WAVE” antennas may be briefly described 
Is as transmission lines that gradually leak the 
energy in the line out into free space. This is 
a continuous leakage along the length of the trans- 
mission line, as contrasted to the discrete coupling out 
of slotted waveguide arrays. With such continuous 
leakage, the direction in which the energy radiates is 
determined by the phase velocity along the transmission 
line. The radiated beam will scan with frequency if the 
phase velocity of the transmission line changes with 
frequency. With independent and precise control of 
both the phase velocity and the rate of leakage, it is 
possible to curve the transmission line to fit a prescribed 
contour, and still enable all the leakage energy to add 
up in a given direction. In addition, these antennas may 
be so mounted on a vehicle that the leaky surface is 
flush with the skin of the vehicle. 

Very few, if any, leaky-wave antennas have found 
practical application in the past, principally because it is 
necessary to know the phase velocity and the rate of 
leakage along the structure very accurately in order to 
design large antennas with prescribed patterns, and 
adequate design data have not been available either 
theoretically or experimentally. 

This paper describes a leaky-wave antenna consisting 
of an inductive sheet spaced over a continuous conduct- 
ing sheet, with a wave polarized in the plane of the 


ie Manuscript received by the PGAP, March 20, 1959. The work 
reported in this paper was done at Stanford Research Institute on 
Contract AF 19(604)-1571 from the AF Cambridge Research Center. 
{ Stanford Research Inst., Menlo Park, Calif. 


antenna propagating between the two sheets. A sketch 


of this type of antenna is shown in Fig. 1. This struc- | 


ture is quite simple to fabricate, and the theoretical 
prediction of its properties is, for all practical purposes, 
exact. The analytical procedure utilizes a transverse- 
resonance technique that has been shown to be useful 
for a variety of radiating structures.’ It is shown that 
this technique yields extremely precise results, enabling 
the phase velocity and the rate of leakage along the 
antenna to be predicted with an unusually high degree 
of accuracy. 


HORIZONTALLY POLARIZED 


[ LINE SOURCE 


Fig. 1—Inductive sheet antenna. 


The first part of this paper describes the experimental 
results obtained with this antenna, and compares these 
results with the theoretical predictions. The second 
part briefly outlines the analytical technique, and pre- 
sents numerical results useful for designing this type of 
antenna. 
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II. COMPARISON OF MEASURED AND THEORETICAL 
PERFORMANCE 


A. General 


The experimental antenna consisted of a slightly 
curved conducting surface between conducting side 
walls that supported the inductive sheet. As shown in 
the sketch of Fig. 2, the aperture of the antenna was 
18 inches in the E plane by 24 inches in the H plane. 
In the sketch, the curvature of the conducting surface 
is exaggerated for emphasis. Curvature was required 
in order to maintain the phase velocity constant along 
the antenna as the rate of leakage, or illumination of 
_ the aperture, was increased from zero at the beginning, 
then reduced to zero again at the end. The spacing 
_ between the inductive sheet and the conducting surface 
_ controlled the phase velocity in the same way that the 
width of conventional rectangular waveguide controls 
the phase velocity in the waveguide. 


INDEXED FOR 
_-—— WIRE GRID 


ss, Fig. 2—Sketch of antenna geometry. 


Two different inductive sheets were used for these 
measurements. The first conformed more closely to the 
theoretical model; it consisted of a large number of 
parallel wires stretched across the aperture. This grid 

was constructed by winding 0.005-inch-diameter wire 
~ completely around the structure shown in Fig. 2, vary- 
ing the spacing between adjacent wires to control the 
amplitude of the illumination, or rate of leakage, along 
the aperture. In the second model the inductive sheet 
consisted of flat strips 0.010-inch wide printed on a 
thin layer of Teflon-Fiberglas laminate supported over 
the ground plane with polyfoam. A photograph of this 
latter antenna mounted on the antenna pattern range 
is shown in Fig. 3, complete with line source feed used for 
both antennas. The design of this line source is described 
in Section III-C. The important dimensions of both 
antennas are given in Table I in the Appendix. 

An extensive series of measurements was made with 
both of these antennas. These measurements are de- 
scribed in this section and compared with the theoretical 


predictions. 


B. Radiation Patterns 
The aperture distribution which was prescribed for 
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Fig. 3—Printed-strip leaky-wave antenna. 


both antennas at the design frequency of 11.42 kmc is 
given by 


0.85 1/2 

fo) = (A eoy""[1- > G sing) |, 
where y is the normalized coordinate along the aperture, 
242/L, and L is the length of the aperture With this 
distribution, only 2% per cent of the input power re- 
mains at the end of the array for absorption in a load. 
This aperture distribution is shown in Fig 4. It is im- 
mediately apparent from the fact that it is an asym- 
metric distribution that the resultant pattern will not 
have deep nulls. 

The H-plane gain factor corresponding to this aper- 
ture distribution is given by 


L 
| J My) dy dy 0.85752 5 
L ? 09775 © 
{Povey 


The integration of the amplitude distribution was per- 
formed graphically, while the integration of the power 
distribution was done analytically. 

The theoretical radiation pattern resulting from this 
aperture distribution at the design frequency was calcu- 
lated thus: following Silver’s’ notation, the amplitude 


2 


wy 
on 
bo 


Gu = (2) 


7S, Silver, “Microwave Antenna Theory and Design,” MIT Rad, 
Lab. Ser., McGraw-Hill Book Co., Inc., New York, N. Y., vol. 12, 
ch. 6; 1949, 
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Fig. 4—Theoretical aperture distributions along array. 


of the basic pattern (neglecting multiplicative constants 
and the element factor for the moment) is given simply 
by 

2a 


gu) = | fyemrdy, (3) 
0 
where u is the normalized angular variable given by 


“= “ (sin 8 — sin 4), (4) 
where X is the wavelength and the angles are measured 
from the normal to the aperture. The angle @ is a 
constant for a constant phase velocity along the an- 
tenna, and for these antennas at the design frequency 
of 11.42 kc, 


65 = 54.97 degrees. (5) 


The Appendix lists the numerical values of the various 
constants in these equations. Eq. (3) was integrated on 
a digital computer to find the normalized power pattern 
p(u) =| g(w)|2/|g(0)|2 in terms of u. The values of 0 
satisfying (4) were then found as a function of u, and 
the power p(w) at each point multiplied by the square 
of the element factor, cos 6, for the H-plane pattern of 
an electric dipole lying in and polarized parallel to an 
infinite conducting plane. The final pattern, renormal- 
ized to unity at the peak of the beam, is shown in Fig. 
5(a). 

The measured H-plane radiation pattern of the wire- 
grid antenna at the design frequency is compared with 
this theoretical pattern in Fig. 5(b). It can be seen that 
the agreement between the two is quite remarkable— 
the difference between them amounting to only a frac- 
tion of a decibel, on the average, even in the region 
30-to-40 db below the peak of the main beam. 

H-plane radiation patterns were measured for both 
antennas at a number of other frequencies between 7 
and 13 kmc. A typical series of patterns for the wire- 
grid antenna is shown in Fig. 6. The angles shown on the 
abscissa are measured from the direction normal to the 
antenna, positive angles toward the end-fire direction. 
A similar series of patterns for the printed-strip an- 
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Fig. 5—Comparison of experimental and theoretical H-plane radia- | 
tion patterns at 11.42 kmc. (a) Theoretical. (b) Experimental. 
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Fig. 6—H-plane radiation patterns for wire-grid antenna. 


tenna is shown in Fig. 7. It can be seen that both an- — 
tennas maintain very clean, low-sidelobe H-plane pat- 
terns over very wide bands, although for the printed- 
strip antenna, the errors in printing the strips and sup- 
porting them accurately over the conducting sheet 
increased the wide-angle sidelobes to the —30-db level 
(the order of unity gain). The sidelobes of the wire- 
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Fig. 7—H-plane radiation patterns for printed-strip antenna. 


grid antenna beyond 3 or 4 beamwidths on either side of 


the main lobe are everywhere greater than 40 db below 
the main lobe at all frequencies tested. 

As seen from the radiation patterns, the beam from 
the antenna scans in the H plane with frequency. This 


scanning action is caused by the change in phase veloc- 


ity along the antenna as the frequency changes. The 
angle at which the radiation leaves the antenna is very 


nearly identical to the angle that the interfering TEM 
waves make with the side walls of a waveguide in the 


-simple description of waveguide propagation.* This 


angle is given by 


(6) 


sin 80 = 

Ng 
where 6) is measured from the normal to the antenna. 
A very slight correction caused by the element factor, 
cos @, gives the following result for the direction of the 


main lobe of the antenna: 
6’ = 6) — 0.219 tan 40°. (7) 


Both theoretical beam directions, 6’ and 0, are plotted 
in Fig. 8 along with the experimentally-measured beam 
directions for the two antennas. 


8 Cf. S. Ramo and J. R. Whinnery, “Fields and Waves in Modern 


Radio” J. Wiley & Sons, Inc., New York, N. Y., p. 373; 1953. 


Honey: A Flush-Mounted Leaky-Wave Antenna with Predictable Patterns 


323 


te) 


= 


T ire T 


EXPERIMENTAL POINTS 


© WIRE-GRID ANTENNA 
+ PRINTED-STRIP ANTENNA 


8 
—i— 


THEORETICAL BEAM DIRECTION 
——— % sin" Mg 
2: 8, = 0.219 ton 8, 


DEGREES FROM NORMAL 
w 
° 
T 
TE, MODE CUT-OFF 


TE, MODE CUT-OFF 


S 
° 


BEAM DIRECTION 


- 


7 8 E) 10 W 2 3 14 
FREQUENCY — KILOMEGACYCLES 


Fig. 8—Scan angle vs frequency. 


The experimental values of the 3-db beamwidth as a 
function of frequency are plotted in Fig. 9 for both 
antennas. The fact that the beamwidth remains quite 
constant over a large part of the band is a consequence 
of (6) and the fact that the projected aperture L, equals 


ne 
Ly = Los 6% t[1-(—) ] ; 
Ag 
AN MN" 
Qo) 
Ng Xe 


where A, is the cutoff wavelength. Therefore, the pro- 


jected aperture expressed in wavelengths becomes 


LATE 


ll 


(8) 
and 


(9) 


(10) 


which is a constant independent of wavelength. It may 
be concluded that if the amplitude distribution along 
the aperture could be kept constant and the phase dis- 
tribution linear with changes in frequency, the H-plane 
beamwidth from the antenna would remain independent 
of frequency. This conclusion is slightly qualified by 
the element factor, but for most practical cases this 
effect is negligible. The theoretical beamwidths assum- 
ing constant illumination are also shown in Fig. 9, the 
dashed line neglecting the element factor, the solid 
line taking it into account. 

It can be observed from Fig. 9 that the beamwidth 
remains quite constant on both sides of the design 
frequency, but increases at the low-frequency end of 
the band. This increase is caused by the fact that the 
amplitude distribution has changed considerably from 
the design distribution. This change in distribution re- 
sults from the increase in the rate of leakage out of all 
portions of the antenna as the frequency decreases. 

The E-plane radiation patterns from the antenna are 
essentially identical to the E-plane patterns of the line 
source used to feed the antenna. The experimentally 
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Fig. 9—H-plane beamwidth vs frequency. 


measured values of the E-plane beamwidths for the 
complete antenna are compared in Fig. 10 to the beam- 
widths of the line source alone and to the theoretical 
beamwidth for a perfect line source of this type. 


C. Gain 


The gain of both antennas was carefully measured by 
comparing the gain with that of a standard horn. The 
results of these measurements are plotted in Fig. 11, 
along with two directivity curves calculated in different 
ways. The solid curve represents the directivity calcu- 
lated from the measured values of the 3-db beamwidths 
@p and Og in the E and H planes, respectively, by 


3.545 X 104 


6,05 , (11) 
where the beamwidths are expressed in degrees. The 
numerical factor is calculated from the known aperture 
sizes and distributions in the two planes at the design 
frequency and assumes that these distributions remain 
constant but that the effective aperture sizes change 
with frequency. This, of course, is not strictly true, but 
it provides a convenient way of approximately correlat- 
ing the gain to the measured beamwidths in order to 
detect any unsuspected losses in the antenna. 

The dashed curve in Fig. 11 represents the theoretical 
directivity of the antenna, assuming that the amplitude 
distributions remain independent of frequency and the 
phase distributions are linear in both planes. That is, 


G=4 Lo\(W 
= on (2\(5) GzGu, 


E-plane gain factor, Gz=0.9954, 

H-plane gain factor, Ga =0.7523 (2), 

Projected aperture, Ly,=133 wavelengths (10), 
Width of antenna, W=18 inches. 


(12) 


where 


This curve departs from the measured gain of the an- 
tennas at the low end of the band for two reasons: 
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Fig. 10—E-plane beamwidth vs frequency. 
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Fig. 11—Gain vs frequency for inductive-sheet antennas. 


1) The phase errors in the E plane caused by finite 
tolerances on the spacing of the conducting sheets 
in the line source caused a beam broadening and a 
consequent loss of gain in the E plane. (See 
Section III-C and Fig. 10.) 

The amplitude distribution along the array be- 
comes very peaked towards the feed end of the 
antenna, with a consequent increase in beam- 
width and a loss of gain in the H plane. (See 
Section II-B and Fig. 9.) 


2) 


The general agreement, however, between the meas- 
ured gain and the predicted directivity indicates that 
there are no unknown sources of loss within the antenna 
of any appreciable magnitude. 


D. Input Impedance 


The input impedance of the complete antenna is 
determined primarily by the input impedance of the 
line source used to feed the antenna. With the line 
source used here, the input VSWR remained less than 
1.1 over most of the band. Fig. 12 plots the input 
VSWR vs frequency for the wire-grid antenna plus line 
source from 7-to-13 kmc. 


II. THEORETICAL ANALYSIS AND ELECTRICAL 
DESIGN 


A. Analysis of Leaky-Wave Antenna 


In this section, the analysis predicting the phase 
velocities and the attenuation constants of the various 
modes which can be propagated by this leaky-wave 
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Fig. 12—Voltage standing wave ratio vs frequency 
for wire-grid antenna. 


structure is outlined, and some numerical design data 
are presented. 

The analysis assumes first that the antenna is an in- 
_ finitely large, flat, uniform structure. The structure can 
_ then be regarded as a transmission system supporting 
transverse electric, or TE, waves. The complex propaga- 
tion constants of these TE waves can be found by ap- 
plying the transverse resonance condition, which states 
that the sum of the admittances or impedances looking 
in both directions from any plane parallel to the antenna 

is equal to zero. If the reference plane is taken at the 
plane of the inductive sheet, the equivalent circuit 
_ shown in Fig. 13(a) results, where the x coordinate is 

perpendicular to the plane of the antenna and a is the 
spacing of the inductive sheet from the conducting 
ground plane. Note that the normalized susceptance, 
B/ Yo, as well as the propagation constant perpendicular 
to the plane of the antenna, yz, may be complex if neces- 
sary. 

Fig. 13(b) indicates an alternative though an entirely 
equivalent way of visualizing the problem. If infinitely 
large, perfectly conducting planes are erected perpendic- 
ular to the electric field, none of the boundary condi- 
tions are changed. If two such planes are spaced less 
than a half-wavelength from each other, it can then be 
seen that the problem of the infinitely extending array 
radiating into half-space is identical to the problem of 
a waveguide with one side wall replaced by an inductive 
grating radiating into an infinite parallel-plane region. 
The equivalent network for this problem is, of course, 
the same as that obtained before and shown in Fig. 
13(a). 

Setting the sum of the admittances in this equivalent 
circuit equal to zero gives 

B 
i — = — (1 + coth 7,0). (13) 
0 


A sheet of thin, flat strips in a homogeneous dielectric 
with the E field parallel to the strips is inductive so 
long as the spacing between strip centers, s, is small in 
terms of the wavelength, \. The value of this normalized 
inductance is given by Marcuvitz as® 


9N. Marcuvitz, “Waveguide Handbook,” McGraw-Hill Book 
Co., Inc., New York, N. Y., pp. 285-288; 1959. 
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(b) 


Fig. 13—Inductive-grid array. (a) Ec A é 
§ : quivalent network 
plane of the grid. (b) Section of the pee in the 


where @ is the angle of incidence measured from the 
normal to the plane of the sheet, and d is the strip 
width. Thus the normalized admittance is found from 


ae (ye 
: fete Beh & j2m cos 6 ad 


So necse a 
DS 


1 2r 
a tart ae om (14) 


s In csc — 
2S 


where the arrow indicates that the quantities compris- 

ing the imaginary propagation constant in the equa- 

tion have been replaced by the more general complex 

propagation constant appropriate to this problem. 
Combining (13) and (14) gives 


c 
ved (15) 


1+ cothy,a = — 


where 


27a 
(16) 


s In csc — 
2s 


a purely real function of the geometry. If the spacing is 
not sufficiently small in terms of wavelength, correction 
terms must be added to the simple expression above. 
Thus, (16) must be replaced by 


Cc Qr 


— SS eSeSesFeFFFFsseFeFse 
? 


wd 
s[ tn (c=) = F | 
2s 


where the correction term, F, from MacFarlane,!° is 
shown in Fig. 14 as a function of angle of incidence, 0) 
and spacing, s. The values of the spacings, s, found from 


(17) 


10 G. G. MacFarlane, “Surface impedance of an infinite parallel 
wire grid at oblique angles of incidence,” J. TEE (L Riga: 
pt. III-A, no. 10, pp. 1523-1527; 1946. (London), vol. 93, 
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ANGLE OF INCIDENCE— 6, 


Fig. 14—Correction term F as a function of angle of incidence 
for various values of the spacing. 


this formula and used in the present antenna for 
d=0.010 inch are tabulated in the Appendix. These 
results apply equally well to a grid of round wires by 
simply letting d represent twice the wire diameter in- 
stead of the strip width, so long as the strip width is a 
small fraction of a wavelength. Wait! has derived a 
more exact value for the correction term, F, taking into 
account the presence of the conducting plane. His 
results differ appreciably from those of MacFarlane 
only for much larger wire spacings than used in the pres- 
ent antenna. 

The quantities of interest, however, are the real and 
imaginary parts of the propagation constant in the zg 
direction, or along the array. These can be found from 
Yz since the wave equation requires that 

Ves 1 ka", (18) 
for no variations in the y direction (y,=0), where, in free 
space, 


1 J. R. Wait, “Reflection from a wire grid parallel to a conducting 
plane,” Can. J. Phys., vol. 32, pp. 571-579; September, 1954. 
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oN? nr \?2 
it = one = (=) = i ’ 


c = velocity of light, 
w = 2nf, the angular frequency. 


Separating the propagation constants into real and 
imaginary parts, 


£1 oF Jé2, 
a 98; 


Yt = 


Il 


Ys (19) 


it is possible to find solutions for a and 8 in terms of — 


£1, & and k in two regions: 
In the “propagating” region (&?—&?) <(ka)?: 


A+ 2)2—1 
aa = »/(ka)? — (&? — &1?) fj. (20) 
_ Payee 
Ba = ~/(ka)* — (2? — £1?) Vines (21) 
where 
jus (wena Estey 
[éo? — €12 — (ka)?]? 
In the “cutoff” region (£—&?) > (ka)? 
G+a)244 
aad = V(§? — £17) — (ka)? joa » (22) 
(1 + 22)? — 1 
Ba = V/(Es? — £1") — (ka)? (2 > (23) 


The guide wavelength in the z direction, \,, can be 
found from fa with the simple relationship, 


ote (Ba) 
Mire 


(24) 

In order to illustrate the type of behavior which 
occurs in this inductive sheet structure, aa and \/), 
have been plotted vs \/2a for several values of the 
parameter C in Figs. 15 and 16. The same factors for 
the TEio and TEx waveguide modes are also plotted 
to indicate the way in which the modes in the inductive 
wall guide differ from the modes in standard rectangular 
waveguide. The “propagating” and “cutoff” regions 
referred to above are defined simply by extrapolation 
from the behavior of unperturbed waveguide, even 
though the terms are not strictly accurate in this case. 
The dividing point between the two regions, or cut- 
off point shown by the small circles in the figures, occurs 
when (ka)? = &? — &,2. 
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Fig. 15—The normalized attenuation constant aa vs /2a 
for several values of the parameter C. 
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Fig. 17—A plot of ad vs Cd/2a for several values 
of the parameter \/)g. 
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_ Fig. 16—The free-space wavelength divided by the guide wavelength 
, vs \/2a for several values of the parameter C. 


_ The solutions of (15) and (20)—(24) are plotted in 
_ Figs. 17 and 18, where \/2a@ and ad are shown as func- 
_ tions of Cd/2a, with /A, as a parameter. These plots 
are particularly useful for designing antennas in which 
the phase velocity, or \/\,, is a constant along the 
_ array since the abscissa, Cd/2a, is a dimensionless con- 
' stant independent of a (since C contains a as a factor) 
and proportional to wavelength. In a similar way, the 
_ ordinate in Fig. 18, aA, expressed in nepers, is independ- 
_ ent of the variable a. Thus, given the frequency and the 
desired angle of the radiation, or \ and ),, the width, a, 

and the attenuation constant, a, can be found as a 

function of the strip geometry, C/a, from Figs. 17 and 


18, respectively. 


B. Design of Amplitude and Phase Distribution gs ae ok ~ cs 


Ae pa te desig * on po enia oe the) data  pre- Fig. 18—A plot of \/2a vs Cd/2a for several values 
sented in the previous section, it is first necessary to of the parameter \/dg. 
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specify the phase and amplitude distributions along 
the aperture which will produce the desired radiated 
beam. It should be remembered that the smoother 
these distributions are, the more closely the theory will 
apply. Thus, if in the neighborhood of a radiating seg- 
ment of the array the boundary conditions do not differ 
appreciably from those existing in an infinite, uniform 
array, then the radiation from this segment should not 
differ appreciably from the radiation from an equal 
segment in an infinite, uniform array. It is also worth 
noting that the larger the size of the antenna, in both 
the E and the H planes, the more nearly will it corre- 
spond to the infinitely large antenna treated analytical- 
ly. 

The amplitude distribution specified for the antenna 
may be related to the exponential attenuation constant, 
a, which is used in the theoretical derivation in the 
following manner. Note that the power inside the array 
at a point z along it, P(z), is related to the power radi- 
ated per unit distance along the array, P,(z), by 


P.(2) = — ES 2e(z) P(z). (25) 
az 
Note also that 
P(e) = POO) — f Pale, (26) 


where P(0) is the power into the antenna at z=0 and 
£ is simply the variable of integration along the aper- 
ture. The total power radiated by the antenna is given 
by 


L 
P(0) — P(L) = [ Prle)dt = FPCO), (27) 


where F is the fraction of the input power which is 
radiated by the antenna and LZ is the total length of the 
aperture. Eqs. (25), (26), and (27) can be solved for the 
attenuation constant a, giving 


2a(z) = Bass 4) et , 


=f rea fred 


where f(z) is the amplitude distribution across the 
aperture, given by P,(z) =f?(z). 

Applying (28) to the aperture distribution given by 
(1) gives the values for La(z) shown in the Table in the 
Appendix. 


(28) 


C. Line Source Feed 


In order to obtain a broad-band horizontally-polar- 
ized line source with no obstructions in the aperture, an 
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cin 
asymmetrically fed pillbox antenna was selected. Fig. | 
19 shows the important dimensions of the line source, - 


which was designed on the basis of geometric optics to. 
provide an unobstructed aperture 18 inches in length. 
It is fed from standard 0.400- by 0.900-inch ID wave- 
guide, and the height of the pillbox is maintained at 


October!| 
| 


0.900+0.002 inch throughout. The finite tolerances — 
that could be maintained on this spacing limited the 


performance of the line source at the low end of the 
frequency band as the nominal cutoff frequency of 
6557 mc was approached. 


PARABOLIC CONTOUR 
Y? =72Z (INCHES) 
FOCAL LENGTH = 18" 


PILLBOX SPACING : 0.900" 


Fig, 19—Horizontally-polarized line source. 


IV. CONCLUSION 


It has been shown that the transverse-resonance 
technique used to predict the behavior of leaky-wave 
antennas gives very precise results, permitting very 
close control of the phase and of the amplitude distribu- 
tions across the aperture of an antenna. The particular 
leaky-wave antenna described in this report can be 
flush-mounted behind the skin of a vehicle such as an 
airplane, and requires between one-half and one wave- 
length of depth if not dielectrically loaded. 

With such precise and independent control of the 
phase and amplitude distributions over the aperture, it 
is possible to build antennas which radiate very ac- 
curately-shaped beams, or very low sidelobe beams. 
In addition, such antennas can be curved in the H plane 
to fit an airframe contour and the phase velocity can 
be correspondingly adjusted so that the antenna still 
radiates a pencil beam or a shaped beam in a given 
direction. In addition, it is a relatively simple matter to 
generalize the analyses to take into account various 
modifications such as partial or complete dielectric 
loading in the space between the inductive sheet and the 
conducting wall; this would provide better mechanical 
support for the inductive sheet and allow the antenna 
to radiate closer to the end-fire direction without TEqo 
mode problems, In a similar manner, a capacitive sheet 
placed midway between the inductive sheet and the 
conducting wall, either with a sheet of dielectric or 
with conducting strips or wires running perpendicular 
to those in the inductive sheet, would extend the fre- 


1959 


quency bandwidth of the present antenna, allowing it 
to radiate closer to the end-fire direction. 


The frequency-scanning properties of these antennas 


| may also find application. The scan angle associated 


} with a given frequency change may be increased by 
operating in a more dispersive region, or by increasing 
the dispersion with dielectric or periodic loading. 


APPENDIX 


_ Dimensions of Leaky Wave Antenna 
Length of aperture (H-plane), ZL =24 inches 
Width of aperture (E-plane), W=18 inches 
Wire diameter, d/2 =0.005 inch 
Design frequency, f=11.42 kmc. 
Design wavelength, \=2.624 cm=1.033 inches 
Design guide wavelength, A, = 3.205 cm = 1.262 inches 
At the design frequency, 


r 
sin 09 = Re = 0.81883, 


g 


Ao a 54.97° 
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TABLE I 
La(z) a(2) C/a a s z 

2/L nepers siosiad inches—!| inches | inches |inches 
0 0 0 re) 0.900 | 0.005 0 
0.05 0.04163 | 0.001735 | 73.8 | 0.886 | 0.0617 4°32 
0.10 0.16323 | 0.006801 | 36.9 0.8732 | 0.0943 2.4 
0.15 0.35682 | 0.01487 | 24.8 | 0.8607 | 0.122 3.6 
0.20 0.61266 | 0.02553 18.7 | 0.8486 | 0.148 4.8 
0.25 0.92113 | 0.03838 | 15.0 | 0.837 | 0.1723 | 6.0 
0.30 1.2735 | 0.05306 | 12.55 | 0.8262 | 0.195 dae 
0.35 1.6622 0.06926 10.8 0.816 0.216 8.4 
0.40 2.0790 | 0.08663 9.5 | 0.8062 | 0.237 9.6 
0.45 2.5154 | 0.10481 8.5 | 0.7973 | 0.256 | 10.8 
0.50 2.9565 | 0.12319 7.70 | 0.7892 | 0.274 | 12.0 
0.55 3.3797 | 0.14081 7.08 | 0.7817 | 0.291 13.2 
0.60 3.7460 | 0.15608 6.62 | 0.7759 | 0.304 | 14.4 
0.65 3.9923 | 0.16635 6.36 | 0.772 | 0.314 | 15.6 
0.70 4.0265 | 0.16778 6.30 | 0.7712 | 0.316 | 16.8 
0.75 3.7409 0.15587 6.63 | 0.7762 | 0.305 18.0 
0.80 3.0696 | 0.12790 7.55 | 0.7874 | 0.278 | 19.2 
0.85 2.0894 | 0.08687 9.51 | 0.8063 | 0.237 | 20.4 
0.875 1.5503 | 0.06460 | 11.23 | 0.8185 | 0.210 | 21.0 
0.90 1.0441 | 0.04350 14.03 | 0.8332 | 0.180 | 21.6 
0.925 0.60815 | 0.02534 18.8 0.849 0.147 2252 
0.95 0.27605 | 0.01150 28.15 | 0.8652 | 0.112 22.8 
0.975 | 0.06972 | 0.002905 | 56.2 | 0.882 | 0.073 | 23.4 
1.00 0 c) 0.900 | 0.005 | 24.0 


The Unidirectional Equiangular Spiral Antenna* 
JOHN D. DYSON 


Summary—Circularly polarized unidirectional radiation, over a 
bandwidth which is at the discretion of the designer, is obtainable 
with a single antenna. The antenna is constructed by wrapping bal- 
anced equiangular spiral arms on a conical surface. The non-planar 
structure retains the frequency-independent qualities of the planar 
models, and, in addition, provides a single lobe radiation pattern off 
the apex of the cone. Practical antennas have been constructed with 
radiation patterns and input impedance essentially constant over 
bandwidths greater than 12 to 1 and there is no reason to assume 
that these cannot be readily extended to more than 20 or 30 to 1. 


* Manuscript received by the PGAP, July 27, 1958; revised 
manuscript received April 27, 1959. This work was supported by 
Wright Air Dev. Cen. under Contract No. AF 33 (616)3220. 

+ Antenna Lab., Dept. of Elec. Eng., University of Illinois, 
Urbana, Ill. 


INTRODUCTION 


HE principle of scaling in electromagnetic theory 
has been used extensively for many years in the 
testing of antennas. More recently, it has been 
applied to the design of antennas that have unique and 
useful characteristics as the frequency of operation is 
varied.! The characteristics of these antennas are es- 
sentially frequency independent over bandwidths which, 
although they are not unlimited, may be easily extended 
to 20 to 1, or more. The general approach is to design 


1V. H. Rumsey, “Frequency Independent Antennas,” 1957 IRE 
NATIONAL CONVENTION RECORD, pt. 1, pp. 114-118. . 
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Radiated vs 
Field 


Feed Cable 


Fig. 1—Balanced conical antenna with radiation 
pattern coordinate system. 


a radiating structure such that successive applications 
of a scaling factor result in structures which are identi- 
cal with the original, or which, at most, differ by some 
rotation about an axis through the origin of the original 
structure. Although the structure must be infinite in 
size to fulfill the scaling condition of exact equivalence, 
it has been found that there is a class of structures that 
may be truncated and still retain, over an extremely 
wide range of frequencies, the characteristics of infinite 
size. This class of antennas is based upon a plane curve, 
the equiangular or logarithmic spiral, which possesses 

_ the property of having a change of scale merely equiva- 
lent to a rotation. Several such curves can be used to 
outline antennas on plane or conical surfaces. The basic 
characteristics of the planar antenna have been covered 
elsewhere;? the present paper is concerned with the 
nonplanar antenna. 

It is possible to retain the desirable frequency-inde- 
pendent characteristics of the planar antenna and, in 
addition, confine the radiation to one hemisphere by 
forming the planar arms down onto a conical surface.® 
The nonplanar antenna so constructed, with a small cone 
angle, has a unidirectional rotationally-symmetric radia- 
tion pattern. The maximum radiation occurs on the 
antenna axis off the apex of the cone. These balanced 
conical spirals can be constructed to operate over band- 
widths comparable to those of the basic planar structure. 


2 J. D. Dyson, “The Equiangular Spiral Antenna,” IRE Trans, 
Saul TENN AS AND PROPAGATION, vol. AP-7, pp. 181-187; April, 


3 J. D. Dyson, “The Unidirectional Equiangular Spiral Antenna,” 
University of Illinois Antenna Lab. Tech. Rep. No. 33, Contract 
AF 33(616)3220, Wright Air Dev. Cen., Wright-Patterson Air Force 
Base, Ohio, July 10, 1958. 
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Fig. 2—Conical antenna, D-~20.7 cm, d~3 cm, 6=0.053, 
a=78°, K=0.925, 6°=10°. 


THE NONPLANAR ANTENNA 


The conical spiral antenna is defined as in Fig. 1. 
On the surface of revolution t—0 =); the edges of the 
arms are defined by 


pl = e@ sin §9)¢ — ere 


and 
p2 = &@-)) = Kp. 


A rotation of both curves by 180 degrees will provide 
the second arm of a balanced structure. The edges of the 
antenna, so defined, will maintain a constant angle 
a with the radius vector for any cone angle 99; however, 
the antenna will spiral more tightly; 7.e., 6 will decrease, 
as 0) decreases from 7/2. 

The antennas may be constructed by forming metal 
arms on a suitable conical support or may conveniently 
be etched on a flexible teflon-impregnated fiberglass 
material and then formed into a cone. Fig. 2 shows an 
etched antenna fed with RG 141/U cable bonded to 
the arms. As previously indicated for the planar anten- 
nas, these are balanced structures and a balanced feed 
is necessary for optimum performance. The feed may 
be brought in along the axis of the antenna by a bal- 
anced feed line or by an unbalanced line and balancing 
transformer or balun. The bandwidth of this latter 
method, of course, depends upon the bandwidth of the 
balun. The rapid decay of the current along the arms, 
observed in the planar case, is present in a modified 
form in these nonplanar antennas. This makes possible 
the same method of feeding the structure; z.e., the cable 
is bonded to one antenna arm and is carried to the origin 
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Fig. 3—Electric radiation patterns as a function of 60. K=0.925, 
L=150 cm, a=73°, b= (0.30 sin 60), f=2000 mc. * Dissymmetry 
between front, back lobes (@9=90°) due to mount. 


_ where the center conductor is tied to the opposite arm. 
A dummy cable on the opposite arm will maintain sym- 
metry. Since the ends of the antenna arms do not carry 
appreciable antenna currents except at the very lowest 
frequency of operation, the arms themselves act as an 
“infinite balun,” the feed terminals are isolated from 
ground in a balanced manner and the outside of the 
feed cable beyond the antenna arms does not carry a 
significant amount of antenna current. However, as the 
frequency of operation is decreased, a point will be 
* reached where these conditions are violated; this should 
be considered below the range in which the antenna 
may be expected to operate satisfactorily. 


OPERATION IN FREE SPACE 


The change in the radiation pattern of a balanced 
antenna as it is depressed from a plane onto the surface 
of a cone as a function of the cone angle, 4, is indicated 
in Fig. 3 above. There is a marked increase in the front- 
to-back ratio for included cone angles of 30° (@ of 15°) 
or less. The antenna radiates off the apex of the cone. 
There is no basic tilt to the pattern, and for small 6 (or 
der of 0.05) the lobe is rotationally symmetric. The pat- 
tern rotates with frequency (as previously observed in 
the planar case), but this rotation is masked by the 
pattern symmetry. For 99>=10° and a=73°, the half- 
power beamwidths are typically 70° for Es polarization 


PATTERN 
eve /-—— BAND wioTH —=| 
REFERRED 4 
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A) Ke) 2 3 
FREQUENCY-Kmc 
Fig. 4—Electric field patterns and VSWR of conical antenna. @=10°, 


K=0.925, D=17.7 cm, a=73°, b=0.053, ¢=0°, AR=axial 
ratio on axis. 
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Fig. 5—Polarization of the e field of typical conical antenna 
as a function of angle off axis. 


and 90° for Ey polarization. 

Typical radiation patterns are shown in Fig. 4. As is 
true with the planar antenna, the pattern bandwidth 
is at the control of the designer. The upper frequency, 
fi, depends upon the diameter, d, of the truncated apex 
and the lowest useable frequncy, f2, upon the base 
diameter, D. For the smaller sizes of feed cable (RG 
141/U or smaller), 8) =10° and parameters of the order 
of K=0.85 to 0.9, and a=73°, an apex diameter of 
1/4 and a base diameter of 32/8 should provide a 
front-to-back ratio of 15 db, or greater, and an axial 
ratio well below 2 on axis. It is worth noting that the 
radiated field is circularly polarized well off axis, as 
indicated in Fig. 5. 

The method of feeding the conical antenna, by em- 
bedding the cable on the antenna arms, leads to a very 
interesting, and what may well be the most useful 
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(a) 


(b) 


Fig. 6—(a) Wire version of conical antenna, D-~30 cm, do~5.5 cm, a=73°, 6=10, RG 8/U cable. (b) Wire version of a conical 
: a) antenna, supported by polystyrene ribs. D-~30 cm, d-~8.5 cm, a=73°, 69>=10°, RG 8/U cable. 
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Fig. 7—Electric field radiation patterns and VSWR of wire antenna 


[Fig. 6 (a)]. 6=10°, b=0.053, D=30 cm, a= 73°, ¢6=0°, K=not 
constant, cable=RG 8/U, AR=axial ratio on axis, 
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Fig. 8—Electric field radiation patterns and VSWR of conical 
antenna with RG 141/U arms. @=10°, =0.053, D=30 cm, 
a=73°, 6=0°, K= not constant, 4R=axial ratio on axis. 
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version of the antenna. If the expanding arms are de- 
creased to a narrow width and allowed to degenerate 
into constant width structures, the arms may be formed 
by the cable alone, as in Figs. 6(a) and 6(b). In this 
Wire version, the feed cable, RG 8/U, becomes one arm. 
At the apex, the center conductor is carried over and 
bonded to the outer braid of a dummy cable which 
forms the opposite arm of a balanced antenna. Radia- 
tion pattern characteristics are indicated in Fig. 7. 
For this particular antenna, patterns were excellent 
down to a base diameter of approximately 0.32, and, 
as for the true equiangular antennas referred to pre- 
viously, up to an apex diameter of approximately ),/4. 
An apex diameter of approximately four centimeters 
appears to be a practical limit for cable of this size, 
which indicates an upper useful frequency of around 


1600 or 1700 mc. However, the bandwidth can, as be- 
fore, be extended downward to any desired frequency by 


a suitable extension of the cone. 

Since the pattern range at this laboratory has a practi- 
cal limit from 0.3 to 12 kmc, it is convenient to show the 
bandwidth potential by going up in frequency. Fig. 
8 shows the patterns over an 11 to 1 range of frequencies 
for an antenna identical except for the fact that it was 
constructed of RG 141/U cable. The apex could then 
be carried to a diameter of approximately two centi- 
meters. As indicated in Figs. 7 and 8, for a given antenna 
size, those structures with wider arms (large cable in the 
wire version, or smaller K in the true equiangular ver- 
sion) may be operated down to a slightly longer wave- 
length. 

Antennas such as the one in Fig. 6 could most con- 
veniently be constructed of solid wall 3 inch coaxial 
cable and should be most useful structures in the VHF 
and UHF regions for telemetering and similar purposes. 

The input impedance of these antennas appears to 
be well behaved over at least as wide a bandwidth as 
the radiation pattern. The mean impedance level ap- 
pears to slowly decrease with decreasing cone angle. 
The variation in the measured impedance of the an- 
tennas referred to in Fig. 3, over the frequency range 
from 0.5 to 2.5 kme, is indicated in Table I. 


TABLE | ; 


MEASURED INPUT IMPEDANCE OF BALANCED CONICAL AN- 
TENNAS AS A FUNCTION OF @0(K =0.925, Z=150 cm, 0 
= (0.303 sin 09), a=73°) 


Approximate Mean | Maximum SWR Referred 


9 Impedance to Mean 

a 10° 129 a Il 
15° 147 f-o8 

30° 153 1.95:1 

164 Phe il 


The impedance is influenced by the construction at 
the terminal region. Since these antennas were fed with 
a coaxial cable of 0.140-inch diameter, this cable domi- 
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nates the terminal region and undoubtedly contributes 
to the mean impedance level. However, this appears to 
be the only practical method of feeding these structures 
if the full bandwidth potentiality is to be realized. 
Hence, the input impedance with a practical size feed 
cable bonded to the arms is of interest. 

As indicated in Figs. 4, 7 and 8, these antennas would 
be a better match to a 100-ohm cable than to the 50- 
ohm cable used. However, the stability of the VSWR 
with frequency, over the pattern bandwidth, is ap- 
parent. 


OPERATION OVER A GROUND PLANE 


A previous investigation of the unbalanced conical 
antenna fed against a ground plane with the apex of the 
cone on the ground plane had demonstrated the pattern 
rotation and some of the characteristics of this version.® 
However, the radiation pattern of the unbalanced an- 
tenna was tilted off axis, and the pattern rotation caused 
the antenna to be of limited usefulness. 

The balanced antenna referred to in Fig. 4 was placed 
with its base on a 12-foot square ground plane and the 
arms bonded to the ground plane. The presence of the 
ground plane narrows the beamwidth somewhat at the 
lower frequencies but does not deteriorate the radiation | 
pattern, and, above 600 mc, the VSWR of the antenna 
was essentially unaffected by the ground plane. 


OPERATION IN A FLUSH-MOUNTED CAVITY 


A very limited investigation indicates that it is possi- 
ble to place this antenna in a conical cavity and obtain 
essentially unaffected operation over the lowest por- 
tion of the bandwidth of the antenna. However, the 
cavities investigated have imposed on over-all fre- 
quency bandwidth of about 4 to 1.6 


INCREASING THE BEAMWIDTH 


The pattern beamwidth appears to be related to the 
rate of spiral and varies from around 70° for an angle 
a of 74°, to approximately 180 or 190° for an a@ of 45°. 
Preliminary patterns for an antenna with this latter 
angle are shown in Fig. 9. These are of some interest 
because they are within approximately 6 db of being 
those of a circularly polarized isotropic source in one 
hemisphere. 


4 Since preparation of this paper a new balun has been proposed 
that should find wide use with these structures. See R. H. DuHamel 
and F. R. Ore, “Log periodic feeds for lens and reflectors,” 1959 IRE 
NATIONAL CONVENTION RECORD, vol. 7, pt. 1, pp. 128-138. ; 

5 R, L. Carrel, “Experimental Investigation of the Conical Spiral 
Antenna,” University of Illinois Antenna Lab. Tech. Rep. No. 22, 
Contract AF 33(616)-3220, University of Illinois, Urbana, May, 1957. 

6 J. D. Dyson, “The Non-Planar Equiangular Spiral Antenna,” 
Proc. Eighth Annual Symp. on the USAF Antenna Res. and Dev. 
Program, Robert Allerton Park, Monticello, Ill., October, 1958. 
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700me 
ARGUS 


1500me AR,§!88 
AR #128 

4000mc AR,§ 2.27 
AR,=|57 


Fig. 9—Radiation patterns of balanced conical antenna with L = 78.3 
cm, D=19.5 cm, H=54.5 cm, b)=0.174, K=0.75, =10°, 
a=45°, ARo=axial ratio at @=0°, A Ryo=axial ratio at @=90°. 
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CONCLUSION 


ae pot 


An investigation of the balanced equiangular spiral 
antenna formed on a conical surface has shown that 
unidirectional, circularly-polarized single-lobe radiation 
patterns may be obtained over bandwidths that are 


at the discretion of the designer. The input impedance | 
remains relatively constant over this pattern band- | 


width. 


Antennas of practical form may be constructed by | 
shaping metal arms on a conical surface or by printed 


circuit techniques. A simple and most useful form is 
the wire version where the antenna arms consist of 
coaxial cable only. Such structures should find wide use 
at the VHF and UHF frequencies. 


Operation of these nonplanar antennas is possible © 


in free space, or with the antenna base over a ground 
plane. They need not be isolated from the ground plane. 
Flush mounted operation is possible with some sacrifice 
in bandwidth. 
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Closely-Spaced Transverse Slots in Rectangular Waveguide* 
RICHARD F. HYNEMAN} 


Summary—The traveling-wave modes associated with an infinite, 

periodic structure are considered. An approximate equation for the 
propagation constants of these modes is derived through the use of 
Fourier analysis and an approximate application of the reaction con- 
cept. In the homogeneous case considered, it is found that two domi- 
nant modes may exist: an attenuated fundamental mode represent- 
ing a perturbation of the dominant mode of a closed rectangular 
waveguide, and an unattenuated surface wave, which is similar to the 
wave associated with a corrugated surface waveguide. By means of 
_ the appropriate variation of physical parameters, including the slot 
length and spacing, essentially independent control of the attenuation 
_ constant and phase velocity of the fundamental mode is possible over 
a wide range. Typical curves of the propagation constant in terms of 
_ these parameters are given, and the results of experimental measure- 
ments are shown to be in close agreement with the theory. 


INTRODUCTION 


N the field of microwave antennas, various traveling- 
wave devices such as the Channel Guide! and the 
Traveling-Wave Slot Antenna? have received con- 
siderable attention. Basically, the two structures men- 
tioned consist of conventional cylindrical waveguides in 
which the internal fields are coupled to the exterior, 
or free space region, by means of a continuous axial 
_ slot. In the homogeneous case, the propagation constant 
is complex and the traveling-wave, which has a phase 
velocity greater than that of free space, is attenuated 
with distance along the guide. A useful means of radia- 
tion pattern control is available since the aperture 
illumination may be suitably adjusted by varying the 
transverse geometry of the waveguide and the width of 
the axial slot as functions of distance along the guide. 
The transversely slotted waveguide’ of Fig. 1 differs 
electrically from the traveling-wave slot antenna only 
_ in the type of coupling mechanism which is employed. 
_ The resulting differences between the characteristics 
of the two structures are in the modes of propagation 
and in the type of polarization of the radiated fields. 
In addition, the treatment of the transversely slotted, 
thin-walled waveguide given here may be viewed as a 
complement to the theoretical work by Elliott on the 


* Manuscript received by the PGAP, November 17, 1958; re- 
vised manuscript received, April 20, 1959. This work was supported 
by the Wright Air Dev. Command under Contract AF 33(616)-3220 
and was submitted to the University of Illinois, Urbana, Ill., as 
partial fulfillment of the requirements for the Ph.D. degree. , 

+ Ground Systems Group, Hughes Aircraft Co., Fullerton, Calif. ; 
formerly at Antenna Lab., Univ. of Illinois, Urbana, Ill. 

1W. Rotman, “The Channel Guide Antenna,” Rep. No. E5054, 
U. S. Air Force Cambridge Res. Labs., Cambridge, Mass.; January, 
1950. 
2 V. H. Rumsey, “Traveling-wave slot antennas,” J. Appl. Phys., 
vol. 24, p. 1366; November, 1953. f 

3 R. F. Hyneman, “Closely Spaced Transverse Slots in Rectangu- 
lar Waveguide,” TR No. 14, Antenna Lab., University of Illinois. 
Urbana, IIl.; December, 1956. 


Fig. 1—Transversely slotted waveguide geometry. 


serrated rectangular waveguide,! where infinitesimally 
spaced transverse slots are cut into, and extend com- 
pletely across, a broad wall of variable thickness. 


DIscussION 


In order to simplify the analysis of the problem, the 
following idealizations have been made: 


1) The waveguide is infinitely long and is immersed 
in an infinite ground plane. 

2) The slot length-to-width ratio, L/d (see Fig. 1), 
is sufficiently great and the d/)X sufficiently small 
that only the z component of tangential electric 
field is appreciable. 

3) The thickness of the slotted wall is infinitesimal. 


In addition, uw and ¢ are taken equal to their free space 
values throughout, although a consideration of the 
case where the internal and external regions are individ- 
ually homogeneous requires no essential extension of 
the theory. 

As a consequence of the periodicity of the structure, 
the Floquet theorem applies, and all fields are of the 
form® 


F(x, y; z) = G(x, y; get" (1) 


where y is independent of the coordinates and G satis- 
fies the relation 


G(s, y; z) i G(x, hs a I). (2) 


4R. S. Elliott, “Serrated waveguide—Part I: theory,” IRE 
TRANS. ON ANTENNAS AND Propacation, vol. AP-5, p. 270; July, 
1957. 

5 L. Brillouin, “Wave Propagation in Periodic Structures,” Dover 
Publications, Inc., New York, N. Y., p. 139; 1953. 

8 The notation e-/72, has been employed in place of the more con- 
ventional e~? because of a slight simplification in subsequent equa- 
tions. 
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All field components may be written in terms of E;, the 
tangential electric aperture field. The tangential field 
in the cell of a typical slot, centered at the origin, is 
given by 


L 
0< |y| sz 
E,= zE,(0, y, Z) — zg(y, Z) d 
(Nuss | z| <— 
2 
I, 
SSH 
= 0 : (3) 
d 1 
one | 2| Goss 
he 2 


where g(y, 2) is an unknown scalar function of position 
and z is the unit vector in the z direction. Since E.e+?” 
is periodic, 


i-2} 


E,(0, y, 2) = Do a@aly)etm? (4) 
where 
2n1r 
Vas oY ] ) 
1 pa L 
an(y) = — g(y, aetm'dz, O< |y| <— 
l —d/2 2 
0 2 <|y| 


Because £; has no y component, and in view of the 
symmetrical boundary considerations, all fields are TE 
with respect to the y axis. With f, the magnetic scalar 
potential, defined by 


Paes Ce ay SN (5) 


the scalar wave equation yields (with use of the ett 
time convention), 


(6) 


where k?=wue. Thus, continuity of tangential H at 
each slot is enforced by the condition 


fine (0, y; Z) = fex(0, y; z) (7) 


where fint and fext are the scalar potentials, respectively, 
in the internal and external regions. With the use of 
solutions of the scalar wave equation which satisfy the 
boundary condition of zero tangential E at the conduct- 
ing surfaces, and the radiation condition at infinity, 
(4), (5), and (7) give 
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We Tk d/2 ‘ 
f gly, 2) K(y, z| y’, 2) dy'da! =0. 


—L/2¥ —d/2 
where 
K(y, 2| y’, 2’) 
0 pes ee ENB. m mry’ 
a 3. | — pypertatnal iene Wt cos 7 e~in(2—#’) ; 
n=—o IW m=1 ) RS W W 


1 aA rate 
Oe ee } , 


with 


bs = VE 8 


and where the prime on sigma ( >.’) denotes summation | 
over the odd numbered terms only. 

Expression (8) is an integral equation for the determi- 
nation of the aperture field and y. Since the equation 
is not of standard form and no technique for exact 
solution exists, a variational solution for an approxi- 
mate value of y must be sought. Unfortunately, the 
non-symmetrical (in z) property of the kernel in (8) 
appears to make impossible the establishment of a 
variational principle for the general case where y is 
complex. However, approximate formulas for y may 
be obtained which do have stationary properties for 
either of the restricted conditions that y be real, or 
that the slot spacing be infinitesimal. 

For example, assume y real and y>k. Then it can 
be shown.” that K is Hermitian, i.e., 


K(y, 2 | y'; z') a ty, z' | ¥, 2), 


and that the expression 


d/2 ad/2 L/2 L/2 
f ih f 4 g(y, z)g*(y’, 2’) 
—d/2Y¥ —d/2 —L/2 —L/2 
-K(y, 2| y’, 2")dydy'dzdz’! = 0 (9) 


gives a value of y which is stationary for small varia- 
tions of an assumed g about a correct solution of (8). 

For the uniform, longitudinally slotted waveguide 
case, Rumsey? has shown that the expression 


L/2 
fi Hews; rs EaJa,)dy = 0, (10) 


L/2 
(where L is the width of the longitudinal slot, E, is the 
transverse distribution of the assumed aperture field, 
and where Ja is calculated from the resulting discon- 
tinuity of magnetic field in the aperture which fits 


AX M. Morse and H. Feshbach, “Methods of Theoretical 
eee) nee 9.4, McGraw-Hill Book Co., Inc., New York, 
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E,) is a second variational formula which has stationary 
properties for arbitrary complex y. The left-hand side 
‘of (10) is the formula for the self reaction,® (a, a), of 
the traveling-wave source distribution, Ja(y)e-*7, which 
when established in each slot supports the initially 
_assumed slot field, E.. Eq. (10) does not apply for the 
transversely slotted guide, since in this case the slot 
field is made up of an infinite number of traveling waves 
of differing propagation constants, Yn. 

4 A third aspect of the approximate method is brought 
'out by considering an aperture of finite extent, S. In 
this case, the conventional form of the reciprocity 
theorem applies and the self reaction of the aperture 
source, Ja, is given by 


(a, 0) = ff Io Be 


Eq. (11) also does not strictly apply to the transversely 
slotted waveguide, because the infinite extent of the 
‘aperture violates the condition of the reciprocity theo- 
‘rem that the source be of finite extent. Thus, although 
the relation 


: J J Ey JodS' = f E,,[H,°** — H,'*]ds’ = 0, (12) 


(11) 


obtained by applying (11) to the infinite aperture sur- 
‘face S’, gives an approximate expression for y in terms 
of the assumed £,,, the expression is not necessarily 
“stationary. However, it can be shown that in the limit 
as //h-0, (12) reduces to (10), since in this case the 


_ aperture distribution becomes essentially continuous. 


_ and the then trivial dependence on z may be eliminated. 
- Thus vy derived from (12) is approximately stationary 
for small //X and complex y, while that derived from 
2 (9) is stationary for real y and arbitrary //A. There 
_is some question as to whether (9) or (12) constitutes 
~the better approximation for y in the particular case 
under consideration. On the basis of physical reason- 
-. ‘ 

_ ing, it would appear that (12) more nearly fits the actual 
_ circumstances since, in general, y is complex and small 
4 values of J/d are of major interest. In particular, it will 
_ be seen that the limiting case of infinitesimal //) is one 
_ of special interest. 


A. Approximate Expression for 


_ It is apparent that when the integration of (12) over 
any typical slot is set equal to zero, the condition that 
the integral over the infinite aperture be zero is also 
satisfied. In (3), the approximation to the slot field 
‘ distribution i is taken to be 


ree 72.” (13) 


g(y, 2) = cos ary/L, 


Substitution into (12) with the use of (5) and (6), and 
integration over the slot centered at the origin gives 


8 V. H. Rumsey, “Reaction concept in electromagnetic theory,” 
- Phys. ide vol. 94, P. 1483; June 15, 1954. 
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cot «kD ( = ( ) ) 1 


kD rl yd Ne 
cos? —— sin? — (1 a ) 
2W 2 4? 


mrL 
cos? 
{ > P (= ) 2W COt katy? 
m=1 ™"\ 4W? Ne) 
— ) 
L/2 y / 2 ‘ 
a a ——f sf: co ub ( + =) 
I% RPL?2D J ped —12 E oy? 
Hy (8, | y — "| ait : (14) 
where 
=0 # form=1 when x = 0 
Emin a 
= otherwise 


K = K1,0- 


The set of double integrals making up the final term 
of (14) may be written? in terms of the form: 


ENAane BLY 
Sn = 40 (=) f 110 ( ) 
r 0 T 
Ne 1 
. (1 - —) cos r + <(1 + *.) sin rar. (15) 


For n=0 the power series representation for Ho may 
be substituted and the resulting series evaluated term 
by term. For ~#0 and for //d sufficiently small that 


| BuL | > 3a 


(15) may be approximately evaluated in closed form 
(Appendix). 

As a further aid in the solution of (14), the left-hand 
side may be easily written in terms of a perturbation 
of y. Let 


2 aek ee (/# - 40m; 46) 
then 


ne / pre Pies eV yeone. (Van 


Ww? 

By use of the first two terms of the power series expan- 
sion for cot 2/z, the expression 

cot xD 1 


————. YS —__—_. (18) 
«kD 27(0) D*6(y) 
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is obtained. For cases of small perturbation, (18) used 
in conjunction with an iterative technique provides 
a straightforward method of solution of (14). 

Unfortunately, the solution of (14) is still quite 
tedious, because of the relatively slow convergence 
of the doubly infinite series. The formula is consider- 
ably simplified for either of the two special limiting 
cases, a) for L=W, where the slots extend completely 
across the width of the waveguide, and b) for infinitesi- 
mal slot spacing, 7.e., as //A—0. It turns out that the 
results for these special cases are sufficiently general 
to be of considerable practical interest. 


B. Theoretical and Experimental Results for the Case of 
L=W 

For L= W, only the m=1 terms of (14) are non-zero. 
Since in this case the perturbation of y caused by the 
presence of the slots generally is relatively great, the 
iterative technique of solution is of little value and a 
direct solution of (14) is necessary. Because of the 
transcendental character of the equation, an automatic 
digital computer was employed in the solutions leading 
to the results in Figs. 2 to 4. 

Fig. 2 gives typical variations with frequency of the 
attenuation constant, a, for various slot widths and 
spacings. Of some interest is the behavior of a in the 
vicinity of the unperturbed cutoff frequency since the 
result shown contrasts with that obtained in the axially 
slotted waveguide case. In the latter case, a@ increases 
indefinitely as the frequency decreases towards cutoff. The 
effect in the transversely slotted case may be explained 
on the following basis. Exactly at the cutoff frequency, 
the fields in the unperturbed (closed) waveguide would 
be TEM with respect to the y axis. Since in the trans- 
versely slotted case the long dimensions of the slots 
are then parallel with the direction of current flow on 
the broad face of the guide at this frequency, it is to be 
expected that the perturbation of the field components 
would be small and the radiation losses minimal. 

At frequencies below unperturbed cutoff, the fields 
decay more rapidly than in the unperturbed waveguide 
as a consequence of the radiation losses. In addition, 
the waveguide velocity ratio, c/v, where c is the free space 
velocity, is finite in this region instead of remaining 
zero as in the lossless, unperturbed case. However, the 
signs of c/y and @ are opposite, so that the direction of 
decreasing phase is opposite to the direction of decreas- 
ing amplitude. A comparison of the perturbed and 
unperturbed c/v ratios is given in Fig. 3. 

Of further interest in Fig, 2 is the relative insensitivity 
of a to changes in //d. The broken curve, which corre- 
sponds to an impractically small value of d, represents 
only a slight decrease in the average value of a. A 
moderate degree of control over a is available, however, 
through the variation of J/A. In the typical results 
given in Fig. 4, the maximum range of a for variation 
of //N alone is seen to be approximately 10:1. In addi- 
tion, since @ increases without limit as D is decreased, 
the range of @ can be correspondingly increased by 
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Fig. 2.—Typical variation of attenuation constant for L=W. 
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Fig. 3.—Comparison of perturbed and unperturbed velocity 
ratios for guide of Fig. 2. 
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Fig. 4.—Control of attenuation constant by slot spacing 
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allowing a simultaneous variation of D. The variation 
c/v as a function of the slot spacing is given in Fig. 5. 


q C. Theoretical and Experimental Results for Infinitesimal 
_1/ and Variable L/W 


For infinitesimal slot spacing, only the »=0 terms 
of (14) are non-zero. For cases of small slot length, the 
perturbation of y from the closed waveguide is relatively 
small and the iterative technique of solution may be 
profitably employed. Typical results for a waveguide of 
standard aspect ratio are given in Figs. 6 and 7. Of 
_ some interest is the fact that @ is practically insensitive 
_ to variations of L above about \/2. Effective control 
over @ is obtained only with relatively small values of 
Woy 

The results of this idealized analysis based on an as- 
sumed infinitesimal slot spacing appear to give good 


o 
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agreement with experimental results obtained with ac- of L __Slot Length 
tual slot spacings of the order of one-tenth wavelength W Waveguide Width 
or less and with L/ as. Fig. 6.—Effect of slot length on attenuation constant for 


infinitesimally spaced slots. 


_ D. Surface Wave Solution Te) 


Ee ee OEE ET Ce ee RT ROS RT ee ee ee 


It can be shown? that under certain conditions, (14) 
admits to a surface wave solution (1.e., where y is real 


“ee Se 


4 and greater than k) in addition to the solution corre- 3 0: 

_ sponding to the perturbed, fundamental mode. Surface as 
wave propagation is possible over a band of frequencies 3/8 
with upper and lower cutoffs determined by the guide gi9 08 

- and slot parameters. For infinitesimal slot spacing, the BY 

- lower cutoff frequency is always zero. In addition, for & g 


the particular case of L= W, the upper cutoff for the low- 4 O7 

est order mode, E,~ cos ry/L, is (to the limits of ac- 

ee imposed by the approximate expressions) at is rhytme et yscetd eh 

ae "0 02 04 06 08 10 
A typical plot of c/v vs W/d for L/W=1 obtained Rare ee 

from the computer solution of (14) is given in Fig. 8. a Waspae Wath 

_ No results are given for the case of L/W <1 since for the 

_ surface wave the perturbation of y from that of the 
closed waveguide case is relatively great and the itera- 
tive technique is thus of little value, while the direct 
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solution of (14) is quite tedious. However, for infinitesi- 
mal slot spacing an asymptotic expression valid as 
w—0, c/v—1 is easily developed. 

For c/y™1, only the first term of the power series ex- 
pansion for Hy is necessary in (15). Performing the 
integration gives (see Appendix): 


= 41.27[ Tay ee =| 
Snp™~—7—< 1. C n— — 
P Ge ak 
Neg 
=)-@ 121532 19 
0.807 + -} (19) 


where 


r= +ja=ty/ (2) 10 4/2(£-1), 


c = Euler’s constant = 0.577 -:-. 


Further, as 
1 ei “4 
C (= 2 
sey (2) 
v W 
and 
Tv 
coth —— 
cot kD WwW 
mrad — 
xD aD 
W 


Substitution into (14) with //A-0, 1/d=1, and a sub- 
sequent rearrangement of terms gives 


2 2 
Mae (ens cate ont Ofte eee 
3 1+ exp | ap "4p 
wl 
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ieee ) sale “ (20) 
is ( 4? I? \2 W 
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(0S OW 22 .w 
co i Mm 
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m=3 ? 
(1 WwW? ) 
In general, both the fundamental and surface wave 
modes are excited by an incident TE, field when 
L<h/2. For a typical condition of L=W<h/2, the 
measured variations of phase and amplitude with axial 
distance along the waveguide are given in Fig. 9. The 
computed curves in this figure were obtained by taking 
a solution of (14) for y for the rapidly damped funda- 
mental mode, 
v C 


k v k 


_@ 


= — 0.190 — 70.438, 
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Fig. 9.—Axial phase-amplitude distributions with fundamental 
and surface wave modes present, W<d/2. (a) amplitude; 
(b) phase. 


and the measured value of 
Bid Sahay n'y: 
k v 


for the surface wave. Relative phase and amplitude of 
these two fields were then adjusted to give the best fit 
with the measured results. The poor agreement at the 
beginning of the aperture is possibly due to the presence 
of higher order evanescent modes. 

For cases where L <\/2 < W, excitation of the surface 
wave mode relative to that of the fundamental mode 
may be appreciable, reaching a maximum in the range 
of 0.25\<L<0.4. For those antenna applications 
where pure fundamental mode propagation is required, 
the existence of this surface wave mode thus restricts L 
to values less than the order of 0.2 for waveguide of 
standard aspect ratio. While a decrease in D results in 
an increase in @ for a given L/\, the relative excitation 
of the surface wave also appears to be thereby increased, 
so that an effective upper limit on the value of a, ob- 
tainable by varying L/X, is still imposed. Where higher 
rates of attenuation than are thus available are required 
for the desired aperture illumination function, values of 
L>/2 should be used, e.g., L=W, with a then being 
controlled by variation in the slot spacing. There is a 
small degree of overlap in the ranges of @ available by 
the two means of control. 


EXPERIMENTAL MEASUREMENTS 


The presence of the surface wave also causes some 
difficulty in the verification of the predicted attenuation 


In cases where the excitation of this mode was 
iable, the attenuation constant was obtained by 
probing the field as a function of distance along the 
uide. The slope of the straight line portion of a db plot 
of the field strength was used to give an accurate value 
of a. In cases where the attenuation constant was 
mall, and the surface wave excitation negligible, the at- 
tenuation was determined from VSWR measurements 
at the input of the slotted guide. In order to account for 
the waveguide wall losses and the reflection produced at 
the beginning of the slots, measurements were made of 
various lengths of slotted sections for each case reported. 
In all cases, the phase velocity was determined from 
field measurements along the guide. 

There is some disrepancy between curve 3 of Fig. 6 
anc the experimental results given by Kelly and Elliott® 
in their Figs. 5 and 6. It is believed that this is due to the 
| able wall thickness employed in their measure- 
ments. For the experimental results in the present pa- 
“per, the slots were milled completely across the top wall 
of the guide and the transverse slot length was then ad- 
_justed by covering over part of the slotted broad wall 
with adhesive-backed metal foil, thus giving an effective 
wall thickness roughly that of the foil itself. 


<r 


appre 


CONCLUSION 


_ It has been shown that the propagation constant of 
the transversely slotted waveguide can be effectively 
controlled through variation of the guide and slot param- 
ers with considerable independence of control over 
the attenuation constant and phase velocity available. 
Experimental results show good agreement with the 


_ A further investigation of the surface wave support- 
ing properties of the structure is indicated. Of impor- 
' tance are methods of efficient surface wave excitation 
Sheets do not depend on external launching devices such 
as waveguide horns. Alternatively, the characteristics 
of different periodic coupling mechanisms, ¢.g., closely 
spaced, circular holes, should be studied from the stand- 
‘point of attempting to decrease the surface wave excita- 
‘tion when the perturbed fundamental mode of propaga- 

_ tion is desired. 
Finally, the effects of finite wall thicknesses on 7 
should also be considered. This parameter is of particu- 
lar importance in cases of small slot length, where the 
et region becomes a section of below cutoff waveguide. 


AppENDIX—EVALUATION OF Eg. (15) 
For 20, 1<h/2, then the parameter ¢,, where 


p.-u4/(F-5) -3 
se oe pix k 


_ is approximately real and positive. Since 


‘KC jaa: S. Elliott, “Serrated waveguide—Part II: 


| AS I Trans. ON ANTENNAS AND PROPAGATION, vol. 
5 is 276; July, pvt. 


q 
k 
; 


Hyneman: Closely-Spaced Transverse Slots in Rectangular Waveguide 


341 


HeB.| y~ |) =j — Kalen] y — v1), 


anf fns0[(-2Y0-£ 
(42) unee 
“2% [te ft} 


2a 
=i {Sn, hd Guse 
T 


Formulas for the evaluation of 9,, are available:1° 


f K(r) cos ard Fat ih 
adr = — 
6 r y aS 
” arc sinh @ 
if K A7) 8 ara = 
9 Vi+ a 


- bi fr 
fi 1K,(r) cos ardr = es y/ Py [r(2)] 


—3/2 
; { P_1j2(ja) P=1/x(—ja) wee} 
sinh*/? [arc cosh ja] _sinh*/? [arc cosh (—ja) | 
where P is the generalized Legendre polynomial. The 
assumption that 
Jal <4 


enables use of the approximations 
ye a? 
of it a*=~1 _ a; I 


: ere e 
arc cosh I a ee 


3 
sinh?/? [arc cosh + ja] ~ e*#@=/#) (1 oh = 2) 


i es 
P_1;2(+ja) 


1 awe 
— _/5\\tja+1 2 


4 (5) 


es 
eo Oe 


e2i@7/9[1 F 71.5a — 1.125a?](1.085 F 0.165ja). 


ie G. N. Watson, “Theory of Bessel Functions,” The Macmillan 
Co., New York, N. Y., p. 338; 1944. 
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Collecting significant terms gives 
2 


W ree Ab 
~— (1-5 )+5 56 . 
2) 41? 4D? x? 


In a straightforward manner, it can be shown that 


Veda, <a, 


, 


and thus 


_ 4a 
Se 19 nas 
TT 


For n=0, substitution of the power series for Ho°)(z) 
into (15) and subsequent integration gives 


Booed 


t=0 


2 2 L 
. {1 =a Sy lis (= x) [4a + iB 
7 cs Ka ex 


where 
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c = Euler’s constant = 0.5772 ---, 


and where 


fe 1 f r* sin rdr 
boiJ (i? S 7 | 
1 T 
: ti dt rt (1 — “) cos rdr, 
—) (!)?Jo 7 
y 1 . 2% 
ti \ iF eiinty TA rar 
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Generalizations of Spherically Symmetric Lenses* 


SAMUEL P. 


Summary—The purpose of this paper is to generalize the solu- 
tions of some spherically symmetric lens and lens-reflector problems 
recently treated by Kay. The original problem was to find a variable- 
index structure, with a point source at its surface or at infinity, which 
would produce a beam of finite angular width, having a prescribed 
variation of intensity with angle. It is shown that a prescribed exit 
beam can be obtained from a point source at any given distance from 
the lens, and that the index of refraction may be specified more or 
less arbitrarily in the outer part of the lens. A special case is solved 
in terms of tabulated functions. 


INTRODUCTION 


N AN interesting paper, Kay! has discussed various 
| generalizations of the cylindrical or spherical Lune- 
berg lens. The lenses treated by Kay have a point 
source at the surface or at infinity, and form a beam of 


* Manuscript received by the PGAP, April 6, 1959. 

t Bell Telephone Labs., Inc., Murray Hill, N. J. 

1A: F. Kay, “Spherically symmetric lenses,” IRE TRANS. ON 
ANTENNAS AND Propagation, vol. AP-7, pp. 32-38; January, 1959. 
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finite angular width, having a prescribed variation of 
intensity with angle. In each case he finds a single ex- 
pression for the index of refraction of the lens as a func- 
tion of the radial coordinate. We shall show that Kay’s 
problems can easily be solved in the more general case 
where the incident beam comes from a point source any- 
where outside the lens, and that the index of refraction 
may be chosen arbitrarily, subject to simple restrictions, 
in an outer shell of any desired thickness less than the 
radius of the lens. The method of solution is very similar 
to that given in a previous paper? on the original Lune- 
berg lens problem, and the exposition will be corre- 
spondingly brief. 

Consider the two spherical structures shown in cross 
section in Fig. 1. In each case the lens radius is taken as 
the unit of length. Fig. 1(a) represents a broad-beam 


2S. P. Morgan, “General solution of the Luneberg lens problem,” 
J. Appl. Phys., vol. 29, pp. 1358-1368; September, 1958. 
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(b) 


Fig. 1—(a) Broad-beam Luneberg lens. (b) Broad-beam 
Luneberg reflector. 


Luneberg lens, in which rays from a point source at a 
distance ro >1 from the center of the lens are formed in- 
to a rotationally symmetric exit beam with a prescribed 
intensity in each angular direction y. Fig. 1(b) shows a 
broad-beam Luneberg reflector, in which a similar exit 
beam is formed by rays which have passed through the 
lens twice, with an intervening reflection at the back 
surface. Obviously, if the Luneberg reflector is to be 
used with an arbitrary source direction, then its surface 
must be only partially silvered. In that case we shall 
neglect the variation of reflection and transmission co- 
efficients with angle. 

We shall not discuss the broad-beam Eaton-Lipp- 
mann lens, which is the third type treated by Kay. In an 
Eaton-Lippmann lens the rays are not reflected but are 
refracted through an angle so great that they emerge in 
a direction opposite to the direction of incidence. The 
scalar theory of the Eaton-Lippmann lens is quite anal- 
ogous to the theory of the lenses shown in Fig. 1; but 
as Kay points out, for a spherical Eaton-Lippmann lens 
the polarization relationships are such that scalar 
theory is completely inadequate to describe the back- 
scattering cross section. 


FORMAL SOLUTION 


In Fig. 1, let a be the angle which a typical incident 
ray makes with the axis, y the angle from the axis to the 
direction of the exit ray, ¢ the angle from the exit ray 


Morgan: Generalizations of Spherically Symmetric Lenses 


343 


to the radius vector at the exit point, and @ the polar 
angle corresponding to the exit point. Note that 0 is a 
positive angle in Fig. 1(a), and a negative angle in Fig. 
1(b). Each ray corresponds to a different value of the 
parameter x defined by 


kK = ro sina, 


0.2 kia, (1) 


It is clear that the angles a, y, ¢, and 6 may all be re- 
garded as functions of k. 

Using the well-known equation? for the path of a light 
ray in a radially symmetric refracting medium, it is easy 
to derive the integral equation which must be satisfied 
by the index of refraction of the lens. The result for the 
broad-beam Luneberg lens of Fig. 1(a) is 


kar 


ie r[p%(r) — x2]? om f(x), 0 < K < i (2) 


and for the broad-beam Luneberg reflector of Fig. 1(b), 


Kar 


1 4 
1 
ibe r[p2(r) — «22/2 = 5 IM: O<k< il (3) 


where in both cases, 


1 K 
f(x) = >|* + sin~! — — sin“? « — a) |. (4) 


To 


The function p(7) is defined in terms of the refractive in- 
dex n(r) by 


p(r) = rn(r); (5) 
and the “turning radius” r*(x) is a root of 
AE hs Me (6) 


The polar exit angle 6(x) is assumed to be acontinuously 
increasing function of x. It will be determined in the next 
section in terms of the distributions of intensity in the 
incident and emergent beams. 

By the same argument as for an ordinary Luneberg 
lens,” it follows that p(7) may be taken as an arbitrary 
function greater than unity in the outer part of the lens. 
Thus we may let 


pry = P(r)'S 17° a) = POPS Ya KD 


fora <r<1, where a>0 is the least upper bound of the 
values of r for which p(r) <1. In the range 0<r<a, the 
function p(r) is determined by the integral equation (2) 
or (3). If a solution exists, it must be a continuous, 
strictly increasing function of r, with p(0)=0 and 
p(a—0) =1. 

Consider now the broad-beam Luneberg lens shown 
in Fig. 1(a). If the marginal ray (k=1) is to make an 
angle Wo with the positive «x-axis after refraction through 
the lens, the refractive index of the outer shell must sat- 
isfy the condition 


ie dr < [sin 2 vo (8) 
eos 2 ho a 
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Since the integral on the left cannot be negative, we 
have the obvious requirement that 


vo S sin” -s (9) 


To 


The solution of (2) by a now-familiar technique? leads 
to the determination of the index of refraction in the 
inner region, 0<7<a, via the parametric equations 


(1/a) exp [w(p, ro) + w(p, 1) — 2(p) — O(p)], 


r = p/n, 


n 
(10) 


where the parameter p runs from 0 to 1. The definitions 
of the functions appearing in (10) are as follows: 


1 =] K 
Moe =f ae a dei Spe ie Pe AL) 
2 . : dr Kak 
ah al LJ. abelian ial (x2 — p?)12 
O's ip Sig. 2) 
O(k) dk 
0 -—f a ae (OSes. Oy 


The function w(p, s) was introduced by Luneberg,’ 
who did not, however, tabulate any numerical values. 
Fletcher, Murphy, and Young‘ developed a series for 
w(p, 5) in inverse powers of s, which is usable in principle 
for any value of s>1, but preferably for s>2. The func- 
tion exp w(p, s) has been tabulated by Morgan? for 
Lass 2. 

It is evident that Q(p) depends upon the choice of re- 
fractive index in the outer shell a<r<1, being zero 
when a=1. In principle it can be evaluated by numer- 
ical integration as soon as P(r) is specified. If the index 
of refraction varies as any power of the radius in the 
outer shell, 2(p) can be expressed? in terms of the func- 
tion w(p, s). 

The function @(p) depends upon the exit angle 0(k), 
which will be discussed below. If # is proportional to a, a 
case already treated,>*® then @O(p) is proportional to 
w(p, 79). Another interesting example is worked out in 
the last section of the present paper. 

The general solution for the broad-beam Luneberg 
reflector of Fig. 1(b) is very similar to the preceding 
solution. If the index of refraction is specified according 


’Luneberg, “Mathematical Theory of Optics,” Brown Uni- 
versity, Providence, R. I., pp. 212-213; 1944. 

4 A. Fletcher, T. Murphy, and A. Young, “Solutions of two optical 
Ee en Proc. Roy. Soc. (London) A, vol. 223, pp. 216-225; April 
22, 19 

5G, Toraldo di Francia, “A family of perfect configuration lenses 
of revolution,” Optica Acta, vol. 1, pp. 157-163; February, 1955. 

6R. Stettler, “Ueber radialsymmetrische are Medien,” 
Optica Acta, vol. 3, pp. 101-103; September, 1956. 
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to (7) for a<r<1, the condition that the marginal ray — 
in the exit beam makes an angle Wo with the negative © 


x-axis leads to the restriction 
if i dr 

a SLEM es Tie 
Since presumably 0<Wo<z7, the right side of (14) is 
never negative. The parametric equations which define 
the index of refraction in 0<r<a are 
(o!/2/a) exp [4{(p, ro) + w(p, 1) — O(o)} — Q()], 
p/n, (15) 


1 ie.’ 
= ral + sin-! — — v0]. (14) 


To 


n 


T= 


for 0<p<1, where the functions on the right are de- 
fined, as before, by (11), (12), and (13). 

In order to ascertain that (10) [or (15)] really does 
furnish a solution for (2) [or (3) |, it is necessary to ver- 
ify that p(r) is a strictly increasing function of 7; Z.e., 


dp/dr > 0, O'< ip <3 (16) 


A calculation similar to that given for the ordinary 
Luneberg lens? shows that the inequality (16) will be 
satisfied if P(r) satisfies (8) [or (14) ], and if (x) is such 


that 
d [O(x) —7 
Eicher Bahl: Ss 
dk 


K 


(17) 


The last inequality can be shown to be valid for the 
examples solved in the concluding section of this paper. 


ENERGY RELATIONSHIPS 


Let,the desired antenna pattern be given by F(w), for 
O<W<yYo, where F(w) represents the power flow per 
unit solid angle in the direction y, and all patterns are 
assumed to be independent of azimuth. Similarly let the 
feed pattern be given by Fo(a), for 0<a<ap, where 

K 


a= sin-!—,; Qo = sin~! — 
To To 


(18) 


We assume that yw is an increasing function of a and 
hence an increasing function of x. 

Neglecting any reflection losses? which may occur at 
discontinuities in index or at the surface of a Luneberg 
reflector, and allowing for arbitrary normalization of 
F(w) and Fo(a), we have by conservation of energy, 


a v 
f F(a) sin ada f F(p) sin ydy 
0 0 


ao oe vo (19) 
i F(a) sin ada f F(y) sin pdy 
0 0 


7 More precisely, we are neglecting variations in reflection loss as 
a function of angle. The effects of such variations may be computed 
in a straightforward manner for any given design, or they may be 
allowed for in advance if conditions warrant. 
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This equation gives y as an implicit function of a, which 
may be determined numerically in any case, and there- 
fore gives y as a function of x. From the geometry of 
I ig. 1 and Snell’s law we obtain for the broad-beam 
Luneberg lens, 


A(x) = W(x) + o(k) = v(x) + sin“ k, (20) 
and for the broad-beam Luneberg reflector, 


O(k) = W(x) + d(x) — w = W(x) + sim? x« — w. (21) 


EXAMPLES 


Fy(a) = cos a, 0<a<ap, 
Zi F() = 1, 0<¥<%, (22) 
(19) becomes 
4 sinta = sin? } 
3 sin? ao ~ sin? * ee ie 
or 
] | pee thausllmcin dle), (24) 
We then get for the broad-beam Luneberg lens, 
4 6(x) = 2 sin—! (x sin 3¥0) + sin! k, (25) 
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and from (11) and (13), 

O(p) = 2w(p, csc so) + w(p, 1); 
and finally, for the first of the parametric equations (10), 
nm = (1/a) exp [w(, ro) — 20(, csc $40) — 2(p)]. (27) 
Similarly, for the broad-beam Luneberg reflector, 


6(x) = 2 sin-! (« sin 40) + sin“! « — a, 


(26) 


(28) 
and 
O(p) = 2w(p, csc 20) — w(p, 1) + log p; 
and for the first of the parametric equations (15), 
n = (1/a) exp [$a(p, 70) + o(p, 1) 
— w(p, csc 40) — 2(p)]. (30) 


For the broad-beam Luneberg lens with the feed at 
the surface and no outer shell (ro=1 and a=1), (27) 
becomes 


(29) 


n = exp [w(p, 1) — 2w(p, csc 3¥0)], (31) 


while for the broad-beam reflector with a source at in- 
finity (parallel incident beam) and no outer shell, we 
get from (30), 

n = exp [w(p, 1) — (p, csc $¥0)]. (32) 
These are equivalent to the results given by Kay. 
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Radiation Properties of a Thin Wire Loop Antenna 
Embedded in a Spherical Medium* 
ORVAL R. CRUZAN{t 


Summary—Formulas for certain radiation properties of a spheri- 
cal antenna are derived theoretically. The antenna, which consists of 
a spherical medium, such as ferrite, with a thin wire loop embedded 
just below the surface in an equatorial plane, is driven by a slice 
generator. For the spherical medium, the permeability K,, and the 
dielectric constant K, are assumed to be scalars and, in general, 
complex. The solutions are facilitated through the expansion of the 
fields in terms of characteristic orthogonal spherical vector wave 
functions. The properties for which formulas are derived are current 
distribution, input impedance, input power, radiated power, power 


* Manuscript received by the PGAP, November 24, 1958; re- 


vised manuscript received, June 22,1959. 
{ Diamond Ordnance Fuze Labs., Washington 25, D. C. 


loss in the spherical medium, and the efficiency of the antenna. For 
radiation resistance, not only the general case formula but also the 
formula for electrically small antennas is given, and the difference 
between these formulas, for media assumed lossless, is shown 
graphically. 


I. INTRODUCTION 


LTHOUGH a considerable amount of theoret- 
vin ical work has been published during the past few 
years about the properties of loaded antennas, 

most of it is concerned with electrically small antennas. 
Examples of some of this work for loaded antennas of 
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various sizes are available in the literature.1~% Since 
materials suitable for loading purposes, such as ferrites 
and dielectrics, have been and are being developed 
which have 1) low electrical conductivities, 2) small 
values of the loss tangents for both the permeabilities 
and the dielectric constants, and 3) values of the perme- 
abilities and of the dielectric constants much greater 
than unity at VHF, it appears that the theory of loaded 
antennas of general size is desirable. 

This paper gives the theory and properties of an an- 
tenna which consists of a sphere of homogeneous iso- 
tropic material with a thin circular loop embedded just 
below the surface in an equatorial plane. The antenna, 
which is driven by a slice generator, is illustrated in Fig. 
1. Another solution to this antenna problem has been 
given by Herman.™ This is derived by first obtaining 
explicit expressions for the components of the electric 
and magnetic fields, using a magnetic vector potential. 
The theory of a general size antenna composed of a thin 
bicone embedded in a sphere of homogeneous isotropic 
material has been given by Schelkunoff.!2 

Of the loaded loop antenna, the various properties 
considered are current distribution, input impedance, 
input power, radiated power, power loss in the loading 
material, and the efficiency of the antenna. Knowing the 
current distribution, it is possible to determine the re- 
maining properties of the antenna. Consequently, the 
first part of the paper is devoted to deriving the integra] 


1 L. Page, “The magnetic antenna,” Phys. Rev., vol. 69, pp. 645-— 
aoe June, 1946. (Electrically large cylindrical rod and circular 
coil. 

? 0. R. Cruzan, “VHF ferrite antenna, I. Radiation properties, ” 
1957 PGMIL Conv. Rec., pp. 169-175. (Mainly electrically small 
spherical core.) 

0. R. Cruzan, “VHF Ferrite Antenna Radiation Properties,” 
Diamond Ordnance Fuze Labs., Washington 25, D. C., Tech. 
Rept. No. TR-516; August 15, 1957. 

“O. R. Cruzan, “Radiation Properties of a Spherical Ferrite 
Antenna,” Diamond Ordnance Fuze Labs., Washington 25, D. C., 
aaa Rept. No, TR-387; October 15, 1956. (General size spherical 
core. 

°H. A. Dropkin, E. Metzger, and J. C. Cacheris, “VHF ferrite 
antenna, II. Radiation measurements,” 1957 PGMIL Conv. Rec., 
pp. 175-182. (Ferrite rod cores.) . 

6'V. H. Rumsey and W. L. Weeks, “Impedance of Ferrite Loop 
Antennas,” Elec. Engrg. Res. Lab., Univ. of Illinois, Urbana, Tech. 
Rept. No. 13; October 15, 1956. (Electrically small antennas.) 

7 W. L. Weeks, “Input Impedance of a Spherical Ferrite Antenna 
with a Latitudinal Current,” Elec. Engrg. Res. Lab., Univ. of Illinois, 
Urbana, Tech. Rept. No. 6; August 20, 1955, (Electrically small an- 
tennas.) 

8'W. L. Weeks, “On the Estimation of Ferrite Loop Antenna 
Impedance,” Elec. Engrg. Res. Lab., Univ. of Illinois, Urbana, Tech. 
Rept. No. 17; April 10, 1957. (Electrically small antennas.) 

9 J. R. Wait, “The receiving loop with a hollow prolate spheroidal 
core,” Canad. J. Tech., vol. 31, pp. 132-137; June, 1953. (Electrically 
small antenna.) 

10 J. R. Wait, “Receiving properties of a wire loop with a sphe- 
roidal core,” Canad. J. Tech., vol. 31, pp. 9-14; January, 1953, 

1R. E. Burgess, “Iron-cored loop receiving aerial,” Wireless 
Engr., vol. 23, pp. 172-178; June, 1946, (Spheroidal core with coil.) 

@S. A. Schelkunoff, “Advanced Antenna Theory,” John Wiley 
and Sons, Inc., New York, N. Y., pp. 65-68; 1952. (Thin bicone 
embedded in a sphere.) 

18 J. Herman, “Thin Wire Loop and Thin Biconical Antennas in 
Finite Spherical Media,” Diamond Ordnance Fuze Labs., Washington 
25, D. C., Tech. Rept. No. TR-462; May 1, 1957. (General size 
spherical core.) 
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Fig. 1—Circular loop antenna embedded in a spherical medium. 


equation for the determination of the current distribu- 
tion when the input voltage is known. In deriving the 
integral equation, the field, which is expressed as a func- 
tion of a retarded Hertz vector potential, is reduced, 
first, for the case of a thin circular loop. The field is then 
expanded in terms of characteristic orthogonal spherical 
vector wave functions through such an expansion of the 
retarded Hertz vector potential. The tangential com- 
ponent of the total electric field at the surface of the 
sphere and of the loop is obtained through use of the 
boundary conditions pertaining to the tangential com- 
ponents. Upon relating the tangential component of the 
electric field to the voltage of a slice generator by means 
of a delta function, the integral equation is obtained. 
It will be observed that the method employed can be 
readily extended to other arrangements of loop and 
sphere. In such cases the formulas obtained will be more 
complicated, since more separate boundaries are taken 
into consideration. 

Since the expressions for the various properties are in 
the form of infinite series, adequate evaluations involv- 
ing ranges of values of the various parameters would re- 
quire the use of a high-speed digital computer. Fig. 3, 
which is an example of partial results obtained using a 
desk calculator, illustrates how the radiation resistance 
given by the formula for the general size antenna, using 
loading material assumed lossless, contrasts to that 
given by the formula for the electrically small antenna. 


II. GENERAL Equations"4 


The electric and the magnetic fields of a radiating 
source embedded in an infinite homogeneous and iso- 
tropic medium are given, respectively, by 


4 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 


Co., Inc., New York, N. Y., sec. 8.3, pp. 430-431, h. -392_ 
423; 1941. PP and ch. 7, pp. 392 


E=VWV:x + kh?’ =VXVX 2, (1) 


_the second form being for the field outside the region oc- 
-cupied by the source, and 


| = — iweV X =’, (2) 


where the time factor is of the form (exp —iw#), k? =pew?, 
pis the magnetic inductive capacity of the medium, e is 
_ the electric inductive capacity, and w is the radian meas- 
| ure of the frequency. For a radiating current source, the 
retarded Hertz vector potential x’ is given by 


1 etkR 
x = tJo — dv 3 

Arwe if Vv eee (3) 
where Jo is the vector current density, V is the volume 
occupied by the current, and R’ is the distance from a 
current element to a field point. Inside the region occu- 
| pied by the current, the vector potential as given by (3) 
| satisfies the inhomogeneous vector wave equation 


1 
VX VX 2 - Ws — he’ = — J. (4a) 
WE 


; Outside that region, the homogeneous vector wave 
- equation 


AXAX x — VV-2' — kx’ = 0 (4b) 


is satisfied. Because (4b) permits the potential to be ex- 
panded in terms of characteristic vector wave functions, 
the potential, accordingly, will be obtained for field 
_ points external to the region occupied by the current. 
The characteristic orthogonal spherical vector wave 
functions used are 


m sin 1 
mz, = + —— énlkr) Pn™(cos 8) moig 
oe 6 cos 
4 cf) €08 
| a Zn(kr) Eee P,™(cos ) fi M19; (S) 
“s 00 sin 
b 
if 1 cos 
- nn = J LALRECIST iy toe 6) . mot, 
oe r sin 


i 1 @ lec )] 0 P,"(cos6) cos Fe 
— — |rz,(kr)| — P,™(cos , mve19 
es kr or 06 sin 


m 


cd) Site y= 
eo [rzn (kr) |Pn™(cos 9) M14, (6) 
kr sin 6 or cos 


ae 
_ where 2n(Br) = (m/2kr)?Zn41/2(kr) stands for any spheri- 
cal Bessel function with Zn41/;2(kr) being the correspond- 
ing cylindrical Bessel function of half order, and 
' P,(cos 8) is the associated Legendre polynomial of the 
- first kind. , 
For a current-bearing thin circular loop having a cir- 
cular cross section of radius a, it may be shown that 
b Qr ikR (7) 
‘a= iI(¢’) — igdd’, 
me dn iF Peak 


WE 
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where 6 is the mean radius of the loop, I(¢’) is the total 
current on the conductor surface, iy is a unit vector hav- 
ing the same direction of Jo, and R is the distance from 
the center of the conductor forming the loop. The dis- 
tances, angles and vectors involved are illustrated in 
Figs. 2(a) and 2(b). 


(a) 


(b) 


Fig. 2—(a) Unit vectors, angles and distances associated with a thin 
circular loop. (b) Angles and distances associated with a cross 
section of conductor. 
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The Green’s function e**®/R is given by the addition 
theorem 


ikR 0 
<= ik D (p+ 1) Po(cos rhinl hg (20), 1 < (Ba) 
p=0 
= ik 3 (2p + 1)Pp(cos y)jo(B)hip (hr), 1 > B, (8b) 
p=0 


where y is the angle between b and r (the vector distance 
from the center of the loop to the field point P), j,(kr) 
is a spherical Bessel function of the first kind, and 
h»™(kr) is a spherical Hankel function of the first kind. 
The expansion of the Legendre polynomial P,(cos ¥) is 


P,(cos 7) 


=2 5 Lak OE ces a) P,%(cos 8) cos g(¢’—¢), (9) 


qo 1+6 (+9)! 
where 5=0, ¢#0; 6=1, g=0, and a=7/2. The various 
distances and angles involved in (8) and (9) are illus- 
trated in Fig. 2(a). As can be determined, the unit vec- 
tor iy is given by 


iy = — i, sin 6 sin (¢’ — ¢) 


— ig cos @sin (¢’ — ¢) +13 cos (¢’ — ). (10) 


III. EXPANSION OF THE PRIMARY FIELD EquaTIONS 
IN VECTOR WAVE FUNCTIONS 


Using the expression for the retarded Hertz vector 
potential for the case of a thin circular loop, it is pos- 
sible to obtain explicit expressions for the electric and 
the magnetic fields in terms of vector wave functions. 
This is done by making such an expansion of the re- 
tarded Hertz vector potential x as given by (7). Since 
I(¢’) is independent of the coordinates of the field, then 
to expand 2, it is sufficient to expand only the remaining 
part of the integrand of (7) in terms of characteristic 
orthogonal spherical vector wave functions.“ 

Thus for r>6, in an infinite medium having a perme- 
ability K,, and a dielectric constant K., 


k2 
fly 1) 


n=0 m=0 


7 (> wx i (3) , 
*[@mn(MMomn Sin mb’ + Monn COS mo’) 
Nett tee (3) 
ae Onin enn sin mo’ — MNomn COS mo’) |dg 


H-—= f" wd 


n=0 m=0 
i C3) (3) 
[dn (Moma Sin mb" + Nemn COS mo’) 


‘ (yoy 
+ Ber nn sin md’ — Pat cos md’) \d¢’, (11) 


where 6 = kd; the superscript (3) means that in the vec- 
tor wave functions h, (kr) has been substituted for 
2n(kr). The coefficients are 
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: a Fon) to 
dn = ed ise, (wm)! jn(B) Pn” *1(0) 


n(n-+ 1)(1-+ 8) (w+ m)! 


6 m(Q2n+1) (=m)! [Bjn(8) |’ [sin(B)I" m0), (12) 


n(n + 1)(1 + 8) (n+m)! Bb 


& 


where 5=0, m#0; 6=1, m=0. The prime on the quan- ; 


tity within brackets, e.g., [aha (x) ]/ means | differentia- 
tion with respect to the argument x. 


IV. THE FreELDs oF A Two-MeEpIA REGION 


If the field in an infinite medium is known, then the 
fields for a two-media region can be obtained. This two- 


media region, illustrated in Fig. 1, consists of a sphere 


of material, such as ferrite, for which r=c>(b+a), and 
external free space. The fields of the two media are ob- 
tained by relating through the tangential boundary con- 
ditions, 


te x (Ep = E)) = 0 iP Dee (Mi, - A;) == 0, (13) 
where i, is the unit radial vector. The field within the 


sphere consists of the primary and the secondary fields, 
that is 


E.=E;+£, H,=H,+ A, (14) 


where the subscript 7 refers to the primary field and the - 


subscript r refers to the secondary field. For the trans- 
mitted field, 


E, == E:, Hi a, H;. (15) 


The primary field is obtained from (11) by attaching - 


the subscript 1 to the parameters to indicate the spheri- 
cal medium in which the field is situated; thus 


E, = ef oD 


2rwey font) srien6 


i (Go 5 (3) ; 
+ [@mn(Momn Sin mh’ + mMenn COS mo’) 
ry {3} (3) 
+ binn(Memn Sin mb’ — Nomn cos mo’) |dd’, 


—1tk18, 
Tig fe I(¢’) yD 


n=0 m=0 


t Giese (8) 
*[@mn(tomn Sin md’ + Nenn COS mo’) 
i (Sk. (3) 
+ Bmn(tMemn Sin md’ — Momn cos md’) |dd’. (16) 


For the secondary field in the spherical medium: 


ae icp >p2 


27wey n=0 m=0 


E, = 


r qd). ’ q) ; 
*[Gmn(tMomn Sin mp’ + mMenn COS mo’) 


r Gb yee (1) 
+ Dmn(temn Sin mb’ — Nomn cos md’) |d¢’, 
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—1ki8 lr °o n-- 
=f wood 
TT 0 


n=0 m=0 
r ay, (1) 
*[@mn(Nomn Sin mo! + Nenn COS md’) 


r Gym 
+ Baal t¥isae sin mo’ — eae cos md’) |d¢’, (17) 


_where the superscript (1) is used to indicate that the 
spherical Hankel function h,(«) has been replaced by 
the spherical Bessel function jn(x), since the radiation 
must be finite at the origin. For the transmitted field in 
free space: 


ko*Bo Qa C-) n 
E, = Cl ae 
2rwes J 9 n=0 m=0 
: [ann (1225 sin mg’ + in cos m¢’) 
+ Brn (225mm Sin m4! — Monn COS mo’) |dg’ 
—_ LR 8. Qr oo n 
H=—=[ 19) DD 
Qa 0 n=0 m=0 


t @. (3) 
-[dmn(Nomn Sin mb’ + Nemn COS mo’) 


+ Bran (smn sin md! — mbnn COs mo’) |d¢'. (18) 


It is to be noted that although the same notation is used 
for the vector wave functions in (16) and (18), the argu- 
ment of the spherical Hankel functions in (16) is kiry and 
in (18), ker. In the three sets of equations, (16)—(18), 
ky = (ures) !?, Re = w(uoer) /?, Bi = kid, and Bo= heb. 

The application of the boundary conditions (13) to 
(16)—(18) for r=c—>(6+a) results in the two sets of 
simultaneous equations: 


1/2 


OnnKm(KmK ce) jn(&1) a Leditacakta) 


(1) 


= — aaa halo hy (1) 


eta K,) Te aed a Onn [fake (Es) ]” 


See Kaki) [eka ED) 19) 


and 
- t (1) 
BmnKmK ejn(&1) Fa bei (2) hae bmnKmK eltn (1) 


Bee ah) |’ — broléatn (Es)! 
EN a fee CN eee) 


where Km=pi/j2; Ke=a/@; &=hi(b+a) and &=hko(b+a). 
Since for determining the current distribution and the 
input impedance, the field within the sphere is of pri- 
mary interest, then from (19) and (20), respectively: 
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a= — gi, Kebin’® Ea) [bain Ea)’ = fn CE) [Evin ED] 
" Kengr(€x) [Eahen Ea)!" = den (€) Evin ED) 

an 

and “3 

5 = pi Kalin Es) [Esler Es)" = Fn Es) [Erltn En)’ 

" Kedu(€s) [Eelen (2)! — Jin (E) [Erin 

(22) 


The total electric field within the sphere at r=(b+a), 
due to the current I(¢’), is the sum of the electric fields 
as given by (16) and (17). 


V. CURRENT DISTRIBUTION AND INPUT IMPEDANCE 


To obtain the current distribution and the input im- 
pedance from the electric field, the tangential compo- 
nent of the total electric field at the surface, r=(b+<a), 
of the conducting loop is needed. Let E* represent this 
component, then 


NER Gg 
jee Piel) SREY Fo) ge 
(2) A fido @) 


. 2S > Amn cos m(¢’ — ¢$)d¢q’, 


(23) 
where 
Amn = : ( Pan bn) (24) 
mn 1 a 3 QmnOn Es mnyn 
with 
= antl, (un — m)! m+1 2 
Jn(B1) hin (Ee) 
A ce ee 
: Knjn(E1) [Ean (E2) |! — fen? (Eo) [Exjn(E) Se 
2n+1 (n—m)! 
x PERL SSE. Nabe ts 2 ok at 2 7 
Bn eC a ee On (27) 
[81jn(B1) |’ [Eakin (E2) |’ 
pete eae ie 
K ejn(B1) [Eahtn™ (Es) |! — Ion (Eo) [Er jn (Ex) ’ He 


For a body which is a perfect conductor, as is assumed 
for the loop, the tangential component of the electric 
field at the surface is zero. If the loop contains a gap,¥—"" 
then the only part of the tangential component of the 
electric field not zero is in the gap. Thus there is ob- 
tained from (23) 


1% C, Flammer, “The Prolate Spheroidal Monopole Antenna,” 
Stanford Res. Inst., Menlo Park, Calif., Tech. Rept. No. 22; June, 
1957. 

16. Infeld, “The influence of the width of the gap upon the 
theory of antennas,” Quart. Appl. Math., vol. 5, pp. 113-132; July, 
1947, 

17 J, A. Stratton and L. J. Chu, “Steady state solutions of electro- 
magnetic field problems,” J. Appl. Phys., vol. 12, pp. 230-248; 
March, 1941. 
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Ee = 0 (outside the gap) 
1/2 Ke B lr 
Fi= k= — i(®) ers eh I(¢’) 
€2 AN §ido 


: SS ; Amn cos m(o’ — ¢)do’ (inside the gap). (29) 


n=0 m=0 


If the driving voltage for the antenna is produced in 
the gap, t.e., by a slice generator, then 


ei V*5(¢) ? 


where Vis the input voltage at ¢=0 and 6(@) is a delta 
function defined as 


bFi = (30) 


b e074? /20? 


3(¢) = lim (31) 


v0 us v 


Eq. (30) merely indicates that both sides when used as 
integrands give the same results. The substitution of the 
value of F‘ from (29) into (30) gives 


1 be “(ey Be Qr 
V6 = —[— — I(¢’ 
(@) ar S KG EJ 9 @) 


- > Dd Amn cos m(o’ — ¢)d9’. 


n=0 m=0 


(32) 


Assume that I(¢’) can be represented by the Fourier 
expansion, 


z 1 
I(¢’) = >) —— (A, cos po’ + By sin pg’), (33) 
cas” eats 


where 6=0, +0; 6=1, p=0. Eq. (32) now becomes 


1 (p\"2/ Ku\¥2 Bi? 
V4(¢) = —(— ak 
(@) Z i) S) & 


» DD An(Am cos md + Bm sin md). (34) 


n=0 m=0 


The coefficients A, and B,, are determined by making, 
respectively, the Fourier cosine and sine transforms. 
These transforms of V‘5(#) are 


lim | V%5() cos podd — lim Vie"*/28" yi 


v0 —T v0 


and 


lim 


v0 


V'8(¢) sin pode = 0, (35) 


Transforms (35) give 
Vi 


8 (u\2/K\2 Bee 
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(36) 
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The substitution of these values of A» and B,, into (33) 
gives 


—2V% 2 cos md’ 
1(¢!) = ———_—___ 5 —_ > 67) 
(“)") BY mao (1 + 6)?am 
tf €2 Ke & 
where 
S a2 mKe 
i a Amin ee (cnace + Sas <a, beabn). (38) 
on 2 ares Bibs 
To obtain the input impedance, let ¢’=0, then 
—2V% x 1 
= SSS pee ike 3 SE, 
1(0) (“)"(=)- Be 2 (1 + 5) 20m ( ) 
€2 K. gy 
Since 
Vi 
i=, (40) 
I(0) 


then the use of the value of V‘/J(0), obtained from (39), 
gives 


i be 1/2 2 at oo 1 | 
Zhe gee = ie 
2 (2) = 3 2 apm te) 


VI. Tue INputT POWER 


The input power of a loaded antenna is composed of 
three parts: 1) the radiated power W,, 2) the power loss 
W; due to the complex parameters K,, and K, of the 
loading medium, and 3) the power loss W, due to the 
ohmic resistance of the conductor forming the loop. 
The power loss W, due to the ohmic resistance of the 
conductor may be obtained to a first approximation by 
considering the skin effect. In thus determining this 
loss, it is assumed that the field distribution, obtained 
using a perfect conductor, is modified, at most, only a 
negligible amount. For copper, the resistance p, in ohms 
per meter, due to the skin effect, is!® 


1 0.0143 

poet Sac eee 
Qea +/10X 
where a is the radius of the conductor in meters, and \ 
is the wavelength of the radiation in meters as measured 


in free space. For a differential of length, the conductor 
power loss is 


(42) 


dW. = 3p| I |?dl, (43) 
where for a circular loop, 
dl = bd’. (44) 


Since p and 0 are fixed quantities for a given loop and a 


given frequency but J is a function of @’, then the total 
power loss is 


18S. A. Schelkunoff and H. T, Friis, “Antennas: Theory and 
Beet John Wiley and Sons, New York, N. Y., sec. 11.8, p. 


ee Si 
LO AND 
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(45) 
The substitution of the values of p and I from (42) and 
(37), respectively, into (45), gives 


b 0.0143 
einer “| 4 ie 


ont % (46) 


where 


1 
A = —___________, (47) 


be\ 1? 7 Kay \ 42 By? 
A) ire 
€2 LG; / &y 
as the power loss due to the skin effect of the conductor 
forming the loop. 
The other parts of the input power W, and W; can be 
obtained in a combined form by using the average power 


formula. The separate determination of each is given in 
Sections VII and VIII. The average power formula is 


Wer =.4 Re [ViI*], (48) 


where W,; is the combine power due to radiation in free 
space and to losses in the loading medium, V* is the in- 
put voltage, and /* is the complex conjugate of the in- 
put current. The substitution of the complex conjugate 
of the input current, obtained from (39), into (48) gives 
for the input power W,,, 


22 1 
W,; = V* Re | ia arash 
J p> (1 + 8)2am* 


where 4 is given by (47). The total input power consists 
of the sum of (49) and (46), that is, 


Wi = Wi + We. 


(49) 


(50) 


VII. THE RADIATED POWER 


The radiated power is obtained by integrating the 
normal component of the complex Poynting vector S* 
over the surface of an infinite sphere, that is 


he f : it Si. 77 sin 0d0de, 
TO 0 0 


St= 4E,X HH. 


(51) 


where 
(52) 


From (33) and (36) it is seen that I(’) is of the form 
a | 
X 1 


m=0 


cos mq’. (53) 


1(6) = 


If this expression of I[(#’) is used in (18), the transmit- 
ted field takes the form 


Re"Be Sr (3) fe G) 


Ds ae Am(GmnMenn 7 Davatlann) 
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where Oma‘, Gpq', and Binn', bpgt are obtained by solving 
(19) and (20), respectively. The complex Poynting 
vector becomes 


tk2®Bo? © 


IPRs 


Swee n=0 m=0 g=0 p=0 


St = 


t* (3) (3) * tk (3) (3)* 

a eA glOnnd ApqINemn x Neng + babe 4 x Mopgq 
t ,t* (3) (3)* t t® (3) (3)* 

a i ALPE 8g Py x Mopq — Ore Onat lon x Neng |- 


(55) 


The integral of the normal component of the complex 
Poynting vector over the surface of an infinite sphere, 
(51), gives for the radiated power 


€822Vi oe 8 et 1 (nm) 


W,= a 
tae =(~) n=0 m0 M(n + 1) (n + m)! (1 + 6)8 
T K. 
Ale] Perr ol 
m 
+e Port, (6 
where 
a jn(B1) 
" Kmdn(E1) [Eaktn ® (Ea) |” — Tin (Ee) [Evin (Ex) |’ 
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VIII. Power Loss IN THE MEDIUM AND 
EFFICIENCY OF THE ANTENNA 


The power loss W; in the medium due to the complex 
parameters K,, and K, is obtained by subtracting the 
radiated power, as given by (56), from the part of the 
input power, as given by (49). Thus the power loss in the 
medium is 


Whee: (57) 


The efficiency of a radiating antenna is defined as the 
ratio of the radiated power to the total input power. 
Thus 7, the efficiency, is 

W, 
9 (58) 
W, az Wy = W. 
where W,, the radiated power; W;, the power loss in the 
medium; and W,, the power loss due to the ohmic re- 
sistance of the loop, are given by (56), (57), and (46), 
respectively. 


IX. SpecraAL CASES AND SOME RESULTS 
A. Thin Circular Loop in Free Space 
The case of a thin circular loop in free space is ob- 
tained if K,,=K,.=1. This gives, from (37), for the cur- 
rent distribution: 


a ee) 


V 
M8) = From)? x (oe 


cos mq’ (59) 
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Eq. (41), for the input impedance, becomes 


io) 1 =—1 
iw at 2 ——_———_| , 60 
Zi = 240n4(b/d) bs aa al (60) 
where 
0 m? 
Om! ie mn at mo Binln: 61) 
x ¢ task Be ) 
2n+1 (n—m)! 

a am 1 2 62 
es Ge [Partatoy| (62) 
An! = jn(B) hn (€) (63) 

2n+1 (n—m)! Sheen 
bmn = 4 aa uaa [P.™(0) | (64) 
bn’ = [Bjn(8)]' [En (6) ]’ (65) 
B = 2nb/), — = 2r(b + a)/A = (6+ a)8/b. (66) 


The remaining properties may be similarly reduced. 
The solution given here may be compared to those ob- 
tained by Hallén!® and Storer.”° 


B. Electrically Small Cases 


1) The Electrically Small Loaded Antenna: If Bi<1, 
&<1, and &<1, then all terms in the current distribu- 
tion and the input impedance formulas become negli- 
gible compared to the m=0 term. Thus 


I(¢’) ~ I(0) = Vi/Z (67) 

and 

Km + 2 
| pees 2 

LO eae pte Meet a a 

A nat NMKm + n+1 nN 


+ [Pn41(0)]?(61/E1)". (68) 


2) The Electrically Small Antenna in Free Space: If 
K,=K.=1, in (68), then the case of an electrically 


Zi= 28800*( ) ons 


” E. Hallén, “Theoretical investigations into the transmitting and 
receiving qualities of antennas,” Nova Acta Regiae Soc. Sci. Up- 
saliensis, ser. 4, vol. 11, pp. 1-44; November, 1938, 

20 J. E. Storer, “Impedance of thin-wire loop antennas,” Commun. 
and Electronics, no. 27, pp. 606-619; November, 1956. 
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small antenna in free space is obtained. This gives for 
the input impedance 


b\4 bf. 8b | 
Zi = 320n8 (-) — 1240n* — [in eid 2]. (69) 
a 


C. Results 


It is to be noticed for the electrically small case that 
as Km— the radiation resistance as given by the real 
part of (68) tends to 9 times that of an antenna of the 
same size in free space. However, since the antenna is 
required to be electrically small, then the ratio b/d 
tends to zero. In such a case the absolute value of the 
input impedance also tends to zero. 

Fig. 3 illustrates the behavior of the input impedance 
for loading material assumed lossless. The curves for the 
general size antenna indicate regions of maxima or res- 
onances. These curves also contrast markedly to the 
curves obtained by assuming that the antenna is elec- 
trically small. 
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Fig. 3—Radiation resistance vs b/d. 
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The Conductance of Dipoles of Arbitrary 
Size and Shape* 
K, FRANZ{ anv P. A. MANN} 


Summary—The real part of either the impedance or the admit- 
tance of dipoles of arbitrary size and shape can be computed rigor- 
ously without solving a boundary value problem of a partial differ- 
ential equation. In analogy to a well-known method of potential 
theory, fields of standing waves can be generated by integrals over 
current filaments so that for a given frequency there exist dipole 
shaped surfaces normal to the electric field surrounded by distant 
surfaces of vanishing electric field strength. Boundaries of perfect 
conductors may be supposed to coincide with a dipole shaped surface 
and a distant closed surface. The transients of such fields of standing 
waves are intimately related to the steady state of the free radiating 
dipole, since, before the first waves reflected from the distant en- 
closure have come back, the dipole cannot know whether or not it 
is enclosed. Corresponding to the type of current filament, either 
the resistance, or the conductance, of the radiating dipole can be cal- 
culated by direct integrations, while the shape of the dipole is deter- 
mined by an ordinary differential equation of first order. As an ex- 
ample, we compute a family of dipoles that all have the same con- 
ductance G=(254 ©)! and a length 2h between limits \/2<2h 
<1.36-2/2. 


I. INTRODUCTION 


HE electromagnetic field of a perfectly-conduct- 

ing symmetric-transmitting dipole satisfies Max- 

well’s equations, a source concition at the input 
region, a boundary condition on the dipole surface and a 
radiation condition at infinity. The familiar antenna 
theories of Schelkunoff and Hallén reduce the problem 
of calculating dipole impedances to solving either an 
infinite system of linear equations, or an integral equa- 
tion which can be solved by approximation methods. 
Both these theories calculate the impedance of a given 
antenna, for instance a biconical or a cylindrical one, as 
a function of frequency.’ 

It can be shown that for a given frequency the real 
part of either the impedance, or the admittance, of di- 
poles of finite length and thickness can be calculated by 
means of direct integrations, the dipole shape being de- 
termined by an ordinary differential equation of first 
order. This implies only numerical computations that 
can be performed on a digital machine, with a modest 
effort, to any desired degree of approximation. 

Our method is similar to a well-known method of po- 
tential theory: Electrodes may be adapted to potential 
fields given by integrals over arbitrary charge distribu- 
tions. With trivial modifications this same method can 
be applied to the fields inside cavities, te. fields of 
standing waves, but not to complex radiation fields. 


* Manuscript received by the PGAP, October 13, 1958; revised 
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. Inst., Ulm, ; ; ; 
Ig i pole Advanced Antenna Theory,” John Wiley and 
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Sore Ww. ae “The Theory of Linear Antennas,” Harvard 


University Press, Cambridge, Mass.,; 1956. 


This is due to the fact that, in a field of standing waves, 
a surface which is normal to the electric field at a given 
instant remains so at all times, while in a radiation field 
near an antenna, the direction of the electric vector 
varies during a cycle. Fortunately, the steady state of 
the radiation field of the dipole is intimately related to 
the transients of the fields of standing waves which are 
generated if this dipole is surrounded by a distant per- 
fectly reflecting conductor. This is evident since, before 
the first waves reflected from the distant enclosure have 
come back, the dipole cannot know whether or not it is 
enclosed. By choosing a sufficiently distant enclosure, 
the delay between the beginning of the excitation of the 
enclosed dipole and the arrival of the first reflected 
waves can be made arbitrarily large. Because of radia- 
tion damping, it takes only a finite time to build up a 
radiation field and we obtain not only transients of the 


radiation field but, in the limit, its steady state.*4 


In Section II we establish (2), an analytical relation 
between the susceptance of the enclosed dipole and the 
admittance of the free radiating dipole. The susceptance 
does not appear explicitly in this equation but is first 
represented by a series of partial fractions. The admit- 
tance of the radiating dipole is then expressed in terms 
of the residues of this series and of the differences be- 
tween resonance frequencies of the enclosed dipole. 
They can be calculated by direct integrations if the fields 
of standing waves are generated by current filaments 
according to (3). These results are established in Sec- 
tions IV and V. The shape of the dipoles is given by the 
ordinary differential equation (19) which is integrated 
in Section VI for the case of sinusoidal current filaments 
of length 2/=)/2. Some dipole contours of this type are 
reproduced in Fig. 1.34 


II. A RELATION BETWEEN THE STEADY STATE 
oF RADIATION FIELDS AND TRANSIENTS 
OF FIELDS OF STANDING WAVES 


The admittance Y, of the enclosed dipole is a pure 
susceptance that can be written as a series of partial 
fractions 


i) bn 
Y.(p) = 2» ——— (1) 
SP — jon 


3K. Franz, “Bemerkungen zur Theorie des Strahlungsfeldes und 
der Impedanz von Antennen,” Arch. elect.| Ubertragung., vol. 10, 
pp. 269-273; July, 1956. ere 

4K. Franz, P. A. Mann, and J. Vocolides, “‘Der Wirkleitwert von 
Dipolen endlicher Lange und Dicke,” Arch. elect, Ubertragung., vol. 
12, pp. 49-53; February, 1958. 

Also see K. Franz and E. Henze, “Der Wirkwiderstand von 
Dipolen endlicher Lange und Dicke,” Arch. elect. Ubertragung., vol. 
13; October, 1959 (in print). 
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Fig. 1—Meridional sections of dipole arms. G=254 07". 


with real values 0, =b_,>0, w,.= —w_, and ”40.° 
Let u(t) be the voltage applied to the terminals of the 
dipole with 


¢ 


ere! >0 
u(t) = | for ‘4 
0 <0; 


it can alternatively be represented by the Fourier in- 
tegral 
1 jot+y ert 


u(t) = Oni 


dp; y > 0. 
—joty Pp — po 

The current z(t) at the terminals of the enclosed di- 
pole excited by the voltage u/(é) is 


1 jo+y pt 


Y.(p) 
—jot+y 
Sy Oneten! — eh") 


= 2 Jon — po 


Let the dipole be confined to the vicinity of the ori- 
gin, and let r, be the minimum distance of the enclosure 
from the origin. If we first let 7. go towards infinity and 
then ?é, 


2m] 


i(t) dp 


i(d)e-Po' —> V(po) (2a) 


approaches the admittance Y(po) of the free radiating 
dipole. 

With r,—, the difference between resonance fre- 
quencies A.,,=n41—W, approaches zero and so do the 
residues b,. For imaginary frequencies pp =jw, we obtain® 
(see Franz, et al.*.‘), 


5K, Franz, “Das Reaktanztheorem fiir beliebige Hohlraéume,” 
Elec. Nachrichtentech., vol. 21, pp. 8-12; January, 1944. i 
8 A proof of (2b) is given in Appendix I. 
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V(jw) = ue E ioe] 


n 


b _ aa 
= rim * + j20 f —~—da (2b) 
to= me Ay 90) (a= —F0) 


lim },/Ay is an even analytical function of frequency. — 


The integral is understood to be Cauchy’s principal 
value. As an example, we might substitute for Y, the 
susceptance of an open ended cable; we would then 
correctly find, as radiation admittance of a cable of in- 
finite length, the inverse of the characteristic impedance 
of this cable. 

An analogous formula can be derived for the imped- 
ance of an antenna.? 


III. STANDING WAVES GENERATED BY INTEGRALS 
OVER CURRENT DISTRIBUTIONS 


The next step consists of generating fields of standing 
waves by means of integrals over arbitrary current dis- 
tributions. We define a vector-potential A, in cylin- 
drical coordinates p, z, @ through 


i : coskr  ____ sin kr 
A, = — if Ec + i2(5) ler 
4nr J _} 


€ Tr 


ck = a, (3) 


(compare to Fig. 2) and the corresponding electromag- 
netic fields, as usual through equations 


H. me (4) 
ae Ap 
O(pH. 
jwepE, = (pH) (5a) 
Op 
O(pH. 
joepE, = — e oh (5b) 
Zz 


In order to generate standing waves, 7; and 7 must be 
chosen to be real; with 7= —jz the kernel under. the 
integral would turn out to be e~*"/r and the result would 
be a radiation field satisfying a radiation condition at 
infinity. 

In case we are able to substitute currents in (3) such 
that there exist dipole shaped surfaces normal to the 
electric field with biconical input regions surrounded by 
distant closed surfaces of vanishing electric field- 
strength, and in case we are able to evaluate lim 6,/A, 
in (2b), we can, indeed, compute the real part of the ad- 
mittance of a dipole of finite length and thickness at the 
frequency w= ke (c= velocity of light). 

In the present paper, we shall compute a family of di- 
poles that all have the same conductance G= (254)-}. 
Their length, 2h, is restricted to values \/2 <2h<1.36 
d/2. (See Fig. 1.) 
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Fig. 2—Coordinates for (3). 


IV. THe Asymptotic BEHAVIOR OF RESONANCE 
FREQUENCIES OF LARGE CAVITIES 


We do not intend to present our theory in as general 
a form as possible, but, rather, to demonstrate that pre- 
cise numerical results can be obtained with a modest 
effort. This is particularly easy if, in (3), we choose 
1; = ati,, « being a real constant. In this case, the field at 
large distances from the origin (kr>>1) is of the type 


cos kro sin kro 
E, = - i240) + a 5 | (6a) 
0 
in k cos kr 
Hy = f()| = ao | (6b) 
To To 
Zo = V bo/ Eo: 


According to (6a), the electric field vanishes on equi- 
distant spheres, their mutual distance being equal to 
d/2. Conducting reflectors must coincide with these 
spheres. An increase 6k =7/r, in (3) causes a shift from 
one sphere to the next, while the variation of the field 
in the vicinity of the dipole can be made infinitesimal 
with 5% by making r, infinite. Let wn =Rac be a resonance 
frequency, then the next resonance frequency is 


Wnt = On + Ay = kno + we/re. (7) 
With increasing distance r-, the difference A, between 


resonance frequencies becomes arbitrarily small. 
It is well known that the asymptotic behavior of the 
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eigenfrequencies of arbitrary cavities is very simple, the 
number of eigenfrequencies below a given sufficiently- 
large frequency depending only on the volume inside the 
cavity, not on its shape. Since our dipole surfaces are 
surfaces of revolution, for reasons of symmetry only a 
fraction of the eigenfrequencies of the cavity are ex- 
cited and appear as resonance frequencies in ( ie 

If the quotient between the two currents 7, and i is 
not independent of ¢, there still exist distant nearly 
spherical surfaces of vanishing electric field strength 
whose mutual distance is \/2. Eq. (7) is equivalent to 

bw a 


Wn 2r. 


(8) 


V. THE Asymptotic BEHAVIOR OF RESIDUES 
FOR LARGE CAVITIES 


If, in (3), we substitute currents 7 that have a node 
at the input region, w=kc is a zero of the susceptance 
and a pole of the reactance. If we substitute currents 7, 
that have continuous first derivative 67,/5f at the input 
region, then w=kc is a zero of the reactance and a pole 
of the susceptance. Particularly simple formulas result 
for 11=%0 cos kf, 1=)/4, 12 =a, a being a real constant. 

The reactance is of the form 


OX 
f++-; 
oe er 


thus, the residue b, of the susceptance at w=a, is 


b (=) 9 
eae: (9) 


It can be shown that the variation 6x,/dw of a cavity 
reactance with frequency can be expressed through its 
variation for infinitesimal deformations of the cavity. 
In the case of a field given by (3), the reactance is a 
function of the product w/; we therefore have 

OX. 


ee, (10) 
a hoakte ual 


jeje) = jlo — 00) ( 


The reactive power P inside the cavity is equal to 


je of (woHH* — eh E*)dv. (11) 

In theoretical physics the integral itself is called the 
Lagrangian of the field. This formula is valid for both 
cavities and radiation fields. In a radiation field, the 
magnetic energy fuolfH*dv and the electric energy 
JeoEE*dv are divergent quantities if taken separately; 
but the Lagrangian is finite since for the field of a trans- 
mitting antenna, wollH* —e,EE* is asymptotically pro- 
portional to the inverse fourth power of the distance from 
the source. 

Keeping the current 7 in the terminals constant, the 
variation of the reactive power also gives the variation 
of the reactance. 
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SP = ipa. (12) 


The variation 6P of the reactive power for infinitesi- 
mal deformations can easily be computed (see Franz, 
et al.*-*) 


6P = of (uoH H* — eyHE*)indo. (13) 


The integral must be extended over the whole surface 
of the cavity, i.e., in our case over the distant sphere and 
the dipole itself. In this formula 6” is the normal dis- 
placement of the surface element do due to the infinitesi- 
mal deformation of the cavity. Eq. (13) is valid if the 
walls of the cavity are perfectly conducting reflectors and 
if not only the variation of the volume remains infinitesi- 
mal, but all displacements 6”. It is not valid for displace- 
ments of the reflecting open end of a cable or for intro- 
ducing into cavities wires of infinitesimal diameter, but 
finite length. 

foHH* is equal to the pressure of the magnetic field 


on the surface element do in the direction of the outer — 


normal, e)EE* represents the drag of the electric field on 
do directed towards the interior of the cavity. 

In case of an infinitesimal variation 6/, the displace- 
ment of the dipole surface can be made arbitrarily small 
compared to the displacements 6x of the distant en- 
closure, their ratio being of the order //r,. Since the 
electric field vanishes on the distant sphere, that which 
contributes to variations of P with 6/ is only 


6P = win [ual H do = rata | uoHH*do (14) 
~ taken over the sphere. Combining 
G fae (15) 
=n lim — 
2 fom 2 Aw 
with (9), (10), (12) and (14), we obtain 
Go = Zoo? lim HH*do; A= V/ uo/€0- (16) 


Te= 0 


Thus the conductance G of the radiating antenna is 
essentially determined by the total radiation pressure 
on the distant enclosure of the cavity. 


VI. THE DIFFERENTIAL EQUATION OF THE DIPOLE 
CONTOUR AND ITS SOLUTION FOR A SINUS- 
OIDAL CURRENT FILAMENT OF 
LENGTH 2]/=)/2 


The differential equation of the electric lines of force is 


Peg 9 Edo 240) (17) 
Comparing with (5a) and (5b), we find its solution 
pHs = const. (18) 


The dipole contour is orthogonal to the lines of force 
and, therefore satisfies equation 


E,dp + E,dz = 0. (19) 
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We have to integrate (19) for currents 
ix({) = io cos r£/2l, 21 = d/2, 


The constant a turns out to be determined by the 
condition that the input region must be biconical. We 
shall see that this happens only for a= —7/2; this may 
be established by analysis of the lines of force. With 
currents (20) we find (see Schelkunoff’), as equation of 
the lines of force, : 


ArpH4/io = sin kr: + sin kre 2 a(cos kr; + cos kre). (21) 


(20) 


12 = 11. 


In the vicinity of the input region r>~0, the lines of 
force must be concentric circles with center 79=0 if 
there exists a family of dipole-shaped contours with bi- 
conical input regions. After introducing the deviations 
of kr; and kre from 7/2, 


vg 1 
Eas Serge eka ook ne 
we obtain 
4irpH/i9 = cos Ai + cos Az — a(sin A; + sin Az) 
Ai? + A2? 
ee hora = WAP As) are 


From the geometry of Fig. 3, we see that 


red 
(Ari)? = re + (kro)? + wkro cos 0 = (= = as)? 
ar? 
(kre)? = e + (kro)? — rkro cos @ = (= ad as) ; 
or 
2(kro)? = Ai? + As? —- w(Ay ae Ae) 
and 


4npH4/io = 2 — (Ar? + Az?) ‘Gs be sy 


re 
2a 
tere eres 
T 


Evidently a= —v7/2 is sufficient to make 4rpHy/io 
a function of 79 alone and independent of 6. Since A,? +A¢? 
is not independent of 0, this condition is also necessary. 

Before integrating (19) for the dipole contour, we 
compute the conductance G of our family of dipoles. 
Substituting 7($) =% cos r¢/2] and a= —j, we obtain a 
radiation field of the form 


ink , 
He® = inf(0) sin kro + 7 cos kro 
To 

instead of our field of standing waves 


sin kro — a cos kro 


He = inf) 
ro 


7S. Schelkunoff, “Electromagneti si 
Co., Inc., New York, N. Y., p. 3 te iotesea WiGeoe 


1959 
42.5 
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Fa 


2.9 


"4 


=l 
| 
| 


Fig. 3—Coordinates for (21). 


with a= —7/2. From the elementary theory of radia- 
tion resistance we know 


"Ho 
3 f | H® |?do = ip?Ry with Ro = 73.22. (22) 
€9 


The similar integral of (16) must be taken for a sphere 
of vanishing electric field Es=0; 7.e., for a sphere where 
sin kro —a cos kr takes its maximum +/1+<a?, or 


OX F Ye 
io? = raf no| H® |2do == ip*Ry — (1 aa"). 
a) Cc 


For the conductance G, we obtain 
1 
Gl = Ro (1 + =) = 254 0. 
In order to integrate differential equation (19) for the 
dipole contours, we first transform (18) for the lines of 


force. 


Tv 
sin kr; + sin kre + 5: (cos kr: + cos kr2) = const 


is equivalent to 
—r?r 
cos (i a: : ie ) cos k (7 5 ) = const (23) 


with y=arctg 2/7. 
‘This latter form (23), of (21), suggests the use of con- 
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focal ellipses 71-+72= const and hyperbolas 7;—72 =const 
as coordinates. By conformal mapping of the z, p-plane 
on a &, 7-plane, the images of the lines of force and the 
dipole contours remain orthogonal. A suitable trans- 
formation is 


r 
Br MO ape oR Ae at 


eer T 1 
2 f= Se coshie k ee ia? 
2 2 2 


COS 7. 
The images of the lines of force are the curves 

Tv Tv 
F(é, 7) = cos i cosh — — w } cos cy cos ») = const. 


The images of the dipole contours are the correspond- 
ing orthogonal trajectories satisfying equation 


aF x oF as 
sp a sie te 
on 2 
The substitution cosh =, cos y =v gives 
seta tian Saat) 
Coll Wa cot. —— 
; i 0) 5 v : 
we —1 Ei Whath 2°: 
1 <ye- << coe —-1<v<1. 
This equation is integrated by 
Tv v 
erat cot = 1-9) oo oe 
i du = ib av, (25) 
: w—i » 1-?v 


We have fixed the constant of integration so that 
u=u(1) for v=1. The integral over v has a logarithmic 
singularity for y=0. For 


2 
1<u<u(1)<1+—y = 1.36 
vie 
we obtain 
T du 
cot (= u-¥) >0, —>0 
2 dv 


and v decreases simultaneously with u. So v must ap- 
proach 1 to make the integral over v infinite. The point 
u=1, v=0 corresponds to the origin of the z, p-plane. 
The distance 2h between the extremes of the two dipole 
arms is given by 24=)u(1)/2. All the orthogonal con- 
tours satisfying the following inequality 


2 
1< 4h/d = ud) <1+—y = 1.36 
T 


terminate conically at the origin of the z, p-plane and so 
correspond to dipole-shaped surfaces of revolution with 
biconical input regions. Since u decreases monotonously 
with », all dipole contours remain inside that ellipse 
ri tr,=const which is tangent to the contour at its 
extremes. 
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The calculus of dipole resistance instead of conduct- 
ance is quite similar to the proceedings of this paper. 


APPENDIX I 


Proof of (2b) 
In order to prove (2b), we must evaluate the sum 
bal ea Mie, e(iwn—po)t — 
i(t)e-Po! = YY — —————— A, 
2geAn Jon — po 


for infinite distance of the enclosure of the dipole. This 
sum approaches an integral, since b, and the difference 
between resonance frequencies A,=W,41—@, both ap- 
proach zero, lim b,/A. being an even analytical function 
of frequency. After separation of real and imaginary 
parts, we obtain 


ee (ee ty Si re ——nco) 
V(jw) =tim| f lim — —————— da 
t= 0 rc=0 Aw Raa 
ff? .. 6, 1— cos (a — aw) 
+7 f lim — ———————— da |. 
ay ese (Ns a-@o 
The limit of the integral for the real part can easily 
be calculated for infinite ¢ according to formulas well- 
known from the theory of Fourier integrals.’ In order to 
evaluate the integral for the imaginary part, we observe 


that with the exception of an infinitesimal interval near 
W=0, 


een -— COS (a — @)t 
i} i 


a a—-w 
; —w 
sin? ———{ 

5 lies My 
= 2 f tim da 
iN a-w 
a-w 


1 
bo 
= 
= 
al 

i) 


eee p, MLR 
da -{ lim — : 
= Ay a-w 
This gives (2) since the real part of Y; i.e. 
b,/A«, is an even function of w. 


a— WwW 


Ae hea’ 


T.= 0 [Ne az — ww? 


. fi bn a b, da 
Y(jw) = 7 lim = + ito f lim — - 
Pte tid Ww 0 
Our evaluation of the imaginary part may be re- 
placed by the simple remark that our result represents 
only a well-known relation between the real and imagi- 
nary parts of any positive function.® 


APPENDIX I] 
Proof of (13) 
The reactive power P contained in a cavity is given 


by (11). Let w be a constant frequency and 6” an infini- 


8 E. 40 Whittaker, and G. N. Watson, “A Course of Modern 
She ” Cambridge University Press, Cambridge, England, p. 188; 


*H. W. Bode, “Network Analysis and Feedback Amplifier 
Design,” D, Van Nostrand Co. Inc., New York, N. Y., p. 335; 1953. 
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tesimal displacement of the element do normal to the 
surface of the cavity. We suppose that the input 
region and the current 7 in the terminals are not varied. 
In our case of deformations caused by variation 6] 
of a scale factor, a biconical input region located at the 
origin remains, indeed, biconical, and the angle of the 
cones remains fixed. The variation 6P of the reactive 
power is equal to 


OP sox (woH A* — eyEE*)b,do 


II 
+ of [ (uoHbH* — «Hb E*) 
I 


+ (uoH*6H — eoE*6E)|do. 


Integral II is to be taken over the complete surface 
of the cavity, integral I over the original volume; 6E 
and 6H are the variations of the electromagnetic field. 
We now proceed to show that integral I is of a minor 
order to that of integral II. The fields satisfy Maxwell’s 
equation 


qwenE = rot H. 
We therefore have 
k*(uoHbH* — eyE6E*) = uo(k?H6H* + rot A rot 6H*). 
Because of 
div (rot H X 6H*) = 6H* rot rot H — rot H rot 6H* 
and 
rot rot H = — AH 


we find, for integral I, 


Ko 
Ee f [sH*(k?H + AH) + 6H (k2H* + AH*)do 


+ ef (rot H X 6H* + rot A* X 8H),do. 


The latter volume integral vanishes for all fields that 
satisfy Maxwell’s equations. The surface integral is of a 
minor order to that of II since 5H vanishes with 6n and, 
simultaneously, rot H~E becomes normal to de. Thus, 
for infinitesimal deformations, we may neglect I com- 
pared to II. We may check (13), substituting variations 
of the length of a short circuited concentric cable. The 
analogy of (13) with a formula for the variation of the 
resonance frequency of a cavity with deformations of its 
walls, published in 1939 by J. Miiller, is evident. 
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The Launching of Surface Waves by a Parallel Plate Waveguide* 
C. M. ANGULO} anp W. S. C. CHANG 


Summary—The excitation of the lowest TM surface wave in 
grounded dielectric slab by a terminated parallel plate waveguide is 
discussed. The ground plane is the continuation of the lower plate 
of the waveguide and the infinite dielectric slab is partially filling 
the waveguide. The thickness of the slab, the height of the parallel 
plate waveguide, and the frequency are such that only the lowest 
slow wave can propagate in the partially filled waveguide and the 

‘grounded dielectric slab. 

The Fourier transform of the field scattered by the termination of 
the upper plate of the waveguide is found by means of the Wiener- 
Hopf technique and the far fields obtained by the method of steepest 

descents. The percentage of power reflected back into the waveguide, 
of power transmitted to the surface wave in the slab, and of power 
radiated into the open space are plotted vs the thickness of the slab 
for different heights of the waveguide and «=2.49, 

This method of excitation is found to be very efficient. If the di- 
mensions of the waveguide and the slab remain within a consider- 
ably wide range, the efficiency obtained for a given frequency is very 
close to the optimum. Therefore, the adjustments for maximum 
efficiency are not critical. 


INTRODUCTION 


HERE has been great interest in surface wave 
structures in recent years as open waveguides and 
as antennas. Therefore, numerous papers have 
been published on the propagation in such structures as 
well as on means of excitation. The reader is referred to 
Zucker’s paper! which contains a very complete bibliog- 
raphy on the subject as well as an excellent survey. 
A very convenient practical way of launching a sur- 
face wave into a dielectric slab is a parallel plate wave- 
guide [see Fig. 1(a) ]. The input energy is contained in 
the dominant TM (H,=0) mode of the partially filled 
waveguide propagating from y=+ © to y=0. The di- 
mensions of the guide and the thickness of the slab are 
restricted to the range for which only one surface wave 
(the lowest symmetric mode)? exists along the slab and 
‘only one mode (the dominant TM) can propagate inside 
the partially filled waveguide. These conditions are: 


Kd < r(e))”” (1a) 
Kh < arc tan { —()~!/? tan [(.)/2Kd]} (1b) 
0 < arc tan { (6)? tan [(e)'/*Kd]} < m (1c) 


* Manuscript received by the PGAP, June, 20 1958; revised 
manuscript received July 20, 1959. The work described in this paper 
has been sponsored by the Air Force Cambridge Research Center 

under Contract AF 19(604)-1391 with Brown University. 

+ Brown University, Providence, Ret. 

¢ Ohio State University, Columbus, Ohio. — ‘ 

1F, J. Zucker, “The guiding and radiation of surface wave, 
Proc. Symp. on Modern Advances in Microwave Techniques, Poly- 
technic Inst. of Brooklyn, Brooklyn, N. Y., pp. 403-435; November, 
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Sa able Sort Rept. No. 1391/5; April, 1957. AFCRC-TN-57- 
365, ASTIA Doc. No. AD 117059, pp. 38-46. 
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where K =w(o€o)'/2, € is the relative permittivity, d is 
the thickness of the dielectric, and d+h is the height of 
the parallel plate waveguide as indicated in Fig. 1(a). 

Because of the discontinuity at y=0 where the upper 
plate is terminated, the energy incident upon the dis- 
continuity will be partly reflected back into the wave- 
guide, partly transmitted to the surface wave in the 
grounded dielectric slab and partly radiated. We are 
interested in finding the three power ratios for different 
values of Kd and Kh. 

Since the structure shown in Fig. 1(a) does not 
vary in the x direction and the incident wave is the 
lowest TM mode in the partially filled waveguide, all 
the fields excited will be independent of x and will have 
E,=H,=H,=0. 

The structure shown in Fig. 1(a) is regarded mathe- 
matically as a homogeneous parallel plate air waveguide 
(with walls at y=+) and extending from z=0 to 
z=+o connected to a homogeneous parallel plate 
waveguide of length d, filled with dielectric of relative 
permittivity € (also with walls at y= + ©) and termi- 
nated by an electric wall at z=—d. Inside the first 
waveguide there is an obstacle, a semi-infinite perfectly 
conducting plane, placed at z=h from y=0 toy=+o. 
Fig. 1(b) illustrates the above description. By removing 
the y=const. walls to infinity, the structure of Fig. 1(a) 
is obtained. 

The modal analysis of a parallel plate waveguide with 
walls at infinity represents the transversal fields (Ey, 
and H,, in our case) in terms of their Fourier transforms 
in the cross-section variable (y, in our case). In the suc- 
cessive sections we shall proceed as follows: 
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1) The equation relating the Fourier transforms of 
the fields at the semi-infinite obstacle will be de- 
rived by the modal analysis method. 

2) The Wiener-Hopf technique will be applied to the 
solution of the equation obtained, and the exact 
fields will be expressed as the results of integra- 
tions in the complex plane.‘ * 

3) These integrals will be evaluated only at points 

far away from the discontinuity. The evaluation 
will be carried out by analyzing the relationship 
between the singularities of the integrands and 
the analytical forms of the far fields, which are 
known. In fact, for y0 the principal contribution 
on the surface of the slab must be the principal sur- 
face wave propagating along a grounded dielectric 
slab, and for y>>0 and z<h the fields must be those 
of the dominant mode in a parallel plate wave- 
guide partially filled with dielectric. 


THE EQUATION FOR THE FOURIER TRANSFORMS 
OF THE FIELDS AT PLANE 2=h 


We first separate H, and £, into the incident and scat- 
tered fields; in a second step, we find the expressions for 
the Fourier transforms of the scattered fields for z<h 
and g>h; and finally we match the boundary conditions 
at z=h in terms of the Fourier transforms. 

Let us represent the fields everywhere as: 


H, = Ho, + Kz 
Jay, — Jos ey, 


(2a) 
(2b) 
where Eo, and Ho, are the components of the dominant 
TM mode of the partially filled parallel plate waveguide 
and 3, and &, are the scattered fields. For —d<z<h 
we have 

{eee [K(z — h)s’] 
UE (noe eae 

cosh (Khs’) 


cos [K(z + d)r’] 
er cos (Kdr’) “9 


x exp [jK(1 + s/2)¥y] (3a) 
_Ks’ tanh (Khs’) (sinh [K(z — h)s’| 
Ey = See u(z) 
WEED sinh (Khs’) 
sin [K(z + d)r’| 
_mIRe or 5) 
sin (Kdr’) 
xX exp [jK(1 + s/2)'/2y]. (3b) 
For h<z we have 
Hoz (3c) 
Evy = 0 (3d) 


*R. Paley and N. Wiener, “Fourier Transform in Complex 
Domain,” Amer. Mathematical Soc. Colloquium Publications, vol. 
XIX, pp. 49-58; 1943. 

f : aes ee a ee eee of Theoretical Phys- 
ics, cGraw-Hi 00 o., Inc., New York, N. Y., . 1, pp. 
960-992; 1953. se tag 

* For results of a similar analysis for the same configuration with- 
out the dielectric slab, see N. Marcuvitz, “Waveguide Handbook,” 
McGraw-Hill Book Co. Inc., New York, N. Y., Radiation Laboratory 
Series, vol. 10, pp. 179-186; 1951. 
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The time dependence is taken as e/”¢. i 

The function u(z) represents Heaviside’s unit stef 
function, zero for negative argument and one for posi. 
tive arguments. The quantities 7’ and s’ are the modulus 
of the wave numbers in the OZ direction in the dielec- 
tric and in the air respectively normalized with respec 
to K for the incident mode. They are the solutions of th 
following equations 


r2t ss? =~e—]1 


es’ tan (Kady’) 


(4a) 
| 


(4b) 
. 


r’ tanh (Khs’) 
Figs. 2 and 3 are plots of r’ and s’ vs height of thel 
waveguide for several thicknesses of the slab and e= 2.49 
We will find below the quantity s similar to s’. s rep-. 
resents the modulus of the wavenumber in the OZ di- 
rection, in the air, normalized with respect to K for the: 
lowest TM surface wave in a grounded dielectric slab. 
A plot of s vs thickness of the slab has been published”) 
for €=2.49. | 
The scattered fields can be represented by their Fou-: 


rier transforms: 
| 


Hey, Z) = (Qm)in he I(n, z)e-?™dn (Sa) 
—j| +0 . 

Ey(y, 2) = (mia iis V(m, 2)e*™dn (Sb) 
i | 

Hay 8) = yaa J, a(n sdemdy (Sc) 

Brine the ; 

Vise a f SH Dey, A) 


Maxwell's equations require that the transforms be. 
solutions of the transmission line equations: | 


: 


dV (n, 2) | 
pe Re PUBERTY | 
ce ISZI(n, 2) (6a) 
dI(n, 2) | 
eS Sy Se V 
a JS YV (a, 2) (6b) 
for z>h and for h>sz> —d. 
In the air, 
Sire fend Roa Ae (6c) 
7 : 
Y, = zi = weo(K? — ?)—12, (6d) 
In the dielectric, 
Sf = (ter ty)12 _ (6e) 
1 
Va = — = wege(K%e — 9?)-1/2, (6£) 


_ 1C.M. Angulo, “Diffraction of surface waves by. i-infini 
dielectric slab,” IRE .TRANS. ON ANTENNAS pet Seo 
vol. AP-5, pp. 100-109; January, 1957, See p. 102. ] 
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1.25 Kd = 0.25 
Kd= 0.5 
Kd=0.75 
Kd=l9 
Kd=1.25 
075 
Kd=15 
| rvs. Kh 
Kd. 
a L75 
;| 
o.25h 
0 
8 kh 2 


Fig. 2—?’ vs Kh for e=2.49, for several thicknesses of the 
ground 


slab. 


ie) 1.0 2.0 
Kh 


Fig. 3—s’ vs Kh for ¢=2.49, for several thicknesses of the 
grounded slab. 


If we recall Fig. 1, we see that the solutions for V and 
T can be written immediately from the theory of trans- 
mission lines for the two regions z>h and z<h, as fol- 


lows: 

For z>h, 
V(n, 2) = Von, hy) exp {| —Jfo(z — )} 
I(n, 2) = YaV(n, hy) exp { —ifa(z — h)}. 


(7a) 
(7b) 
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For h>z>0, 
V(n, 2) = Va, h_) cos fa(z — h) 
— jZaI(n, h_) sin fa(2 — h) (8a) 
I(n, 2) = I(n, h_) cos fa(z — h) 
— jVaV(n, h_) sin fa(z — h). (8b) 
Finally, for 0>z> —d, 
Vn, 8) = [V(n, h_) cos Fah + 7ZaI(n, h_) sin ¢ah] 
sin f4(z + d) 
sin (ad oe 
I(m, 2) = [I(, h-) cos Sah + 7 ¥aV(n, h_) sin Fah] 
cos fa(z + d) 
cos fad (8d) 
where 
I(m, h_) = 
be tan (fk) tan (fad) — 4 
av Ghee | (8e) 


= tan (ad) + £4 tan (fh) 
€ 


The relationship between the values of V and J at 
z=h_and at z=h, are obtained from the boundary con- 
ditions of 3%, and &, at z=h. Let us first define the fol- 
lowing new quantities: 


4 20 
V+(m, h) = nye ip Ey(y, h)eimdy (9a) 


V-(n, h ee |e h)eind 9b) 
0,1) = aoe J 80s Memay 


1 °° 
B00, = af [ately he) — alo, MD]eMmdy 89) 


=a) : : any 
0m W) = ef Lota, he) ~ seal, bJemdy. (08 


It is obvious that 


V(n, hy) = Vn, h_-) = V*(n, h) + V~(m, h) (10a) 


and 


I(n, hy) — T(n, h-) = 3*(n, h) + S-(n, h). —(10b) 


Two constants will appear very often in the equations 
below, so for convenience we will represent them as fol- 
lows: 

a, > 0 


ds > 0. 


on (1 + see 

Gs = (ls?) 32 

From the remaining boundary conditions at z=h, we 
obtain the following results: 


&, = 0 for y > 0, (11a) 


therefore 


V+(n, h) = 0; (11b) 
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and 
Holy, hy) — Rely, h-) = Holy, h-) for y <0, (12a) 
therefore 
sech | Khs’ 
3-(y, h) = —7 Lied (12b) 


I (an)t®[y Kan] 


provided Imag 7 <I mag (— Kaz). 
Therefore, all the boundary conditions at z=h are 
satisfied if 


2weo( K2a7? = n°) 


S+(n, h) = G(n) V1, hh 
(n, i) (K? — 9)? K?ag — 9) (n)V~(m, h) 
h (Khs’ 
pe (13a) 
(2m)1/*(y + Kaz) 
where 
—j + tan [h(K? _ n?) 1/2] K2a2? — 7? 
G(n) = eS 
2 0 (13b) 
“(K%e — 92)? 
1 TI Gg — pin tan [(K%e — 9”)1/2d| 
xX 


(Ke = n?) 1/2 


Seana teue 2 — m2)1/2 
(KR? ~ ih tan [(K%e — 2)1/2d| 


tan [(K* — 9°)¥"h] + 


The quantity s is the modulus of the wavenumber in 
the OZ direction in the air normalized with respect to 
K for the lowest TM surface wave in the grounded di- 
electric slab. 

A study of the behavior of the functions in (13a) per- 
mits us to apply the Wiener-Hopf technique and solve 
for + and V-. 


THE SOLUTION OF THE EQUATION 
FOR THE TRANSFORMS 


The behavior of 9*(n, h) and V~(n, h) in the complex 
n plane is determined by the asymptotic behavior of 
K, and &, as well as by the singularities of the trans- 
formed Kernel 


2weo( K?a;? — 7?) 


ee (9) 
(K? — 92)1/2(K2%a.? — n?) (n) 


(14) 


We will come back later to (14). Let us proceed now 
with a physical derivation of the dominant terms of the 
far fields. 

In our problem we can obtain all of the excited fields 
from the x component of the magnetic field. The prob- 
lem may be compared with the two-dimensional field 
excited along a grounded dielectric slab by a magnetic 
line source along the OX axis.’ If —1/2<¢o<0 and p is 


_ § The reader interested in the quantitative results for the excita- 
tion of a grounded dielectric slab by a magnetic line will find the 
complete discussion in Angulo and Chang, op. cit., footnote 2. The 
physical analogy discussed in the present paragraph can easily be 
checked for the known results of a parallel plate waveguide radiating 
in free space and a magnetic line source in free space. 
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very large, we will not be able to notice any difference — 
between a magnetic line and a terminated parallel plate 

waveguide propagating the lowest EZ mode. Therefore, 

the nature of the solution for both problems is the same 

for that region of space. However, as ¢o increases, the 

angular dependence will be different for the two prob- 

lems. 

In the case of the magnetic line, we would have only 
the surface wave for ¢o~ —7/2, all other. terms being 
of order p~*/? or lower. As $» increases, the surface-wave 
contribution becomes negligible and the dominant term 
varies like p~'/? (always for large p). Finally, when ¢o 
grows to 1/2, the p~'/? terms are not present and we 
have only terms of order p~*/? or lower and the surface 
wave. 

For a grounded dielectric slab excited by a parallel 
plate waveguide, we will have also the surface wave and 
terms of order p~*/2 and lower if ¢o~—7/2. As ¢o 
increases, the surface wave contribution becomes neg- 
ligible and the dominant term varies like p—!/?. Finally, 
when ¢p increases to 7/2, the fields will go to zero as p~*/” 
at least and the surface wave will not reappear if we 
remain outside the waveguide. 

It is therefore justified to write the form of the far 
fields for Kp>>1 and 1/2 >¢)> —7/2 as follows: 


H, = Kz = g($0) aa 
RK d 
e pau a es Beer Xu(s) |W(60 


-exp (jKyai) (15a) 


nes e-iKe 
By oy (“) g(do) 17a. £08 Go 
€0 p 
wo\"/2 Psin [Kr(z + d) | 
Brag (aes psc et a Oat 
Wee ©) | in (Kray 


+ eXnu(e | (ds) exp (Kya) (15b) 


V(do) = 0 if > — arc tan (a; — s) (15c) 


W(do) = 1 if * < — arctan (a;—s). (15d) 


The transmission coefficient to the surface wave is 
represented by C. The new quantities @o and p are the 
usual cylindrical coordinates illustrated in Fig. 1(a); r 
is the normalized wavenumber in the dielectric in the 
OZ direction for the lowest TM surface wave in the 
grounded dielectric slab. Finally, g(@o) is a function of 
the observation angle po. 

Inside the partially filled parallel plate waveguide and 
far away from the discontinuity, we have only the inci- 
dent and reflected wave associated with the only propa- 
gating mode, 


— 
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Therefore, 
Re = BHos exp { —j2K yay} (16a) 
for Ky>>1 and -—d<z<h; 
& = — BEy exp {—j2Kyay} (16b) 
for Ky>>1 and —d<z<h. 


B is the reflection coefficient. The quantities K, Ka; 
and Kaz must have small negative imaginary parts for 
dissipative media. 

From a detailed examination of the singularities and 
zeros of (14) and from the asymptotic expression of the 
fields given in (15) and (16), it follows that V-(n, h) is 
analytic in the lower half of the 7 plane for Imag 
n <Imag (— Kaj) and its singularities are a branch point 
at n= —K and a simple pole at n= — Kay. 

It also follows that 9*(n, h) is analytic in the upper 
half of the 7 plane for Imag 7>Imag (Kaz) and its 
singularities are a branch point at 7=K,a simple pole at 
n = Kaz, and a countable infinite number of poles on the 
negative imaginary axis 7= —j| ni 2° 

In a slightly dissipative medium J+, V~ and G(n) are 
analytic in a common narrow strip of width 2wg along 
the real axis, where 


0 < wa < | Imag K| 


(17a) 
0< wa< | Imag (Kaz) | (17b) 
0< wa < | Imag (Ka) | . (17c) 


The regions where J+ and V~ are analytic, their singu- 
larities relevant to the integration, the overlapping strip 
and the branch cuts, are shown in Fig. 4. We restrict 
ourselves to remain on the Riemann sheet where 


Imag (K? — n?)!/2 < 0. 


We now decompose the function G: 


G(n) = exp {y-(n) — y*()} (18a) 
where 
—1 fetid In G(E) 
ap) tee cea dé (18b) 
217 J —wtiw, oe) 
is analytic for 
Imag 4<Wa 
and 
—1 ¢~-4 In G(éE 
¥en) = — “ dé (18c) 


207 —1o—Jwy é ae n 
is analytic for Imag n> — Wa. 


9 +3|m;| are the roots of 
(K%e — 9)? 


eae ee orl = 0 
€ a) 


tan [2(K? — ?)¥2] + 
excluding 
1= BE Kaz. 


For the complete analysis, see Angulo and Chang, op. cit., foot- 
note 3, pp. 12-17. 
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ee 
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ME 


4) SINGULARITIES OF v~ 


V~ REGULAR 


WU 


® sincucarities of yt 


Fig. 4—The 7 plane. 


Substituting (18a) into (13a) we can now group the 
terms with the same regions of regularity, as follows: 


(K — )/(q — Kas) exp {y*(m)} 
n — Ka, 
_Asech (Khs’) — (K — n)!/?(9 — Kaz) 
Qn) @q@ + Kas)(y — Kay) 
x exp {y*(n)} 
_2A sech (Khs’) (K + Kaz)}/? a2 
(2m)? n+ Kar a, + a 
xX exp {y*+(—Ka:)} 
" 2weo n+ Kai 
_2A sech (Khs’) 
(27) 1/2 


I*(n, h) X 


xX V~(n, hk) X exp {y-()} 


(Kk + Kayz)}/? a2 
n + Kaz a+ a2 
X exp ly+(—Ka)}. 


The last terms on each side of the previous equation 
are identical. They have been added in order to elimi- 
nate the pole at 7= — Kap of the left hand side of the 
equation. 

The asymptotic behavior 7— © of the unknown func- 
tions §+ and V~ in their respective regions of regularity 
is given by the behavior of the unknown field around 
the edge.!° The physical requirement that the field scat- 
tered by the edge must have a finite amount of energy 
requires 

Ea B +0 and Wn9*(n, h) +0 
Vn 
as n— © in the region of regularity. These conditions are 
identical to those for the scattering of a plane wave by 
half a plane.1! We can now proceed with the customary 
reasoning of the Wiener-Hopf technique. The left hand 
side of the above equation is analytic in the upper half 
of the 7 plane including the narrow strip | I mag n| <wa 
and the right hand side is analytic in the lower half in- 
cluding the narrow strip. Therefore, they must be an- 


10 Morse and Feshbach, op. cit., p. 462. 
1 E, T. Copson, Quarterly J. of Math. (Oxford), vol. 17, no. 65, 
pp. 19-34; March, 1946. 
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alytic continuation of each other representing an entire 
function of yn. Furthermore, both sides approach zero as 
n approaches infinity. Thus, the entire function is zero. 
Equating both sides to zero we obtain” 


j sech (Khs’) 
(2mr)"/?(q + Kaz) 
vi {1 a 2a2[K + Kae]*/2(q — Kaz) 
(K — n)¥?(a2 + a1)(n — Kae) 


Seite me vn] (192) 


It(y, h) = 


and 
—j sech (Khs’) 
=(y. h) = ——_—_—_——_—————_- 
¥ (n, ) oa (2a) 1/2(n'-+ Ka) (19b) 
(K + 0)'ax(K + Kaz)l!* exp: {y+(— Kaz) a 1 (n)}. 


a2 + ay 
CALCULATION OF THE FAR FIELDS 
The “voltage” is now known for z=h, since 
V(m, h) = V-(n, h). 


As for the “current” transform, we recall (7b) for 
z=h: 


~ (20a) 


I(n, h,) = YV(n, h). (20b) 


Therefore I(n, 44) is known. Moreover, (10b), (12b) and 
(19a) yield I(n, h_), once I(n, hs) has been found. There- 
fore, I(n, hi) and I(n, h_) are now both known. 

The knowledge of V and J for z=h gives us the ex- 
pressions for V and I anywhere, as indicated in (7) and 
(8). 

Finally, the inversion of V and I by (5) yields the 
exact expressions for the fields everywhere. 

However, this solution everywhere is only formal, 
since the inversion of the transforms is practically im- 
possible. Nevertheless, we can obtain all the informa- 
tion that we want by carrying out the inversion for the 
far fields at points of observation for which the method 
of steepest descents is easier to apply, and comparing 
the results with (15) and (16). In this way we can obtain 
the expressions for the coefficients B, C, and g(@o) which 
give us the complete knowledge of the far fields. 

The inverse transforms of special interest to us are: 


— {| foo j 
Fx(0,}) = 80051) = Sf VC herimdy (21a) 


for z=h, y <0, 
Hy, hy) — He(y, h_) + Hoy, h) 
= Key, hy) — Hz(y, h) 


1 +e 
a Onin iD [sta h) — 


2 For full algebraic analysis see Angulo and Chang, it, 
footnote 3, pp. 19-21. = a eee 


j sech (Khs’) 


(2m)!8(q + ma men a0) 
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for z=h, y>0, and 
E,(y, 2) = &y(y, 2) 


mie: sand, V~(n, hye exp { —j(K? — )"2(z — h)} dn 


for ¢'>. 2. (21c) 


The path of integration is indicated in Fig. 4. 

The integrals are evaluated for the far fields by the 
method of steepest descents for the limiting case of zero 
dissipation. For convenience these integrations are not 
carried out in the 7 plane but in a new v plane. The co- 
ordinates are also changed from cartesian to polar co- 
ordinates, as illustrated in Fig. 1(a). 


_(K? — *)!*? = K cos v 
z—h = pcos do. 


(22a) 
(22b) 


n = K sinv 
y = psin go 


With this change, the integrals (21) become 


E,(y, h) = —f V~(K sin », h) 


(2n)¥ 
-exp \~ikp cos (> + =)\ cos vdy (23a) 


for z=h, y<0, 
H(y, h,) =e H,(y, h_) od Hoz(y, h_) 


= rele [scx sin »v, kh) — sme iid | 
Cy A 


i K(2r)+/?(sin vy + az) 


-exp {—Kei cos (> _ =\\ dy (23b) 
for z=h, y>0, and 
E,(y, 2) = (2 merrill V-(K sin », h) 
-exp {—jKp cos (v — ¢o)} cos vdy (23c) 
for 2>h. 


The path of integration is shown in Fig. 5. 


' Fig. 5—The » plane. 
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The saddle point for (23a) is obviously at y= —7/2, 
and the steepest descents path is the path I, in Fig. 5. 
The integration indicated in (23a) is carried out along 
the path I’, and not along the path A. The result is 
equal to 27j times the residue of the integrand at the 
pole sin y= —a, plus the asymptotic series obtained from 
the steepest descend integration. However, because of 
the factor cos v, the p—/? order contribution of the ex- 
pansion is zero since cos (—7/2)=0. Therefore, if we 
neglect terms of order p~*/? or lower we can write for large 
p, (t.e., y<KO) 


E,(y, h) = — (2m)*!%jeKaw lim { (y + Kax)V~(n, h)}. (24a) 
=> Ka, 


This represents the surface wave excited along the 
grounded slab. 


If we evaluate (15b) for the given observation point 


z=h do = 


T 
2 


y <0 p very large, 


we obtain 


bo 1/2 
E,(y, h) = jsC (“) A | Sl (24b) 


€0 
Equating the right hand members (24), one obtains: 
(27) 1? 


€0 1/2 
oe (=) Firat (aia) VG, A) vee? 


5 Ho. 


n— — Ka 
The evaluation of the limit yields finally: 


ee G2(1 — a)/?(1 + ae) 3? 
ee) $(a1 + 42) 


X exp { Khs + y+(— Kaz) — y-(— Kay}. 


X sech (Khs’) 


(25) 


The saddle point for (23b) is at y=7/2 and the steep- 
est descent path is I; in Fig. 5. The residues at the poles 
on the imaginary axis of the vy plane decay exponentially 
with an increasing positive y and are negligible for 
Ky>>1. These poles correspond to the nonpropagating 
ordinary modes in the parallel plate waveguide with the 
dielectric slab, and we expected a negligible contribu- 
tion for Ky>>1. The asymptotic expansion does not 
contain a term of order p~/? for identical reasons that 
the integral discussed in the previous paragraph did not. 
The dominant contribution to the integral (23b) 1s 
therefore: 


Hey, hy) — H(y, h_-) = — (2a) 1/27 ¢@—tKaay 
. j sech (Khs’) 
x lim {(a rs Kaz) Ee hk) (Qn) "2(m a6 =I 


tac Kaz (26a) 
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where only terms of order p~*/? or lower have been neg- 
lected and Ky>>1. The expression (26a) clearly repre- 
sents the reflected surface wave in the parallel plate 
waveguide evaluated at the upper plate. 


If we evaluate (15a) and (16a) at the point of observa- 
tion 


Leivigntrs 
C= aS 
MEAD 


Ky = 1 p very large, 
and subtract, we obtain 


Healy, hy) — Healy, h) 
ei Kagy 


a \ e-iKe 
“1S si 
ye phe cosh (Khs’) 


The identity of (26a) and (26b) requires 
Tv 
she) 28 
and 


B = (29)?7 cosh (Khs’) lim 


(26b) 


j sech (Khs’) 
{a — Kaz) Ea h) — seeps -  (26c) 


n— Kas 

Finally 
(1 + a@2)"?(a2 — a1) 
~ (P= as) !%(a + a) 


The evaluation of the integral (23c) is carried out in 
the same way as with the two discussed above. The 
saddle point is at y= and the path of integration is 
deformed now from A to I; in Fig. 5. 

The observation angle may vary —7/2<q¢0<7/2; 
and depending on the value of ¢o, we will have or will 
not have a residue contribution from the pole at 
sin y= —a. This contribution is the surface wave ex- 
cited on the grounded dielectric slab. The asymptotic 
series will contribute this time with a term of the order 
p—/2 provided | bo| <a/2. The dominant term of the 
expansion plus the pole contribution yield 


exp {+(— Kas) — y-(Kay)}.(27) 


@ 1/2 
By(9,2) = = C+D (S) me c08 bY (KE sin bo 
p 


— j(2r)1/? exp {jKay — sK(z — h)} 
x u| - * — tan—! (a; — »)| 


X lim { (7 + Kai)V~(n, h)} 


n—7— Ka (28a) 


where z>h, Kp>1, —7/2<¢0<7/2, and u(x) is the 
Heaviside unit step function. If the observation angle is 
go> —2 tan —!(a,—S), #.e., if we are in the region with 
no surface wave: 
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E,(y, Z) 


(Ke 1/2 
7 i Ch +7) (=) e?Ke cos @oV—(K sin go, hk). (28b) 
p 


We can now evaluate (15b) for 


z>0 do > — 2 tan“ (a; — s) 
p very large 
and obtain: 
Ho 1/2 eiKp 
E,(y, 2) = — (=) g(0) cos oo (28c) 
€0 


The identity of (28b) and (28c) (3 oe 


g(oo) = (1 +9) V-(K sin ¢$o, h). 


aa 

Replacing V~ by its value, one obtains finally 

(1 — 7)(1 + sin 0) !/?a2(1 + az)1/? sech (Khs’) 
2n(K)*/?(sin 60 + @1)(@2 + 41) 

X exp {yt(—Ka:) — y-(K sin ¢0)}. 


g(go) = 
(29) 
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in the physics of the problem.” 


The component £, is not evaluated explicitly. It is re- 


lated simply to H, through the relation 


ph aie aes (30) 

wege(Z) 

Because of the orthogonality of the modes of either 

the grounded dielectric slab or the partially filled paral- 

lel plate waveguide, the powers carried by the launched 

surface wave and the radiated power are not coupled to 

each other. The reflected power, the radiated power, 

and the power in the surface wave per unit incident 

power can be found individually from Poynting’s 

theorem. 

The percentage of power reflected is: 


lee d2)?(d2 — a)? 
(a2 — 1)?(a2 + a1)? 


{ = 4a, i 
xX exp if 
Tw 0 


-The percentage of power transmitted is: 


Pret = 


Q(x) 
ae ix} . ota 
1+ 5/2 — x? 


A(a, — 1)ae(a2 + 1)ai sech? (Khs’) 


Berane: = 


a+i1 


ae 
x exp {2Khs ~ In anes 
2a; 


(e ss a?) ile 


el sng) 2 a 


I 


Q(x) = Kh(i — «?)1/2 + arc tan ‘ 


s(@2 — 1)(a2 + a,)?[1 + tanh (Khs) |? 


sie ad =) aayazh (31b) 


n [Kd(e — syn : (31c) 


The percentage of power radiated per unit angle in 
the direction ¢» (see Fig. 1) is: 


2a2(a2 + 1)(s’? — s?)(1 + sin go) (s? + cos? do) 


Jee =4 


m(a1 + sin $o)?(a2 + @1)?(a2 — 1) 


tan (Kh cos do) + 


(€ — sin? go)1/? 


tan [Kd(e — sin? ¢o)/2] 


y, € COS do 
| sech (Kh cos do) | (s’? + cos? $o) {1 + 
( 
— 2 1 Q(x) ds 2 si 
ae Ail (x)dx sin do 
T 0 ay” — x? T 


With the knowledge of B, C and g(o), we can com- 
plete (15) and (16). Therefore, we have the far fields 
everywhere. The computation of y+ and y~- involves in- 
tegration in a complex plane and careful definitions of 
the paths of integration, but there are no serious diffi- 
culties and the integrations have no special importance 


are 
° i 
0 sin? do — x? 


€ — sin® do 1/2 
Sita cum enerel s. [Kd(e — sin? gent 
€” Cos? do 


ne Elev 


(31d) 


Symbol @ in (31d) stands for Cauchy’s Principal Value. 
The values of (31) are calculated for e=2.49. The 
integrals in the exponents are calculated numerically. 
Figs. 6, 7, and 8 are plots of the power reflected, the 


* For their evaluation, see Angulo and Chang, op. cit., footnote 3. 
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Fig. 6—Percentage of power transmitted to the surface wave vs 


thickness of the grounded slab for various heights of the parallel 


_ plate waveguide. 
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Fig. 7—Percentage of power reflected vs thickness of the grounded 
slab for various heights of sthe parallel plate waveguide. 
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8—Percentage of total power radiated vs thickness of the 
grounded slab for various heights of the parallel plate wave- 
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power transmitted and the total power radiated vs the 
normalized thickness of the slab, Kd, for various heights 
of the parallel plate waveguide, K(d+h). Notice that 
most curves are terminated at the points for which the 
guide is completely filled with dielectric, i.e, d+h=d 
or h=0 (see Fig. 1). 


CONCLUSIONS 


Fig. 3 shows that s’ is smaller for thin dielectric slabs 
and therefore the incident surface wave decays slowly 
when one moves away from the slab toward the upper 
plate inside the parallel plate waveguide. This agrees 
with the physical expectation that the larger part of the 
incident energy will be in the air region of the parallel 
plate waveguide if the dielectric slab is thin. Under 
those circumstances, the radiation produced by the dis- 
continuity in the upper plate should be very pronounced. 
This indicates that the percentage of power transmitted 
to the surface wave on the grounded dielectric slab 
should grow with d, and if d is fixed should grow by sepa- 
rating further the upper plate (that is, increasing #). One 
can see the verification of this reasoning in the results 
shown in Fig. 6. It is not surprising to see that the total 
radiated power has a relative maximum if &/ is varied, 
while d remains constant and not large. This is shown 
in the crossing of the curves of Fig. 8 for small d. 

If the waveguide is almost completely filled with di- 
electric, the effect of the upper plate will again influence 
strongly the radiation because of its proximity to the 
slab. This explains the crossing of the curves in Fig. 8 
for large d, which gives a relative maximum of total 
radiation for a given h and d fixed. 

The efficiency of excitation of the grounded dielectric 
slab is large if we choose K(d+h) and Kd large enough, 
as indicated in Fig. 6; but we must keep in mind the 
limitation in K(d+h) if only one mode is going to propa- 
gate in the parallel plate waveguide containing the slab. 
It is interesting to note that the maximum efficiency for 
all K(d+h) >1 occurs at Kd™1.0. 

From the point of view of the reflection, Fig. 7 indi- 
cates that it is fairly easy to choose the parameters in 
order to have an almost perfect match. 

The excitation would be very practical and efficient, 


for instance, for K(d+h) =2.0 and 0.75 <Kd<1.25. In i 
this range of d we have a very small amount of power re- 
flected (Fig. 7) and the percentage of power radiated 


(Fig. 8) as well as the percentage of power into the in- 
finite grounded dielectric slab will not vary critically 
with Kd. 

It is instructive to compare this means of exciting an 
infinite grounded dielectric slab with the known results 


* 


for the excitation by a slot? by an electric dipole.8-"" — 


The magnetic line and the dipole provide excitation 
efficiencies as high as 95 per cent, but this maximum 
efficiency drops fast if the source is not in the optimum 
location. The maximum efficiency of excitation by a 
parallel plate waveguide does not present a critical de- 
pendence on the parameters if these are chosen in the 
right range (Fig. 6). 

Another advantage of the waveguide above the singu- 
lar sources is that for the same excitation efficiency the 
undesired radiation caused by the discontinuity of the 
excitation device is smaller for the parallel plate wave- 
guide, because part of the power which is not transmit- 
ted is reflected back into the waveguide. This effect is 
particularly obvious when Kd>1 for all K(d+h), as we 
can see in Fig. 8. 

Finally, it should be emphasized here that the ana- 
lytic answer given for the amplitudes of the transmitted 
and reflected waves are exact. The only approximation 
which has been made in this paper is the evaluation of 
g($o) where only the first term of the asymptotic series 
is used. However, it can easily be improved by evaluat- 
ing more terms of the asymptotic series in the integra- 
tion by the method of steepest descents. 


4 A. L. Cullen, “The excitation of plane surface waves,” Proc. 
IEE (London), vol. 101, pt. IV, no. 7, pp. 225-230; August, 1954. 

1B. Friedman and W. E. Williams, “Excitation of Surface 
Waves,” Div. of Electromagnetic Res., Inst. of Math. Sciences, New 
York Univ., Res. Rept. No. EM-99; October, 1956. AFCRC-TN-56- 
798, ASTIA Doc. No. AD 119139. 

16 C, M. Angulo and W. S. Chang, “On the Excitation of the 
Surface Waves in Dielectric Slabs.” pt. III, Rept. No. AF 1391/4 
Div. of Engrg., Brown Univ., Providence, R. I.; AFCRC-TN-56-952, 
ASTIA Doc. No. AD 110143; October, 1956. 

1D. Brick, “The Radiation of a Hertzian Dipole Over a Coated 
Conductor,” Cruft Lab., Harvard Univ., Cambridge, Mass., Tech. 
Rept. No. 172; 1953. 
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Random Errors in Aperture Distributions* 
R. H. T. BATES} 


Summary—The effects of random manufacturing errors on polar 
diagrams of antennas are analyzed in terms of the radius of correla- 
tion and mean square magnitude of the errors. The basis of the 

_ method is the Wiener-Khintchine theorem. Approximate general 
formulas are given for the reduction in gain and lowest probable side- 
lobe level. The implications of the theory are discussed. 


INTRODUCTION 
ak HERE have been many accounts of the effects of 


random manufacturing errors on antenna polar 

diagrams. The majority of these consider aperture 

_ distributions made up of discrete radiators.!:2 Robieux? 

and Ruze‘ treat continuous distributions. The analysis 

applied here is similar to theirs, but arrives at the result 

rather more directly, perhaps because of the use made 
of the Wiener-Khintchine theorem.5 

The purpose of this note is to present a simple theory 
of the effect of random manufacturing errors on antenna 
polar diagrams. The errors are considered as superim- 

_ posing random noise on the desired aperture distribu- 
tion. The autocorrelation function of the errors is used 
in the analysis rather than the errors themselves. This 
follows Wiener’s work on the filtering of noisy signals. 
The advantage of autocorrelation functions is that they 
are usually well behaved and recognizable, which is not 
true of the random processes from which they are de- 
rived. 

‘Very approximate formulas are derived which provide 
quick estimates of the loss of gain and minimum side- 
lobe level likely to result from a certain mean manu- 
facturing error. The formulas demonstrate that the 
average extent or radius of correlation of the errors is 
more important than their magnitude. The major effect 

~ of the errors is to raise the side-lobe level. Reduction in 
gain is less noticeable. 

The theory, which is developed in the next section, 
suggests certain design and manufacturing techniques 
for antennas; these are discussed briefly at the end of 
this note. 


* Manuscript received by the PGAP, September 22, 1958. 
Revised manuscript received by the PGAP, April 18, 1959. 

+ Can. Westinghouse Co., Ltd., Hamilton, Ontario, Came 

1E, N. Gilbert and S. P. Morgan, “Optimum design of directive 
antenna arrays subject to random variations,” Bell Syst. Tech. J., 
vol. 34, pp. 637-663; May, 1955. : 

2R. S. Elliott, “Mechanical and electrical tolerances for two- 
dimensional scanning antenna arrays,” IRE TRANS. ON ANTENNAS 
AND PRopaGaTIon, vol. AP-6, pp. 114-120; January, 1958. f 

3J. Robieux, “Influence de la precision de fabrication d’une 
antenne sur ses performances,” Ann. Radioelect, pp. 29-56; January, 
1956. — 
4]. Ruze, “The effect of aperture errors on the antenna radiation 
Baie Nuovo Cimento, vol. 9, Suppl. No. 3, pp: 364-380; 1952, y 

5D. A. Bell, “Statistical Methods in Electrical Engineering, 
Chapman and Hall, Ltd., London, Eng., p. 89; eq. 6.22; 1953. 


THEORY 


In order that the analysis shall be as simple as pos- 
sible, the radiating aperture of the antenna is taken to lie 
in a plane normal to the direction of the main beam. Al- 
though very few antennas are actually flat, this pro- 
cedure is well accepted. 


Fig. 1 represents the aperture plane of an antenna. 


Fig. 1—Coordinates of aperture plane; z points into the paper. 


The origin of coordinates is chosen so that the aperture 
extends equally on both sides of the y-axis in the x—z 
plane. Let 


4(x, y) =aperture distribution, 
I(x) =equivalent distribution for calculating polar 
diagram in the x—g plane, and 
a=half length of aperture in x—g plane, 


where 


Ia) = f ix, »)dy. (1) 


Fig. 2 gives the coordinate system for calculating the 
far-field polar diagram in the x—z plane. Let 


E(w) =voltage or current far-field polar diagram, 


v= (sin 6)/\, 


\=wavelength of radiation. 


6S, Silver, “Microwave Antenna Theory and Design,” McGraw- 
Hill Book Co., Inc., New York, N. Y., ch. 6; 1949. 
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() 
x 
Fig. 2—Coordinates for calculating polar diagram. 
Then’ 
EW) = i I(x)e™Vde. (2) 
Define the auto-correlation function ¢(p) of I(«) as 
tae tee eee 
60) =— [MaKe Feds; <p < 2a 
Ad —a 
ore fee mh 
=—[  1G)T@¥ pdr; -24<p <0 
2a J —(a+p) 
= 0; | hel > 2a, (3) 


_where I(x) =complex conjugate of I(x). 
Let 
P(y) = EW) E(y) = power polar diagram. (4) 
The Wiener-Khintchine theorem’ states that 


Pw) = 4a f ONgiee oie: 5) 


The manufacturing errors are taken to superimpose 
noise on the desired aperture distribution. 


I(x) = L(x) + A(x) (6) 
where 


L(x) =desired aperture distribution in x—g plane. 
H(x) =random function due to errors in aperture dis- 
tribution. 


I(x) has been derived from the aperture distribution 
i(x, y). By analogy with (5) and (1) 

i(x, y) = I(x, y) + h(x, y), 
where 


I(x, y) =desired distribution, 
h(x, y)=random function due to errors in aperture 
distribution, and 


H(z) = f (a, »)dy. (7) 


7T. T. Taylor, “Design of line source antennas for narrow beam- 
width and low side lobes,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-3, p. 17; January, 1955. 
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It is necessary to normalize L(x) in order to obtain 
quantitative results. The most convenient way seems 
to be to make the average value of L(x) equal to unity. 
Write 


= NTX NTx 
Le) =i ¥[ An cos + By sin | : (8) 
n=1 a a 
Eq. (8) is a general expression for L(x). It has the use- 
ful property that the expression for the polar diagram 


in the direction of the main beam does not contain any 
of the A, or B,. Let 


E,(p) =desired voltage or current polar diagram, 
P1(w) =desired power polar diagram, and substitute 
(8) into (2) and use (4). 


Ex{0) = 20; (9) 
P;(0) = 4a, (10) 
Let 


Exn(W) = voltage or current polar diagram due to errors 
in aperture distribution, and 

Pu(wW) = power polar diagram due to errors in aperture 
distribution. 


Since the noise due to manufacturing errors has been 
assumed to be random, E;,(W) and Eg(W) can be taken 
as statistically independent. This means that the most 
likely value for the combined polar diagram will be ob- 
tained by adding the squares of Ex(W) and Ex(W). Thus 
the side-lobe level is unlikely ever to be less than 


Pulp)/P1(0). Using (10), 
S(W) = lowest probable side lobe in the direction y 


Pulp) 
4a? 


, (11) 


provided S(W) > Pr(y). 

The need for the above condition is defined by the fact 
that the noise power in the error polar diagram will not 
be noticeable if it is less than the level of the desired 
polar diagram (produced by an aperture free from 
errors). 

The power in the noise polar diagram is liable to be 
spread over a larger angular area than the main beam of 
the desired polar diagram; thus the gain of an antenna 
is given by the amplitude of the main beam divided by 
the sum of the radiated powers of the errors and the de- 
sired aperture distribution. 


Gain reduction factor = R 


; gain in presence of errors 


° . ) 
gain without errors 


_ bn(0) © 
soak (12) 
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provided the power in the errors is at least an order less 
than that in the desired distribution. 


P=total power radiated from desired distribution. 


APPROXIMATE GENERAL EXPRESSIONS FOR S AND R 


In this section general expressions for S(W) and R are 
derived. They are necessarily approximate since they 
are supposed to apply to any antenna. 

It is necessary to find some simple form for the auto- 


-_ correlation function of the errors. Its Fourier transform 


must be wholly positive since it is a power polar diagram 
(5). A suitable choice seems to be exp (—p?/6?). Pro- 
vided 6 is somewhat less than a, then ¢(p) can be taken 
to exist from p= — © top=-+ o. If (3) is examined it is 
seen that (0) is the mean square value of I(x); this 
allows a magnitude to be given to ¢(p). 


Let M= mean square value of H(x) if L(x) =1. 


M is solely dependent on the mechanical errors and 
could be computed exactly, provided the exact form of 
the errors were known. It is a measure of the simple 
mechanical tolerance set on the construction of the 
antenna and is largely independent of the radius of cor- 
relation. 

The actual mean square value of H(x) is M multiplied 
by a weighting factor dependent upon the form of the 
desired aperture distribution L(x). H(x) at any point is 
proportional to L(x) at that point. Thus, “W=mean 
square value of H(x), where 


W = weighting factor due to form of L(x) 


=~ [iu Te as 
From (8) sat 


His leis (13) 


[AnAn + BnBal. 


=1 


The approximate general expression for the autocor- 
relation function of H(x) can now be written as 


ou(p) = MWe-*"l6", (14) 


where 
8 =radius of correlation within which 85 per cent ofa 


particular error is located. 
Substitute (14) into (5); then. 


Py) = 20M WBe-* 8", (15) 


Py(y) is the power polar diagram of the errors in the 
aperture distribution. Owing to the simple expression 
( 14), taken for ¢u(p), the peak of Pay) coincides with 
the main beam of the desired polar diagram. It is sug- 
gested that (15) should be interpreted to mean that 
it is likely that there will be spurious side lobes of the 
level Px(W)/Pu(0) somewhere in the polar diagram. 
Also, the angular area covered by these side lobes will 
be similar to the effective width of Px(y). 
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Examine (15). The amplitude of Puy) is propor- 
tional to 8, the radius of correlation. This is the practical 
significance of the theory. Its more obvious consequen- 
ces will be discussed in the next section. 

Substitute (15) into (11) and (12); then 


ee m?BMW _n2gty? 
(y) = ae SP } (16) 
0 Mw 
menses oe Wes a7) 
iP. iP 


CONSEQUENCES OF THE THEORY 


The main consequence of the theory is that the me- 
chanical design of antennas should center upon keeping 
the areas of influence of particular errors as small as 
possible. For instance, large reflectors should be sup- 
ported at many points, and each point should be inde- 
pendently set up. Any process, such as welding, which 
is liable to put strains on the whole structure, should be 
completed before the surface of the reflector is finally 
positioned. Since S(), from (16), is proportional to 8, 
an error stretching most of the length of the antenna is 
liable to have a worse effect than a localized bump or 
dent of much greater amplitude. _ 

The theoretical approach used in this note suggests a 
checking procedure for antennas while they are being 
manufactured. To illustrate the procedure, it is sup- 
posed that a reflector is being built. It is necessary for 
the reflecting surface to be set up against a template. 
It is suggested that instead of merely seeing that the 
surface is within some specified tolerance, the positional 
error should be recorded at each point which is checked. 
The oval curve in Fig. 3 represents the projection of the 


Fig. 3—Orthogonal projection of reflector on aperture plane 
and fixed points. 


reflector on some plane perpendicular to the direction of 
the main beam (the aperture plane). The intersections 
of the dotted lines are the points checked. There should 
be enough of these points to include all appreciable un- 
dulations of the reflector surface. Suppose that the polar 
diagram in the x-z plane is the one being considered, 
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The errors on any vertical dotted line are averaged. 
This gives a series of averaged errors at points along the 
x-axis separated by the distance between adjacent dot- 
ted lines. The mechanical error is converted into aper- 
ture distribution error using the known variation of the 
aperture distribution L(«), with x. Let 


2m-+1=number of points on x-axis, 
€=separation of adjacent points, 
Hp=error in aperture distribution at point P; and 
¢, = autocorrelation function of errors. 


¢q will consist of a discrete set of values since the errors 
have been given as such. 


(fo, Beet! 


A oes Be ApH pi43 


O<g<2m 
Ds) Me 


€ a eae 
Se AAs (In Sg 0 
2M p——(m+0) 


= 0; 2m <|q| < @. 


The computations for deriving the Hp and @¢, are 
ideally suited to digital computation. The program- 
ming is simple and the machine time would be only a 
few minutes even for large antennas. It is worth noting 
that only the first part of (18) need be calculated since 
autocorrelation functions are necessarily even. @, is con- 
verted to a continuous function by drawing a smooth 
curve through the discrete points. 

The magnitude and shape of ¢, are sufficient for esti- 
mating the effect of the errors on the polar diagram. 
2mo is the power in the error polar diagram and the 
width of ¢, is roughly inversely proportional to the 
width of the main beam of the error polar diagram. The 
constant of proportionality depends upon the shape of 
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¢q and well known formulas® can be used for determin- — 
ing it. Thus, the magnitude and extent of spurious side 


lobes due to the errors can be estimated. Since the actual 
autocorrelation function of the errors has been calcu- 
lated the angular direction of the side lobes due to them 
can be predicted. 


CONCLUSIONS 


Two approximate but general formulas, (16) and (17), 
have been given for the lowest probable side-lobe level 
and reduction of gain for antennas exhibiting random 
manufacturing errors. The effect of the errors on side- 
lobe level is much the more important. 

The theory given here supports the view that the way 
in which an aperture is illuminated (the design of the 
primary feed for a reflector, for instance) is relatively 
less important than the accuracy with which the an- 
tenna is made. 

It is worth noting that IKXC2) , in a two-dimensional 
analysis of the aperture such as Ruze’s,* would depend 
upon the square of the radius of correlation rather than 
upon the first power as here. The reason for the differ- 
ence is that in this note the aperture illumination has 
been collapsed into an equivalent line source in (1) and 
(7). This is justified because in practice it is only pos- 
sible to measure polar diagrams in one plane at a time, 
and in the far field a two-dimensional antenna and its 
equivalent line source (lying in the plane in which the 
polar diagram is being measured) appear to be the same. 
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Successive Variational Approximations of Impedance 
Parameters in a Coupled Antenna System* 
M. K. HUt anv Y. Y. HUT 


Summary—In this paper, a new variational formulation for a 
single impedance parameter of an m-antenna system is presented. 
This formulation enables one to determine any self impedance Z;;, 
one at a time, merely by exciting antenna i alone and leaving all the 
other antennas open circuited. For determining any mutual imped- 
ance Z;;, only two independent excitations, one the same as that 
used for determining Z;; and the other for determining Z;;, are re- 
quired. Thus, if all the m(m-+1)/2 impedance are required, only m 
independent excitation conditions are needed. In contrast to this, 
the formulation available in the literature is based on m(m-+1)/2 
independent excitation conditions. Because of a reduced number of 
excitation conditions and the way they are assumed, the physical 
nature of the problem is made simpler and easier to comprehend. 
Such comprehension helps considerably in the choice of trial current 
distributions for a specific application. 

Two methods of evaluating the successive higher-order approx- 
imations are also given. One is based upon an orthogonalization proc- 
ess, and the other is based upon the successive inversion of matrices. 
In the evaluation of a certain order approximation, both methods 
have the advantage of utilizing all the work already done for the 
lower-order approximations; and at the same time, additional work 
required is considerably reduced. It is believed that the formulation, 
as well as the two methods of successive approximations, will also be 
useful in other problems. 


INTRODUCTION 


OR A SYSTEM of coupled antennas, the ter- 
Pinna electrical behavior can be described by the 
self and mutual impedances of the coupled an- 
tennas in the system. A comprehensive review of differ- 
ent methods for determining the impedance parameters 
of antenna arrays was given by Levis.! Levis and Tai 
also published a variational formulation for obtaining 
the m(m+1)/2 impedance parameters of an m-antenna 
system by solving a set of simultaneous equations de- 
rived from m(m+1)/2 “independent” excitation condi- 
tions.? In the present paper, a formulation is presented; 
it gives a general variational expression for a single 
impedance parameter, which can be any one of the 
m(m-+1)/2 parameters. This formulation is consider- 
ably simpler and straightforward; as a consequence, it 
gives a deeper insight to the physical nature of the prob- 
lem. It increases greatly the flexibility in the choice of 
the trial current distributions for a particular imped- 
ance parameter. If all the impedance parameters are 
required, it involves only m independent excitation con- 
ditions. For a particular mutual impedance, only two 


* Manuscript received by the PGAP, July 28, 1958; revised 
manuscript received, March 20, 1959.2. = : i? 
¢ Elec. Engrg. Dept., Syracuse University, Syracuse, Ne YX. 
1C. A. Levis, “Variational Calculations of the Impedance 
Parameters of Coupled Antennas,” Antenna Lab., Ohio State Univ., 


t. No. 667-16; August, 1956. ; 
cro ‘A. Depts aud Gr Tt. Tai, “A method of analyzing coupled 


antennas of unequal sizes,” IRE TRANS, ON ANTENNAS AND PROPA- 
GATION, vol. AP-4, pp. 128-132; April, 1956. 


independent conditions are required; and for a par- 
ticular self-impedance, only one condition is necessary. 
Formulas which are expressed in terms of trial current 
distributions and the geometry of the system are also 
derived by eliminating the adjustable coefficients ac- 
cording to the stationary property of the general varia- 
tional expression. These formulas give the impedance 
parameter directly, instead of through solving the ad- 
mittance parameters as an intermediate step; therefore, 
the computations involved are very much reduced in 
actual applications. 

It is also shown that the above impedance formula 
can be further converted into an orthogonalized form 
by a modified Schmidt process or the “bi-orthogonaliza- 
tion” process. This orthogonalized form is very useful in 
evaluating successive higher-order approximations of 
the impedance parameter. It has the advantage of uti- 
lizing all the work already done for the lower-order ap- 
proximations; and, at the same time, it reduces the addi- 
tional work required for the next higher-order approxi- 
mation. In this formula, only one additional term is in- 
volved for the next higher-order approximation. If the 
terms are evaluated successively, the rate of converg- 


‘ence of the approximations can be seen clearly and used 


as a guide for the choice of the higher-order trial func- 
tions. This formula is also useful for the estimation of 
the accuracy of a particular variational solution. In 
such applications, additional trial function can be as- 
sumed, from either physical or mathematical consider- 
ations; then the order of magnitude of the additional 
term is an estimation of the error involved in the original 
approximation. 

Another method of evaluating successive higher-order 
approximations, which is also given, is based upon in- 
version of matrices of successive higher orders. Basi- 
cally, this method is equivalent to the method of orthog- 
gonalization; the implications are about the same, but 
each does possess certain merits over the other in actual 
applications. 

In the following discussion, parallel cylindrical an- 
tennas will be used for the convenience of presentation, 
but the method can be easily extended to arbitrary or- 
ientation and also to other types of antennas. Further- 
more, the bi-orthogonalization process and the method 
of successive inversion can be applied to a variety of 
problems wherever similar mathematical form occurs. 


VARIATIONAL FORMULATION AND VARIA- 
TIONAL EXPRESSION 


The present formulation is to obtain a variational ex- 
pression for any single impedance parameter of an m- 
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antenna system, antennas 7 and j are chosen arbitrarily 
for the discussion of the mutual impedance Z,;. The 
m linear antennas are all assumed to be oriented in the 
same direction, say z-direction, as shown by Fig. 1. For 


a 


Fig. 1—A system of m coupled linear antennas. 


simplicity in discussion, it is also assumed that all 
the antennas are center-fed and all the feeding points 
are located in the z=0 plane. When antenna 7 is 


connected to a current source of unit amplitude and | 


with all the other antennas open-circuited, the cur- 
rent distributions on the antennas 1 to m will be denoted 
by T(z), In'(z), - - - , Im*(z). Similarly, when antenna j 
is connected to a current source of unit amplitude and 
with all the other antennas open-circuited, the current 
distributions on the antennas 1 to m will be denoted by 
Thi(z), Isi(z), - - - , Imi(z). The above implies the follow- 
ing relations: 


I,*(0) = 0 when p #12 

I,(0)=1 whenp=i (1) 
and 

T,/(0) = 0 when g ~j 

T7(0) = 1 when g = j. (2) 
These relations may be called the feeding conditions. 
In addition, the current distributions are further as- 


sumed to satisfy the following end conditions as gen- 
erally used in linear antenna theory: 


I,(+l,) = 0 
and 
Feit.) = 0 p,; q=1, 2, I LL? (3) 


where /, and /, are the half-lengths of antennas p and q, 
respectively. 

In linear cylindrical antenna theory, it is also known 
that the set of current distributions due to J;‘(0) alone 
satisfies the following integral equations: 


m lp 
V,'6(z) = yy G(z, 2’) Ip*(z')dz’, qo 1; 2; PNA? (4) 
p=1" —ly 
where 6(z) is the Dirac delta function, V,' is the voltage 
appearing across the feeding terminals of antenna q due 
to feeding current J;*(0) alone at antenna i, G(z,.2’) is the 
free-space Green’s function given by 


A jBn sHeme sfot We PLLah 
a0) = a) 


with 
B= a n = Vuo/eo, 


and r=the distance between z and 2’ on antennas g and 
p respectively. Similarly, the set of current distributions 
due to feeding current J;/(0) alone satisfies a similar set 
of integral equations: 


m .folg 
V ,46(z) = De G(z, 2!) Iqi(z')dz’, f= 1; 2, oS ages (5) 
q=1¥ —lq 
According to the usual definitions of antenna imped- 
ances, V,' and V,/ in (4) and (5) are related to the mu- 
tual impedances Z,; and Z,; by 


Ver =e Zyl i(0), UN a3 z ign ace (6) 
V,i = Zp;I;/(0), p= 12, | me. (7) 


Multiplying (4) by J,/(z) and integrating from —/, to 
1,, and further using (6), we have 


Ti(0)Z:1:4(0) = alas T,7(2)G(2, 2’) Ip*(2’) d2'dz 


» —Iq 


q= 1,2, ae (8) 


Similarly, from (5) and (7), we have 


Iq 
Ty*(0)Zp,1;7(0) = atin Al T,'(2)G(z, 2’) Iq'(2’)d2' dz 
q=1¥ —1 —Iq 
p=1,2,° +, m. (9) 


Summing (8) for g=1, 2,::+, m, and noting that 
T,/(0) =1 for aoe and J,/(0) =0 for g¥j, we obtain 


Sion afi I,3(2)G(z, 2')Ip*(2')dz'dz. (10) 
é p=1~ —lq 
A similar equation can be obtained from (9), 


Iq 
Sh Ty*(z)G(z, 2’) Iqi(z’)dz’dz. (11) 
x q=1¥ —lp,/% —lq 

It can be shown that both Z;; and Z,; given by (10) and 
(11) are variational forms. In fact, Z;;=Z;;, since 
G(z, 2’) =G(z’, 2). Therefore, (10) and (11) are actually 
equivalent to each other; so in the following discussion, 
only (11) will be used. 

It is obvious that if the two sets of current distribu- 
tions I,*(z), In*(z),--- , Ini(z) and i(z), Li(z), 
In/(z) are known exactly, then there is no particular ad- 
vantage of using (11) for the determination of Z,; over 
other simpler methods. The real advantage of using (11) 
is in those cases where the current distributions are un- 
known or only known approximately. Because Z;; given 
by (11) is a variational form, Z;; is stationary with re- 
spect to the true current distributions. Literally speak- 
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ing, this means that if the approximate current distribu- 
tions have an error of certain order, the impedance com- 


_ puted by using (11) will generally have an error of higher 
order—a smaller error. 


4 The stationary property of Z;; can be proved by tak- 
ing the first variation of (11), 


624; + 81;4(0) Zs + Z;,81;1(0) 
boas 

p=1 q=1” —l, 
422i 


p=1 g=1 


lp 


Ug 
f 6Ip*(2)G(z, 2’)Iqi(z’)de'dz 
—Iq 


Ip Iq 
f Tp'(2)G(a, 2’)8Iqi(z')dz'dz. (12) 
—l,v¥ —ly 


By using (5) and (7), and the relation 5/,‘(0)=0 for 
p #1, the first double sum of (12) gives 


> 


p=1 q=1 


lp Iq 
f 61 p'(2) G(z, 2’) Igi(2’)d2'dz = 61;*(0)Z;4;. (13) 
-w J lq 


Similarly, by using (4) and (6), the second double sum 
of (12) gives, 


mm Ip Ig 
Des T,*(2)G(z, 2’)6Iqi(2’)dz’dz = Z,;61,7(0). (14) 
p=1 g=1¥ —lp¥ —lg 


Subtracting (13) and (14) from (12), we obtain 
6Z;; = 0. 


This means that there is no first variation of Z;; given 
by (11) because of the first variations of current distri- 
butions. The stationary property of Z;; is therefore 
proved. Since 7 and j are arbitrarily chosen, therefore 
(11) is a general variational expression for mutual im- 
pedance (17) or self-impedance (7=7) of the coupled 
antennas. 

In the above proof, both 6/;‘(0) and 6J,/(0) are al- 
lowed to take non-zero values as well as zero values. 
Physically, the consideration of non-zero variations 
61;‘(0) and 6J,‘(0) can also be treated as a change in the 
excitation levels from J;‘(0) and J;/(0) to J,*(0) +6J,#(0) 
and J,#(0)+6/,/(0). In a linear system, the governing 
equations and parameters are independent of the ex- 
citation levels; therefore, there is no loss of generality 
in assuming that both 6/;‘(0) and 6/;/(0) are zero when 
the variations of the current distributions are con- 
sidered. Under this assumption, the manipulations in- 
volved in actual applications and discussions to be pre- 
sented in the next section are considerably simplified. 
In fact, if special trial functions are assumed, as to be 
described below, it can be shown that the result ob- 
tained by using this assumption is identically equal to 
the result obtained without using it. 


FORMULAS FOR Z,; IN TERMS OF TRIAL 
CURRENT DISTRIBUTIONS 


In order to take full advantage of the stationary 
property of (11), adjustable constants are usually in- 
corporated in the assumed approximate current dis- 
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tributions. These constants are then determined by using 
the condition that the first variation of the impedance 
parameter is zero. In practice, these adjustable con- 
stants appear only linearly in the assumed current dis- 
tributions; in other words, the assumed current distri- 
bution on each antenna appears as a linear combination 
of several trial functions with adjustable coefficients. 
For the set of current distributions [,‘(z), Ip‘(z), - - - , 
In'‘(z), used in the last section, each distribution includ- 
ing J;‘(z) on antenna 7 may contain several trial func- 
tions and as many adjustable coefficients. For the pur- 
pose of simplifying the notation, all these trial functions 
except one will be arranged in an arbitrary order and 
denoted by Ji(z), Jo(z), > + - , Im(Z), «+ + , In(z), with the 
corresponding adjustable coefficients denoted by hi’, 
ka', +> +, Rm’, * +>, Bn’. According to the feeding and 
end conditions given in the last section, the following 
conditions will be imposed on these x trial functions: 


I,(0) = I,(+4,) = 0, be 12, = =e Ss) 


where /, denotes the half-length of the particular an- 
tenna on which the current J,(z) is located. If I,(z) is 
located on antenna #, then J, =1,. 

In addition to these trial functions, one more trial 
function, [9(z), will be assumed for J;*(z) to take care of 
the feeding condition on antenna 7. Ip(z) is assumed to 
satisfy the following conditions: 


and 


I +1) = 0. (16) 


In general, one more adjustable coefficient, ko’, may be 
assumed for Jo(z), but it is not necessary. As discussed 
in the last section, there is no loss of generality, if 
6I,‘(0) is taken to be zero. This implies that ko‘ can be 
considered as a constant. Furthermore, because of the 
unity feeding condition, ko‘ can then be taken as 1. It 
should be noted that the choice of J(z) is just as flexible 
as any of the other trial functions except that it is re- 
quired to satisfy [o(0) =1 instead of zero. 

Similarly, for the other set of current distributions, 
Ti(z), +--+, Im?(z), the following set of trial functions 
and the corresponding coefficients will be assumed and 
denoted by 


Jo(z), Ji(z), Bae > Im(Z), aes » In’(2) 


and 
koi = 1, hii, - - 


tse Rint wars pi 

This set of trial functions is assumed to satisfy a similar 
set of feeding and end conditions as given by (15) and 
(16). Some of these functions could be the same as some 
of those assumed in the first set, or they could be en- 
tirely different. Generally, ’ may not be equal to n, 
but in actual application, it is preferred to have n’=n. 


Using these two sets of trial current distributions, and 
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denoting the approximate solution of 2;; by Zi, (11) 
then becomes: 


n ni U ly 
24s f “[ buily(2)G(, 2')biT(e!)da'ds (17) 
p=0 v=0 4 —lp YY —ly 
where J, and J, are the half-lengths of the particular an- 
tennas on which the currents I,(z) and J,(z) are located. 
In the following discussion, matrix notation will be 
used. It is simpler and the relations expressed in matrix 
form are much easier to comprehend. Eq. (17) in matrix 
form reads: 


Zi = (RL, J) Le) (18) 
where 
[Ré] = [1, Ray os; kn‘ 
1 
ki 
fei} = 
Ravi 
and 
(Io, Jo) (Lo, J1) + + > Zo, In’) 
(Fay Say Wag a) arias a) 


[UZ, J)] = ’ 


a | ein"els Siokevm lp.) Mer ine tte ge bet aie 


(Ty, Jo) is Ji) a Ci, 8 ey3)) 


with 
lange, 
Cee) -{ if Tu(z)G(z, 2’)Jy(2’)d2'dz. 
fis ws ach 


The adjustable coefficients k’s can then be deter- 
mined by taking the first variation of (18). This is 


6Zi5 = [5k] [(Z, J)] [Re] + [A], 2] [54] (19) 
where 
[6k*] = [0, dha‘, «+ - , dha‘ 
and 
0 
eee 
OR? 


In order to have 6Z;;=0, it is required that all the coef- 
ficients of the variation 6k’s should be set equal to zero, 
therefore the following two sets of equations are ob- 
tained 


1 ; 
(11, Jo) i, J1) + + + Ui, In’) t 0 


FLT ee Ta) Fi 0 


I 


(20) 
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and 
(Zo, Ji)» * Co; Fn‘) 
(Li, Ji) + + + Hay In’) 
(In; Ji) ceery:, (Tm Ta) 
= [0,---, 0]. (21) 


Eqs. (20) and (21) can also be written as: 


ia hf, gy) kn'] 


(i, Jy). dg Se) ky (Ti, Jo) 
aD yh ee sayy | ee = nos (22) 
fa, Ji) “te by (In) Jn’) Rn? (In, Jo) 

and 


(hi, Ji) ++: Uy Js) 
(lg; Ji) oe Oe (Tas In’) 
= — [(Zo, Js) - + + Zo, Ja)]. (23) 


It is well known that in the theory of simultaneous 
equations, the following two conditions: 


and 


6) Ct. 66 Bee ei SS Viet Sa ae 


(Inj J) tay (In; Jn) 


imply the existence of unique solutions for k', k? in (22) 
and (23). If the solutions are worked out and substi- 
tuted back into (18), we have 


Zi5 = (Zo, Jo) — [(Zo, Js), ++ +, (Lo, In) ] 
dy Ji) tia da) | oh ag ta 


o-gek en Se. 6 be eee 


(In; J1) Se tia (In; Jn) 


(24) 


(25) 
(iy, J) 


Another formula, which is equivalent to (25), can 
also be derived: 


(To, Jo) (Lo, J1) «+ * (Lo, Jn) 
(11, Jo) (Ii, Ji) Aaah (Lu, Fn) 


o -B) FO! ef) fel paws gs SR ety) Bs ats 


De ‘e (In, Jo) Cb see gi) ag Fe 8 ead poy 
. CAP Rei 


(Tn; Ji) ai (Ins In) 


Both formulas (25) and (26) give the mutual im- 
pedance directly instead of indirectly through the solu- 
tions of admittances. These formulas are expressed in 
terms of the trial current distributions and the geometry 
of the system only. They can be applied to the mutual 
impedances (ij) as well as the self-impedances (i= j). 


(26) 
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In the self-impedance case, it is clear that all J’s may be 
replaced by I’s. 

In actual applications, the two conditions given by 
(24) can be easily satisfied and should be used. In the 
seemingly more general cases where either ’n or the 
determinant is equal to zero, there are only additional 
complications but with no contribution to any improve- 
ment of the solution. This will be discussed in the Ap- 
pendix. 

in the computation of the impedances Z;;, Z;; and 

Z;;, if the two sets of trial functions are chosen such that, 


T,(2) = Jp(2) 


and with the corresponding currents J,(z) and J,(z) lo- 
cated on the same antenna, then the current distribu- 
tions determined from the stationary property of Z;; will 
be identical to those determined from the stationary 
properties of Z;; and Z;;. This can be seen clearly from 
(22) and (23). 


forp=1,---,n 


THE ORTHOGONALIZED FORMULA FOR Z;; 


The formula for Z,; given by (25) can be further re- 
duced to an orthogonalized form, if the two sets of trial 
current functions are orthogonalized by a modified 
Schmidt process. This modified process will be called 
the “bi-orthogonalization” process, and can be expressed 
systematically as follows: 


w= Ti 
A geet (Z2, y1) he 
(21, 1) 
" (Is, yy) _ Gasy92) 
. ry (m1, yn) (2, (aa, y2) a 
es oe eee 
rege Gy) ~ (wa, 2) He 
(Iny Yn—1) 
i (S44, Jn—3) 7. 
and \ 
Vi Ji 
(x1, J a8 
4 a (x1, a 
(«1 Ja) ae _ CaS 3) 
ys = J3— (a ene SO si nas 
(41, Jn) (x2, Jn) 
Yn = In — age Syste 
(Xn—1; In) 


a (27) 
(%n—1) Yn—1) 

It should be noted that the operations associated with 
the subtraction signs appearing in the above equations 
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should not be carried out at this stage, because the same 
notation z is used for the different variables associated 
with different antennas. These operations should be 
carried out only after the double integrations are evalu- 
ated with the locations of the currents. 

From (27), it is easy to prove that the following rela- 
tions are true 


ify xy 
PSS OD 


(Xn) W) = 0 
me 


In the above process, all the quantities (x1, 1), (x2, y2), 

, (Xn) Yn) are assumed to be unequal to zero. If at 
a certain stage, this does not occur, say (x,, y,) =0, then 
the situation is similar to that discussed in the Appendix. 
It can be proved that the solution will not be changed by 
the particular pair of trial functions J,(z) and J,(z), so 
they can be omitted and a new pair of trial functions be 
assumed such that (x,, y,) 40. 


If the two sets of new functions x1, %2,-- +, x, and 


41, Ye, °° * , Yn are used as the new trial functions, 
and 1, fi‘,---, kt and 1, &i/,---, ki as the new ad- 
justable coefficients, then (18) can be written as: 
Zi = [R][(x, y) ][F], _ (28) 
where 
(x0, Yo) (%0, y1) (Xo, ye) + + + (%o, In) 
(Hay Yo) (way Vi) OY aera. 0 
[(x, »)] =] (x2, 90) O (a, 42)--- 0 
(ny Yo) 0 0 * (ny Yn) 
with 
xo = To, Yo > Jo. 


If the same method of evaluating [k‘] and [k‘] is used 
here, then we have the following solution: 


Zi = (x0, Yo) oP (xo, yi) ++ + (Xo, yn) | 
(x1, yi) ee 0 he (x1, yo) 
0 aes tee (ns Yn) (oa; yo) 


This can also be written simply as 


(20, 1) (1, Yo) 
(1,91) 

Jp (x0, Yn) (%ns Yo) : 

(Xny Yn) 


Z ij = (0, Yo) — 
(29) 


The solutions for Z;; given by (25) and (29) are equal 
to each other. This can be proved directly by mathe- 
matical induction or by applying the following theorem. 

Theorem:? If two different systems of trial functions 


8 The proofs of this theorem and some more general theorems are 
being prepared for publication. 
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are related by non-singular linear transformations, then 
the two variational solutions obtained for Z;; are equal. 

The advantage of (29) over (25) is fairly obvious. For 
the evaluation of the next higher-order approximation, 
only one additional term is involved. It does not need 
the inversion of matrix as required by (25). In addition, 
it has the advantage of utilizing all the work already 
done for the lower-order approximations. As a result, it 
reduces considerably the work required in evaluating 
higher-order approximations. Moreover, the terms in 
(29) show clearly the rate of convergence of the differ- 
ent order of approximations. This formula is also useful 
for the estimation of the accuracy of a particular varia- 
tional solution. In such applications, additional trial 
function can be assumed from either physical or mathe- 
matical considerations; then the order of magnitude of 
the additional term is an estimation of the error in- 
volved. 


EVALUATION OF Z;; BY SUCCESSIVE INVERSION 


The approximation given previously by (25) may be 
called the mth order approximation of Z;;. For the con- 
venience of the following discussion, it will be given here 
again and denoted by Z;;“: 


= (Io, Jo) — [(Zo, J1) + + + (Lo, Jn)] 
Cd) ed oa a)al (ids, J 0) 
(30) 


(CESRED ae Cnn) Wis Jo) 


It is obvious that the above form applies for any n. 
In finding Z,;;™ for a particular problem, besides the 
evaluation of the double integrals, it is necessary to in- 
vert an mth order matrix. The inversion of a matrix is a 
time consuming process; it is especially true when 1 is 
large. The method to be presented here reduces the re- 
quired work considerably, being based upon a succes- 
sive-inversion procedure. This procedure can be applied 
for the inversion of any matrix, but it is particularly ad- 
vantageous in the present or similar applications. It not 
only gives the mth order approximation, but also pro- 
vides all the lower-order approximations in the process 
of evaluation. The rate of convergence of these lower- 
order approximations can be seen clearly just as in using 
the method given in the previous section. If still higher- 
order approximations are required, the same procedure 
can be applied without additional difficulty. 

This successive-inversion procedure is based upon the 
following theorem. 

Theorem: If a given nth order matrix A™ is par- 
titioned and written in compound matrix form as: 


Be oe 
AM — 
Ann 


Aa 
and its (7 —1)th order submatrix A. is assumed to have 
a known inverse, denoted by Bq“; then the inverse 
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of A™, denoted by B™, in compound matrix form is 
given by: 


(n) (2) 


po =| Fol (31) 
Be Be 
with 
Bo (As aad ee ee 
Beet Bett eae 
Bip = Be Mae 
Be) BCBS ABBE ASB 


The proof of the above theorem is straightforward 
and will be omitted here. The application of this theorem 
to the evaluation of (30) is obvious; ” can be set first 
equal to 2, then to 3, and so on. 

The present method is basically equivalent to the one 
given in the previous section, but it is in a more or- 
ganized and easily applicable form, because of the. use 
of matrix operations. On the other hand, the contribu- 
tion of each trial function can be seen better in the 
method of the previous section through (27); this fact 
is helpful in the choice of the next higher order trial 
function. 


APPENDIX 
On So.utions oF Z;; 


The two conditions given by (24) are sufficient for 
the existence of consistent and unique solutions for k* 
and k? in (22) and (23). But from the theory of linear 
simultaneous equation, a necessary and sufficient condi- 
tion for the existence of consistent solutions is that the 
following three matrices 


Baie Be Tata) iy Jo) Ui, Ja) = =, ea 


; . . . : . . . . . . - 


Rene eo (In; Int) (In, Jo) (In; v7) Re Sa a, Jn’) 


(Io, Ji) + + + Zo, Jn’) 
(Ti, Jx) ++ + Za, In’) 
(In) Ja)» >» Lny Inv) 


are all of the same rank, say r. 

From this condition, it is then always possible to find 
at least one non-zero determinant of order r from the 
first matrix. By rearranging and renumbering the rows 
and columns of the first matrix, it is always possible to 
have 


(Ti,.Ja) © Seite 
~ 0. 
(;, J) hd Se es J) 
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Eqs. (22) and (23) should be rearranged and renum- 
bered accordingly. After this is done, it is possible to 
solve the first r coefficients ki, +--+, k,7 in terms of the 
remaining (”’—r) coefficients k,41/, + + + TePndelnn (22) 
and similarly, the first 7 coefficient ky’, +++, k,*in terms 
of the remaining (n—r) coefficients Reith ita Rpt 10 
(23). If these are worked out and substituted back into 
(18), after simplifying, we then have 


Zi = (Lo, J) ioe [(Zo, Ji) vce th (Lo, oy 


ania a yel 1 (11, Fa) 
(32) 
(I; Jy) iia” CG; a) eles J») 


It should be noted that (32) is finally independent on 
the remaining (7+m’—2r) coefficients k,41%,- ++, Rn! 
and k,417,---, Ry, and the corresponding trial func- 
tions. In actual application, 7 is generally equal to the 
smaller one of the two numbers, m and n’. If is the 
smaller one of the two, then (32) is identical to (25). 
But it should also be noted that the additonal (n’—n) 
trial functions cannot be chosen arbitrarily, because 
they must satisfy the above necessary and sufficient 
condition; otherwise there will be no consistent solu- 
tions at all for (22) and (23). Furthermore, the condi- 
tion is a very stringent one. Even if it is satisfied, it does 
not contribute to any improvement of the solution. 
Therefore, it is clear that ’ should be chosen equal to 
in actual applications, 


A New Method for Obtaining Maximum Gain 
from Yagi Antennas* 
H. W. EHRENSPECK+ ann H. POEHLERt 


Summary—In conventional Yagi design, optimum performance 
requires separate adjustments in a number of parameters—the 
array length and the height, diameter, and spacing of the directors 
and reflectors. 

By introducing the notion of a surface wave traveling along the 
array, it is possible to demonstrate experimentally the interrelation- 
ship between these parameters. With this, the gain then depends 
only on the phase velocity of the surface wave (which is a function of 
the height, diameter, and spacing of the directors) and on the choice 
of the reflector. Thus, maximum gain for a given array length, for 
any director spacing less than 0.5 A, can be obtained by suitable 
' yariation of the parameters to yield the desired phase velocity. 

A design procedure that provides maximum gain for a given 
array length is presented. 


INTRODUCTION 


Yagi antenna consists of a number of linear ele- 
ments parallel to each other along a straight line. 


Fig. 1 represents (a) a conventional Yagi an- 
tenna, and (b) one that consists of a row of monopoles 
imaged in a ground plane. Only one of the elements— 
the so-called feeder—is excited, all the others being 
parasitic. The elements in the direction of increased 
gain are directors, and the one in the opposite direction 
is the reflector. By choosing the correct dimensions for 
the different parameters of the Yagi antenna (height, 
spacing, and diameter of the elements), we can obtain 


* Manuscript received by the PGAP, January 30, 1958; revised 
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increased gain in the endfire direction of the array. 

The simplicity of Yagi antenna construction has in- 
vited many applications. One of the advantages of the 
Yagi is its usefulness as practically all frequency bands. 

In designing a Yagi antenna the problem is to find 
the correct dimensions of the parameters. It is therefore 
necessary to discover how these parameters are related 
to each other under conditions of optimum gain. 

Some early investigators of this problem, Yagi [1], 
Uda and Mushiake [2], and Walkinshaw [3], computed 
the currents in the elements according to the imped- 
ance concept but treated only short Yagi antennas be- 
cause the computation for more than three or four ele- 
ments becomes too complicated. Others, Reid [4], 
Fishenden and Wiblin [5], and Vysokovsky [6] [7], 
incorrectly, as first pointed out by Vysokovsky [6], [7], 
assumed that the current amplitudes were the same in all 
the directors. To date, there exists no rigorous theo- 
retical solution of the Yagi problem. The experimental 
results that have been published are always restricted 
to special cases, with no attempt made to find a con- 
nection between them. 

The goal of our investigation was to establish a gen- 
eral design method for Yagi antennas with optimum 
gain. The investigation was restricted to a consideration 
of Yagis with a single reflector and directors of equal 
height, spacing, and diameter. Our design criteria were 
based on achieving forward gain without respect to the 
front-to-back ratio and the sidelobe level. 
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All gain figures are given in terms of power gain above 
a reference dipole (the feeder) and they thus include the 
effect of ohmic losses. The symbols used are (see Fig. 2): 


hy=height of feeder above ground plane 
2or=diameter of feeder 
hr=height of reflector above ground plane 
2or=diameter of reflector 
Sp =spacing between reflector and feeder 
hp =height of directors above ground plane 
2pp =diameter of directors 
Sp =spacing of directors 
L=length of the array (measured from feeder to 
last director) 
n=number of directors 
\=wavelength 
Vz = phase velocity along the antenna 
c=phase velocity in free space 
g=power gain over dipole 
2max = Maximum power gain of Yagi antenna. 
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Fig. 1—(a) Conventional Yagi; (b) Yagi consisting of mono- 
poles imaged in a ground plane. 
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Fig. 2—Yagi parameter symbols, 


TREATMENT OF THE PROBLEM 


Our basic approach was to consider the Yagi an- 
tenna as consisting of two parts: the combination feeder- 
reflector and the row of director elements. Experi- 
mental evidence in support of this approach will be 
presented. 

We started by adjusting the combination feeder-re- 
flector for maximum gain in the forward direction, and 
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noted that this adjustment remained optimum (within 
experimental error) even when the row of directors was 
added. This result has also been established by the 
Tinkertoy Antenna Group [8]. It was possible to retain 
the same adjustment of the feeder-reflector combination 
in successive experiments involving different rows of 
directors. 

If we consider the wave traveling along the array as a 
surface wave propagating with a certain phase velocity 
—an approach first adopted by Stanford Research In- 
stitute [9]—we can show that the maximum gain of a 
Yagi antenna of given length L occurs at a definite 
value of the phase velocity vz. This value is a function of 
element spacing sp, element height hp, and element 
radius pp, and a criterion has thus been found for the 
optimum combination of these parameters. 

The separate effects of the two parts of a Yagi an- 
tenna are shown in Figs. 3 and 4. These figures are 
phase and amplitude plots of the nearfield of a Yagi 6A 
long and are adjusted for maximum gain. The patterns 
were obtained with the automatic plotter built at the 
Air Force Cambridge Research Center [10]. In Fig. 3 
the reflector has been removed; in Fig. 4 the field of the 
entire Yagi is plotted. We note that the phase lines 
lying perpendicular to the row of directors are undis- 
turbed by the addition of the reflector, thus proving that 
one and the same surface wave is generated. The shift 
in corresponding amplitude lines A, B, C, D (plotted at 
5-db intervals) show that in the vicinity of the feeder, 
the pattern is omnidirectional in the absence of the re- 
flector, and directive when the reflector has been added. 


EXPERIMENTAL ARRANGEMENT 


Because it was necessary to have a setup in which the 
different parameters of the Yagi could easily be changed, 
it was decided to conduct the experiments above a 
ground plane. Another obvious advantage of using a 
ground plane was that the feeder element could be ex- 
cited from below, leaving the antenna unobstructed. 
The individual radiators were brass rods, and their 
height was varied by press-fitting the rods in a set of 
holes drilled in the ground plane. Mechanical support of 
the elements was furnished by the ground plane. The 
spacing between elements could easily be changed in 
multiples of the smallest separation. 

To measure the pattern and gain in the farfield of the 
antenna, the ground plane had to be extended far out. 
We decided to work at X band (3.3 cm) so that the di- 
mensions could be kept within reasonable limits. It was 
sufficient to let the ground plane extend to the far zone 
of the antenna in one direction only. We chose a width 
of 6 feet and a length of 12 feet (110 wavelengths). 

The rods were set in holes drilled in a circular plate 
which was recessed and free to rotate in the ground 
plane. To plot the radiation pattern of the Yagi, it was 
only necessary to rotate this circular plate while the re- 
ceiving antenna was held fixed. The following appear in 
Fig. 5, which shows the diagram of the experimental 
setup used in all measurements. 
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Fig. 3—Nearfield amplitude and phase plot of Yagi antenna without reflector. 


the audio oscillator (1000 cps) used with MOD. 
the frequency-stabilized source operating at 
9084 Mcps. 

the ferrite-type modulator for amplitude mod- 
ulation of the signal source. 

the attenuator that. measures the antenna 
gain. [The power input to the antenna was at- 
tenuated until the field strength in the far- 
field was the same as obtained from the refer- 
ence monopole (the feeder). ] 

the standing-wave indicator. 

the impedance transformer. 

the mode transducer from waveguide to co- 
axial line. 

the receiving antenna in the farfield. (The de- 
tector monitors the signal strength.) 


Fig. 5 also shows the method used for measuring the 
phase velocity along the row of directors. A probe was 


Fig. 5—Block diagram of experimental setup. 
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carried along a line parallel to the array, at a small dis- 
tance from the tip of the brass rods. The phase velocity 
was then determined by measuring the distance be- 
tween minima. The standing wave along the array was 
enhanced by placing a metal reflector plate at the end 
of the Yagi. 

The results of the measurements are described in the 
following section. All experiments were conducted in a 
reflectionless room, the ground plane also surrounded 
with absorbing material to reduce reflections to a mini- 
mum. All mechanical parts were machined to a toler- 
ance of less than 0.001 inch. Measurements taken on 
different days could be repeated with a relative error of 
no more than +0.1 db. 


EXPERIMENTS ON THE PROPERTIES 
OF YAGI ANTENNAS 


Optimum Adjustment of the Combination Feeder-Reflector 


To obtain optimum design criteria for reflector height 
and spacing, the power in the farfield of the combination 
feeder-reflector was measured as a function of reflector 
height and spacing. The height of the feeder, adjusted 
for resonance, and the input power were kept constant. 

Fig. 6 shows the result of these measurements for re- 
flector spacings between 0.083 X and 0.313 X, with 
pr/A\=0.024. The maxima of these curves, plotted as.a 
function of reflector spacing (see Fig. 7), show that the 
adjustment of the combination feeder-reflector for maxi- 
mum gain is not too critical, although there is an opti- 
mum value for the spacing 0.250 . With this spacing, 
and with a reflector height of 0.226 X, the gain of the 
combination feeder-reflector is 3.85 db above the feeder 
alone. 
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Fig. 6—Gain of feeder-reflector combination as a function of 
reflector height for various reflector spacings. 
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Fig. 7—Maximum gain of feeder-reflector combination as a 
function of reflector spacing. 


Optimum Adjustment of the Directors 


Just as in the feeder-reflector case, it is possible to’ 
determine the maximum gain as a function of the direc- 
tor parameters but more difficult to obtain a general 
picture since at least four parameters are involved 
(sp, hp, pp and L). In displaying our experimental re- 
sults we are restricting ourselves to the more interesting 
examples, bearing in mind that we are chieflyinterested 
in showing the effect of the parameters on one charac- 
teristic, the phase velocity along the row of directors. 

In Fig. 8 gain was plotted against director height for 
several different spacings, for two different spacings, 
and for two different lengths (L=1.2 \ and L=6.0 A). 
The radius pp was held constant throughout. The maxi- 
mum obtained from these curves was plotted against 
director spacing in Fig. 9. We note that up to spacings 
of 0.3 A, the maximum gain is independent of spacing 
and, thus, depends only on the array length and on pp. 
We are omitting experimental data indicating the fur- 
ther conclusion that within certain limits the maximum 


Fig. 8—Gain of Yagi array as a function of director height 
and spacing for array length. 
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Fig. 9—Maximum gain of Yagi array asa function of 
director spacing. 
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gain is also independent of pp, at least up to values of 
pp/A= 0.024. 

We noticed that the slight drop in gain for spacings 
larger than 0.3 \ could be compensated for by inserting 
an additional director spaced 0.1 \ from the feeder. This 
director increased the coupling between the feeder and 
the row of directors. From curves such as those of F ig. 9, 
but for a sequence of different lengths L, we plotted the 
solid curve in Fig. 10, showing maximum gain as a func- 
tion of array length. The broken curve in Fig. 10, show- 
ing the relation between maximum gain and L for im- 
proved endfire arrays, was taken from Hansen and 
Woodyard [11]. The difference between the two curves 
in discussed in the following section. 

From the relationship between maximum gain and 
array length, Hansen and Woodyard deduced the value 
of the phase velocity traveling along the array and dis- 
covered that it was slower than the freespace-propaga- 
tion velocity by an amount that decreased with in- 
creasing length of the array. Since the Yagi antenna 
differs from an improved endfire array of the Hansen 
and Woodyard type in its amplitude distribution, we 
did not know whether we would be able to measure a 
unique phase velocity. Our experimental results show 
that such a phase velocity does exist and that it is con- 
stant along the row of directors, with small perturba- 
tions in the vicinity of each element. Fig. 11 gives the 
phase velocity, under conditions of maximum gain, as a 
function of the array length L. Since this phase velocity 
depends on the parameters sp, hp, and pp, it is easier to 
consider maximum gain as a function of phase velocity 
than as a function of three individual parameters. Once 
we know how the phase velocity depends on Sp, hp, and 
pp, we can design Yagi antennas by focusing attention 
on the single parameter instead of on the three constit- 
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Fig. 10—Maximum gain of Yagi array as a function of 
array length. 
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uent parameters. The method by which the optimum 
phase velocity is obtained is quite unimportant since 
infinitely many combinations of director spacing, height, 
and diameter yield the same phase velocity. Fig. 12 
shows the measured phase velocity as a function of di- 
rector height, with the spacing as parameter and the 
diameter held constant. The measurement of phase ve- 
locity for short Yagis being difficult, it is advisable to 
proceed by first determining the director height for 
maximum gain, and then taking the phase velocity from 
the values plotted in Fig. 12. 

We have already remarked that different array 
lengths require different phase velocities for optimum 
gain. It is possible to show the dependence of phase 
velocity, array length, and maximum gain upon director 
height, with director spacing and diameter as parame- 
ters. We can limit ourselves to spacings of 0.100 X, 
0.200 A, 0.300 A and 0.400 A, and draw four charts that 
give all the information required for designing a Yagi 
antenna. Interpolation takes care of intermediate val- 
ues of spacing. Fig. 13 contains two such charts, for 
Sp =0.200 Xd and sp =0.400 X. 
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Fig. 13—Gain, phase velocity and array length of an optimized 
Yagi array as a function of director height. 
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COMPARISON WITH THE HANSEN- 
WoopyARD CONDITION 


The introduction of phase velocity as the criterion for 
the design of a maximum-gain Yagi antenna invites a 
comparison with the Hansen-Woodyard condition. In 
Fig. 11 we have already shown the experimental dis- 
crepancy between our case and theirs. In their case, 
Hansen and Woodyard [11] assumed that the current 
distribution along the array is constant, that the ele- 
ment spacing is infinitesimal, and that the array is long 
compared with the wavelength. In the case of the Yagi 
antenna, their first assumption is clearly not applicable, 
as can be seen from our Fig. 14, which gives the current 
distribution measured along a Yagi array of length 3X, 
adjusted for maximum gain. 

Let us consider the field strength in the farfield as a 
superposition of the field strengths produced by the in- 
dividual array elements. The vector diagrams of an end- 
fire array whose current distribution is constant along 
the array and of a Yagi antenna whose current distribu- 
tion varies as shown in Fig. 14 are, respectively, shown 
in Figs. 15 and 16 for the endfire direction. In both 
figures the array length is taken as 3. With an element 
spacing of 0.3 \, there are consequently eleven elements 
in each array. 

To fulfill the condition for maximum gain in the 
Hansen-Woodyard case (see Fig. 15), we need to adjust 
the director height such that the resulting phase ve- 
locity is given by 
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This implies that the phase delay from element to ele- 
ment has aconstant value of 16.8°. The vector diagram 
of this array is nearly a semicircle, the total phase delay 
being close to 180°. 

The vector diagram in Fig. 16 is for a Yagi with the 
same phase delay of 16.8° but with the current ampli- 
tudes obtained from the measured curve in Fig. 14. We 
note that the vector sum of the eleven elements is 
smaller than the maximum obtainable from this array. 
The vector reaches its maximum length at a point along 
the curve that corresponds to a total phase delay con- 
siderably smaller than the value given by Hansen- 
Woodyard. This phase delay, which totals 118°, is 
reached after the contributions of only eight elements 
have been added. If we wish to obtain the maximum 
length of the total field vector after eleven elements, we 
would have to impose a smaller phase delay from one 
element to the next. Fig. 17, a vector diagram for such 
an eleven-element Yagi, shows the difference between 
this case and the ordinary constant amplitude case of 
Fig. 15. From Figs. 16 and 17 it follows that to obtain 
maximum gain on this Yagi array the phase velocity 
must be adjusted to a value of 0.902 times the freespace 
velocity. The experimental value obtained from Fig. 11 
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Fig. 14—Current distribution in optimized Yagi array of length 3). 


Fig. 15—Vector diagram of field strength in the endfire direction 
of an array having a constant current distribution. 


Fig. 16—Vector diagram of field strength in the endfire direction 
e a ee array whose current distribution varies as shown in 
ig. 14. 


Fig. 17—Vector diagram of field strength in the endfire direction 
of a Yagi array whose current distribution varies as shown in 
Fig. 14, with the array adjusted so that the endfire field 
strength is maximized. 
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is 0.905 times the freespace velocity, and thus within 
three per cent of the value given by the graphical 
_ method. 

The assumption made by Fishenden and Wiblin [5] 
that the vector diagram of a Yagi should be nearly a 
semicircle is manifestly incorrect because the current 
distribution along the array is not, as they supposed, 
constant. For the same reason, Reid’s theoretical results 
[4] are not applicable either. 

To avoid confusion, it should be pointed out that the 
graphical representation of the farfield intensity enables 
us to locate the vector position for maximum gain within 
a given diagram but does not allow comparison between 
resultant vector magnitudes of different diagrams since 
the scale vector of each diagram is left undetermined. 


DerEsiGN METHOD FOR YAGI ANTENNAS 


The optimum design procedure for a Yagi antenna 
depends on the conditions that must be met. In the 
most usual situation, the requirement is either for a 
Yagi with a certain gain in the forward direction or fora 
Yagi of fixed length and maximum gain. 

Let us assume that we wish to design a Yagi over a 
ground plane such as the fuselage of an airplane. Fig. 13 
gives all the information we need. We find in this figure 
the maximum gain that can be obtained, and also the 
height of the director elements that must be chosen for 
a specified spacing. If the element diameter differs from 
those assumed in Fig. 13, then additional curves must be 
plotted in, obtained either by interpolation or through 
experiment. 

If the director elements have some shape other than 
cylindric or if the Yagi is of the conventional type, with 
a row of dipoles supported on a boom rather than a row 
of monopoles over a ground plane, then the design pro- 
cedure is as follows. We again refer to Fig. 13 but ignore 
the curves and fix attention only on the relation between 
maximum gain, array length, and phase velocity as read 
directly from the three scales along the ordinate. Given 
the gain or given the fixed length of the array, we im- 
mediately determine the phase velocity that is required. 
We must now perform the experimental work of adjust- 
ing the director cross section, spacing, and height, so as 
to obtain the required phase velocity. Mechanical con- 
siderations will usually fix one or two of these parame- 
ters and so no more than one or two series of data need 
be taken. (Note that our design method for maximum 
gain requires no farfield measurements.) It is not nec- 
essary to test the phase velocity on the full length array; 
if the array is at least 3 long, the phase velocity will 
remain unchanged as further elements are added. 

As already mentioned, we can choose any spacing less 
than 0.5 d and still obtain the maximum gain. If, for 
example, we are designing a Yagi in the microwave re- 
gion, we might decide to insert rods at fixed distances 
along a metal strip. For mechanical stability we would 
choose very close spacing. If, on the other hand, we are 
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YAGI ANTENNA FOR GM WAVES 
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Fig. 18—Yagi array for very high frequencies. 
YAGI ANTENNA FOR RADIO FREQUENCIES 
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Fig. 19—Yagi array for low frequencies. 


designing a Yagi for lower frequencies—for example, to 
launch a ground wave—then the number of elements 
would have to be as small as possible to conserve ma- 
terial costs, and a suitable spacing would be between 
0.40 A and 0.50 X. Figs. 18 and 19 show these two exam- 
ples of Yagi antennas. The first director in Fig. 19 is an 
element that increases the coupling between the feeder 
and the rest of the directors, as described previously. 


CONCLUSION 


We have shown in this report that the phase velocity 
of the surface wave traveling along the row of directors 
in a Yagi antenna can be used as the design criterion for 
maximum gain. 

We have also shown that the Hansen-Woodyard con- 
dition is inapplicable to the Yagi antenna because the 
amplitude distribution is not constant along the array. 
Figs. 10 and 11 give the values of the maximum obtain- 
able gain and the corresponding optimum phase velocity 
on the Yagi antenna. 

To date, very long arrays of the Yagi type have been 
successfully designed only by J. C. Simon [12], who uses 
periodic variations in the spacing and height of ele- 
ments. This procedure has not yet been explained theo- 
retically, and no optimum design procedures are avail- 
able. It is clear, however, that the explanation will 
again have to come from a consideration of the spectrum 
of surface waves propagating along the array. 
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A Dipole Antenna Coupled Electromagnetically 
to a Two-Wire Transmission Line* 
S. R. SESHADRIf anv K. TIZUKAt 


Summary—tThe properties of a dipole antenna coupled electro- 
magnetically to a two-wire transmission line are studied experi- 
mentally. It is found that the coupling of the antenna to the trans- 
mission line can be maximized by a proper choice of 1) the angular 
position of the antenna with respect to the transmission line, 2) the 
length of the antenna, and 3) the separation of the antenna from the 
transmission line. The effect of the spacing between the wires of the 
transmission line on the optimum parameters is investigated. It is 
found that the optimum angular position of the antenna is not notice- 
ably altered if, instead of a single antenna, an array of properly 
located antennas is used as the load. The advantage of an antenna 
array built on this coupling principle is discussed. 


INTRODUCTION 


OR some high-power VHF-UHF communications 
purposes, it is desirable to have a high-gain linear 
array whose elements are driven by voltages of 
proper amplitude and phase. This arrangement involves 
several transmission lines which cannot all be in the 
neutral planes of all the others. The unavoidable cou- 
pling between the lines and between the antennas and 
the lines makes the realization of a predetermined pat- 
tern difficult, if not impossible. Therefore, it is desirable 
to reduce the number of transmission lines. 
In the region of very short wavelengths, arrays con- 
sisting of several slots on a waveguide wall are in com- 
mon use. An analog of the slot array driven by a sin- 
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gle waveguide is an array of dipoles driven by a single 
transmission line. Such an arrangement was first pro- 
posed by Sletten.! It consists of several dipoles situated 
in a plane parallel to that of a two-wire transmission line 
with their centers adjacent to the positions of voltage 
maxima on the line. When the axis of the dipole is 
parallel to the direction of the line the antenna is not 
excited, since it is in the neutral plane. However, when 
the antenna is rotated, it is excited in an amount that 
depends, among other factors, on its angular position. 
Consequently, the several antennas of the array may be 
excited with currents that differ from one another. Note 
that the elements of this array can all be driven from a 
single two-wire line with currents of predetermined am- 
plitudes. As compared to the waveguide slot array, 
greater power can be obtained from this dipole array. 
Also, this array of dipoles coupled electromagnetically 
to a two-wire line has a desirable radiation pattern that 
is useful for communications purposes. 

In order to understand and design a practical array of 
dipoles, it is first necessary to know the properties of a 
single antenna coupled to a two-wire line. It is therefore 
the purpose of this research to investigate the circuit 
properties of a dipole antenna coupled electromagneti- 
cally to a two-wire transmission line. The field proper- 
ties are reserved for a later study. 


C, J. Sletten and G, R. Forbes, “A New Type of Antenna for 
VHF-UHF Communications,” Air Froce Cambridge Res. Center, 
ee Mass., Tech. Rept. ERD-CRRD-TM-56-103; January, 
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DESCRIPTION OF THE EXPERIMENTAL ARRANGEMENT 
AND THE MEASURING TECHNIQUE 


2 The experimental arrangement used in this investiga- 
tion and the technique of measurement are well known 
so that only a brief description is required. Details may 
be found in Seshadri and Iizuka.? 

The apparatus consists of a two-wire transmission line 
seven wavelengths long, made of brass wires 0.32 cm in 
diameter. The spacing b between the wires can be ad- 
justed to one of the following values: 6 = e266 221 0304 6 
and 4.11 cm. The transmission line is short-circuited at 
the load end. There is a tandem bridge at the generator 
end that may be moved to tune the line to sharp reso- 
nance. The line is excited in such a manner that in the 

absence of the load only “balanced currents” are pres- 

ent. However, in the presence of the load, “unbalanced 

_ currents”® are also excited since the load is unsymmetri- 
cal with respect to the two wires. 

A schematic diagram of the transmission line with its 

exciting, monitoring, and detecting systems is shown in 

Fig. 1. The input circuit is arranged to excite the line in 


TANDEM 
BRIDGE 


COUPLING 
UNIT 


DIPOLE sort 
ANT. HOR 


IN 
|_| STRETCHER 


FREQUENCY 
MONITOR 


X'TAL 
DETECTOR 
AUDIO AMP. 


BALLANTINE 
METER 


POWER AUDIO 
MONITOR liocous) 


Fig. 1. 


the balanced mode in the absence of the load. The de- 
tector circuit measures the balanced component of the 
current on the line. 

An electromagnetically-coupled dipole antenna serves 
as the load. It is possible to adjust its angular position 0 
with respect to the transmission line (see Fig. 2) and to 
align its center to lie midway between the two wires. 
The distance d between the antenna and the plane of the 
transmission line can be adjusted to any desired value. 
The length 2h of the antenna may be varied from 
2h=16 cm to 2h=24 cm. At the frequency at which this 
experiment was performed, 2h=20 corresponds exactly 
to a half wavelength. 
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The principal measurements were the determination 
of the standing-wave ratio on the transmission line for 
various antenna configurations. In order to get results 
which could be compared, it was found necessary to take 
a whole series of measurements in one run. In cases 
where the equivalent impedance was desired, the posi- 
tion of the voltage minimum had to be measured. Since 
its position was sharp in most cases, its position could 
be located with accuracy. The entire system was first 
calibrated and all meter readings corrected. 


COUPLING AS A FUNCTION OF ANGLE OF ROTATION 


The distribution of voltage along the transmission line 
is first measured and the antenna is placed so that its 
center corresponds to the position of voltage maximum. 
The antenna is then adjusted to lie midway between 
the two wires, and, to begin with, is aligned parallel to 
them. Since it is in the neutral plane, the pattern of the 
standing waves on the line is not disturbed. If the an- 
tenna is rotated about a vertical axis, however, it is 
excited and radiates. In order to investigate the de- 
pendence of the coupling of the antenna on the angle of 
rotation, a suitable parameter capable of describing this 
coupling is required. 

When the antenna is in a position in which it couples 
appreciable power from the transmission line, it is asym- 
metrical with respect to the two parallel wires. Un- 
balanced currents are, therefore, reflected back by the 
load on the line. Naturally, the question of a parameter 
suitable for describing the coupling of the antenna to the 
transmission line arises. Roughly speaking, the load can 
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be treated in two parts of which the first reflects only 
balanced currents and may be referred to as the sym- 
metrical part of the load. It may be represented by an 
equivalent impedance shunting the transmission line at 
a convenient reference point, for example, the position 
on the transmission line just beneath the center of the 
antenna. This equivalent impedance can easily be ascer- 
tained by making the usual standing-wave measure- 
ments on the line. The relative position of a voltage 
minimum and the magnitude of the standing-wave ratio 
completely determine this impedance. However, the 
magnitude of the inverse of the standing-wave ratio is a 
more suitable parameter characterizing the symmetrical 
part of the load. For this part of the load, the only rele- 
vant currents on the transmission line are balanced 
currents. Since the radiation from such a transmission 
line is small, the difference between the incident and the 
reflected power may be attributed to the radiation from 
the antenna. It can easily be shown that (P;—P,)/P; 
=4s/(1-+s)?, where P; is the incident power, P, is the 
reflected power, and s is the inverse of the standing- 
wave ratio on the line. Therefore, the difference between 
the incident and the reflected power increases with the 
inverse of the standing-wave ratio. Hence the inverse of 
the standing-wave ratio can be taken as an adequate 
measure of the power of that part of the antenna radia- 
tion which gives rise to the symmetrical part of the load. 

The second part of the load, which is responsible for 
the unbalance component of the currents on the two 
wires of the line, may be referred to as the asymmetrical 
part. A measure of this part of the load is the unbalanced 
component of the current on the transmission line. 
When codirectional currents exist on the two-wire line, 
the radiation from it is comparable in magnitude to that 
from the antenna. Hence, for this part the entire trans- 
mission line together with the antenna constitutes the 
radiating system. This radiation disturbs the field pat- 
tern that would otherwise be obtained. Fortunately, it 
is found that the relative magnitude of the unbalanced 
component of the currents on the lines is small. It is 
therefore reasonable to conclude that the symmetrical 
part of the load predominates over the asymmetrical 
part and to assume that the radiation from the two-wire 
line is small compared to that from the antenna. In a 
practical antenna system an array of dipoles is located 
at points corresponding to the positions of successive 
voltage maxima. For example, in an array of two an- 
tennas, one antenna is rotated clockwise away from the 
direction of the transmission line while the other is 
rotated counterclockwise through the same angle. It is 
seen that in such an array the unbalanced component of 
the currents on the line is still further reduced. In effect, 
the asymmetrical parts of the loads due to the antennas 
tend to cancel whereas the symmetrical parts add. Thus 
it is evident that the symmetrical part of the load plays 
a more important role, Consequently in the investiga- 
tion of the variation of coupling with the angle of rota- 
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tion, the length of the antenna and the separation dis- 
tance between the antenna and the transmission line, 
the inverse of the standing-wave ratio may be used as a 
parameter to describe the effectiveness of coupling. 

In order to determine the dependence of the coupling 
on the angular position of the antenna, an experiment 


was performed on a dipole antenna of length 24=20 cm 


at a distance d=0.4 cm. Fig. 3 shows the measured vari- 
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ation of the standing-wave ratio as a function of the 
angle of rotation 0. This graph shows a marked peak at 
a particular angle 6,,. This angle is referred to as the op- 
timum angle since for a given antenna length 2h, and 
separation d, it gives the angle at which maximum 
power is radiated from the antenna. Within the limits 
of experimental error, the graphs are symmetrical about 
6=0 since in the absence of the load the transmission 
line is excited in the balanced mode. The symmetry of 
the graphs about @=0 actually serves as a check on 1) 
the balanced excitation of the line in the absence of the 
load, and 2) the exact placement of the antenna above 
the center of the two-wire lines. 

A second peak is also shown in Fig. 3. It appears well 
defined for some values of 2 and occurs at an angle 
smaller than the optimum that corresponds approxi- 
mately to the position in which the ends of the antenna 
are just above the two wires. It is therefore conjectured 
that these subsidiary peaks may be due to voltages in- 
duced near the ends of the antenna by the charges on 
the transmission line. 
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The normalized equivalent impedance that loads the 
transmission line at a reference position corresponding 
to the center of the antenna is shown in Fig. 4. It is to 
be noted that the technique used is not very accurate for 
high standing-wave ratios. Hence the points on the 
Smith chart (see Fig. 4) which correspond to large 
standing-wave ratios are not as accurate as those which 
correspond to smaller values of the standing-wave ratio. 
The purpose of the experiment was to find the angular 
position corresponding to maximum loading which oc- 
curs at small values of the standing-wave ratio. Hence 
the lack of accuracy in the measurement of high stand- 
ing-wave ratios does not limit the accuracy or the scope 
of the experiment. When the antenna is parallel to the 
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transmission line, it is not excited and the correspond- 
ing load impedance should be that for an open circuit; 
but the experiment shows a departure from this ex- 
pected value. This is a consequence of the lack of ac- 
curacy of the experiment in high values of standing- 
wave ratio. All of the impedance plots show this kind 
of departure from the expected form, and they must be 
similarly interpreted. 

It is seen from the impedance graph (see Fig. 4) that 
the reactance varies rapidly in about the first ten de- 
grees of rotation, whereas the resistance in this range 
remains almost unaltered and large, indicating very lit- 
tle radiation of power from the antenna. The coupling 
of power from the transmission line to the antenna oc- 
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curs at greater angles; it increases with the angle of ro- 
tation. At an angle which corresponds to the point on 
the curve closest to the center of the chart, the coupling 
becomes a maximum. If the antenna is rotated further, 
the coupling becomes smaller until it finally becomes 
negligible. 

It is pertinent to note that the reactive part of the 
equivalent load impedance has both inductive and ca- 
pacitive values in the entire range of its angular posi- 
tion. This property seems to depend on the length of the 
antenna, as will be seen later when the impedance 
graphs for antennas of different lengths are considered. 


EFFECT oF LENGTH OF ANTENNA 


The loading effect of the dipole antenna depends on 
its length. In order to study the nature of this depend- 
ence, the standing-wave ratio and the position of the 
voltage minimum were measured for antenna lengths 
varying between 2h=24 cm and 24=16 cm as a func- 
tion of the angle of rotation of the antenna. For anten- 
nas of lengths 16 cm and 17 cm, the loading effect was 
small and no pronounced maximum was noticed for any 
angle of rotation. The plots of the inverse of the stand- 
ing-wave ratio on the two-wire line as a function of the 
angle of rotation are shown for the antennas of lengths 
varying from 2h=24 cm to 2h=18 cm in Fig. 3, along 
with that for the antenna of length 24=20 cm. A study 
of these graphs reveals the following interesting features. 
As the length of the antenna is decreased from 24 cm to 
21 cm, the maximum value of the inverse of the stand- 
ing-wave ratio is seen to increase steadily. If the length 
of the antenna is still further decreased from 21 cm to 
18 cm, the maximum value of the inverse of the stand- 
ing-wave ratio, instead of continuing to increase, shows 
a steady decrease. It was pointed out that the inverse 
of the standing-wave ratio on the line is a measure of the 
coupling of the antenna to the transmission line. Hence, 
it is reasonable to state that there exists a particular 
length of the antenna for which optimum coupling oc- 
curs. Furthermore, it is to be noticed that the subsidiary 
peak which is clearly visible for antennas of lengths 23 
cm, 24cm, 19 cm, and 18 cm is not detectable for anten- 
nas of lengths closer to a half wavelength. 

The equivalent loading impedance of antennas of 
lengths 2h=23 cm, 22 cm, 21 cm, and 19 cm is plotted 
in Fig. 4 together with that for the antenna of length 
2h=20 cm. For antennas longer than 20 cm (half a 
wavelength) the impedance is largely inductive, where- 
as it is capacitive for antennas shorter than half a wave- 
length. It is perhaps interesting to note in this connec- 
tion that the input impedance of a dipole antenna shows 
a similar variation with respect to its length; namely, 
for lengths greater than approximately a half wave- 
length it is inductive and for shorter lengths it is 
capacitive. 

An examination of the Smith charts on which the 
equivalent impedances are plotted shows that there is a 
systematic variation with the length of the antenna of 
the angular position at which the impedance curves ap- 
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proach closest to the center of the charts. The angular 
position of the antenna for which the curve is closest to 


the center of the chart corresponds to the maximum of 
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the inverse of the standing-wave ratio on the line. This — 


optimum angle @,, is seen to decrease continuously as the 


length of the antenna is increased. Fig. 5 shows this de- . 


pendence of the optimum angle on the length of the an- 
tenna, not only for the distance d=0.4 cm between the 
antenna and the line, but also for four other distances; 
d=0.5, 0.6, 0.75, and 1.0 cm. For all these distances the 
same behavior between the optimum angle and the 
length of the antenna is observed. 

A closer study of the Smith charts (see Fig. 4) reveals 
that the magnitude of the inverse of the standing-wave 
ratio (VSWR), corresponding to the optimum angle 
has a maximum value for a particular length of the an- 
tenna. For a distance d=0.4 cm the maximum occurs 
for an antenna lenggh 2h=21 cm. A similar variation 
of (VSWR),,~! with the length of the antenna occurs for 
other distances d between the antenna and the trans- 
mission line, with one noticeable difference. For larger 
values of d (see Fig. 6) the variation of (VSWR),,—! with 
the length of the antenna shows sharper peaks; also as 
d increases, the peaks occur for antennas of shorter and 
shorter lengths. However, the magnitude of these peaks 
is approximately the same. 


DEPENDENCE ON SEPARATION DISTANCE 
BETWEEN ANTENNA AND TRANS- 
MISSION LINE 


It is possible to visualize the antenna as a simple 
matching device. If the antenna is adjusted so that the 
equivalent load is very nearly equal to the characteristic 
impedance of the transmission line, then maximum 
power is coupled to the antenna. It is then possible to 
anticipate that the coupling to the antenna need not 
necessarily be a maximum when it is closest to the two- 
wire line. This anticipation is borne out by experiment 
(see Fig. 7). For lengths of antennas varying from 24 to 
19 cm, the variation of (VSWR),.—! with the distance d 
is shown graphically in Fig. 7 for the transmission line 
spacing b=1.26 cm. The coupling is seen to diminish 
continuously with an increase in the distance d for an- 
tennas of length 21cm and greater. But for 20- and 20.5- 
cm antennas, the coupling becomes a maximum for a 
separation nearly two to three times the diameter of 
the wire. The optimum separation depends critically on 
the length of the antenna. For the 21-cm antenna a sepa- 
ration that is equal to the diameter of the wire appears 
most favorable. But if the length of the antenna is de- 
creased by just 1 cm, that is, 1/40 of a wavelength, the 
optimum separation becomes approximately equal to 
three times the wire diameter, or nearly the distance be- 
tween the wires of the transmission line. 

It is also to be noted (see Fig. 8) that the optimum 
angle 8, varies with the separation d in a systematic 
manner. For all antenna lengths, the optimum angle 6,, 
decreases continuously as the separation is increased; 
the decrease of 0,, with d is less rapid for long than for 
short antennas (see Fig. 8), 
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MEASUREMENT ON ARRAYS OF DIPOLE ANTENNAS 


In practical applications a single antenna is not use- 
ful; only arrays consisting of 20 to 40 elements give the 
desired sharpness to the radiated beam. In an array, the 
antennas are placed at successive voltage maxima and 
the adjacent antennas are placed in opposite angular 
positions with respect to each other. This configuration 
serves two purposes: first, the unbalanced currents on 
the transmission line are minimized, and, second, a prop- 
erly polarized beam is obtained. ‘ 

The knowledge of the optimum parameters related 
to a single antenna is useful in designing an array only 
if the values of these parameters, in particular, the op- 
timum angular position of the antenna, are not greatly 
altered for an array. An experiment was performed on 
arrays consisting of one to four elements for a fixed 
separation d and a line spacing 0. The results are shown 
in Fig. 9. It is seen that the optimum value of the angle 
remains practically the same for all four cases. It may, 
therefore, be concluded that the coupling between the 
antennas themselves is small enough not to affect the 
optimum parameters for coupling of each antenna to the 
line. Consequently, the values of the optimum angle 
for single antennas may be used for each element of an 
array for obtaining maximum coupling effect. 

With reference to the design of an array, it is appro- 
priate to make the following comments. Consider a sys- 
tem consisting of several antennas properly located at 
successive voltage maxima on a two-wire transmission 
line which is excited at one end. If the element closest to 
the generator is adjusted to extract maximum power 
from the line, the other elements of the array draw very 
small amounts of power. It is therefore necessary to 
vary the coupling parameters along the array and to 
keep the coupling of each antenna considerably below 
its maximum value in order that all the elements in the 
array may be excited equally. However, it is desirable 
to keep the angular positions the same for all the anten- 
nas except that the adjacent antennas are rotated in 
opposite directions with respect to each other. This ap- 
pears necessary for obtaining the proper radiation pat- 
tern, The separation d is the parameter to be changed 
to vary the coupling of the antennas to the line individ- 
ually. In order to minimize the side-lobe level it is per- 
haps desirable to taper the excitations towards the end 
elements; this is not difficult to arrange. It may even be 
advantageous to excite the line from the center or from 
both sides, for then the arrangement of the antennas is 
symmetrical with respect to the center of the array. For 
the purpose of minimizing the unbalanced currents on 
the transmission line, it is better to have only even 
numbers of elements in an array. 


DEPENDENCE OF OPTIMUM PARAMETERS ON THE 
TRANSMISSION LINE SPACING 


The spacing b between the transmission lines was kept 
small (approximately 1/30 of the wavelength) in order 
that the radiation from the lines would be negligible 
compared to that from the antenna. In certain cases it 
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is necessary to increase the line spacing even at the risk 
of increasing the radiation from the line. When large 
amounts of power are to be transmitted from the an- 
tenna, a large potential difference must be maintained 
between the two wires of the transmission line. In order 
to avoid dielectric breakdown, it may become necessary 
to increase the line spacing. Therefore it is desirable to 
determine the dependence of the optimum parameters 
on the transmission-line spacing. 

For the spacing b=2.21 cm the respective values of 
(VSWR) m7 and 6, are plotted (see Figs. 10 and 11) 
against the separation d, for different antenna lengths. 
These curves exhibit the same sort of behavior as those 
for the smaller line spacing b=1.26 cm. The optimum 
angle 0,, decreases with an increase in the separation d, 
and the extent of the decrease is greater for short than 
for long antennas. The variation of (VSWR)»—! with 
d (see Fig. 11) for the spacing 6=2.21 cm is very similar 
to that for the smaller spacing b=1.26 cm, except that 
this similarity is exhibited for a shorter antenna. 

The variations of (VSWR),,—! and 6, with the length 
of the antenna are plotted in Figs. 12 and 13, respec- 
tively, for various line spacings. It is seen that the maxi- 
mum value of (VSWR),—! occurs for smaller and smaller 
antenna lengths as the line spacing is increased. It is also 
to be noted (see Fig. 13) that the optimum angle 0,, 
shows a steady decrease as the length of the antenna is 
increased for a particular separation (d=0.75 cm) and 
for all line spacings. 

It is interesting to notice that even as the increase of 
the line spacing has to be accompanied by a decrease 
of the length of the antenna in order to have the value of 
(VSWR),,-! maximum for a given separation between 
antenna and line, the increase of the line spacing also 
has to be accompanied by a decrease in the separation d 
(see Fig. 14) in order that (VSWR),,—! may be a maxi- 
mum for a given length of the antenna. Also, for a given 
antenna length, the optimum angle 6, decreases as the 
separation d is increased for all line spacings (see Fig. 15). 

Consequent to the above experimental results on the 
effect of line spacing, the following observation is use- 
ful. If the line spacing is increased to avoid dielectric 
breakdown, it is necessary to choose the length of the 
antenna properly in order to avoid the small separations 
of the antenna and the transmission line that are neces- 
sary to obtain the desired coupling to the antenna. 

The current at the center of the antenna was meas- 
ured with a shielded loop probe as a function of the 
angular position of the antenna with respect to the 
transmission line. It was found that at the angular posi- 
tion corresponding to which there was a maximum dis- 
sipative loading on the transmission line, the current in 
the antenna was a maximum. Also, the unbalanced cur- 
rents on the transmission line were measured and were 
found to be small in comparison with the balanced com- 
ponents. In addition it was observed that the relative 
magnitude of the unbalanced currents was smaller for 
an array with an even number than with an odd number 
of ‘antennas. 
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An Ionospheric Ray-Tracing Technique and Its Application 
to a Problem in Long-Distance Radio Propagation* 
D. B. MULDREW}t 


Summary—A method is given for the determination of the equa- 
tion of a ray path in a known ionosphere where there are no hori- 
zontal gradients. It can partially take into account the effects of the 
magnetic field of the earth. The method was applied to an oblique 
path between Ottawa and Slough (5300 km) to determine certain 
properties of the one-hop mode. From this it is shown that at times 
one hop direct ray propagation is possible over this path. 


INTRODUCTION 


METHOD for calculating the path of a radio ray 
in a given ionosphere was proposed by A. H. 
de Voogt in 1953.! In this, a curve of electron 
density, NV, versus distance from the center of the earth, 
r, is produced from a number of line segments of the form 


6 
ga e aaee eee (1) 
r r? 


where a, 0, and g are constants and k is such that RN 
is the plasma frequency. For each segment, two of the 
constants ensure the continuity of the curve and its first 
derivative at the junction of the previous segment. (For 
the first segment, NV and dN/dr are set equal to zero at 
the bottom of the ionosphere.) The remaining constant 
produces the desired distribution. The equations and 
numerical calculations become successively more com- 
‘plicated with each additional segment. Once the lengthy 
procedure of finding the equation of the segments. has 
been completed, the expression for the path in each seg- 
ment can be determined from its differential equation. 
De Voogt does not go through the complete procedure 
(because of its complexity), but indicates the steps re- 
quired to compute the ray path. 

In the following method, the electron density dis- 
tribution is approximated by straight line segments, 
which are fitted to the distribution by eye; it is a simple 
matter to determine their equations. It will be shown 
below that it is not necessary for the first derivatives of 
the electron density distribution curve to be continuous 
to ensure that the ray path and its first derivative are 
continuous. The complete equation for the ray path 
and for the total angle subtended by the ray path at the 
center of the earth will be given. 


METHOD FOR DETERMINING THE 
Ray-PatH EQUATION 


For a curved ionosphere with no horizontal gradient, 
it can be shown, using Snell’s law, that 


np sin a@ = SiN ao, (2) 


* Manuscript received by the PGAP, Feburary 2, 1959; revised 
ipt ived July 9, 1959. 
Bao} ctence Hed. aie Estab., Ottawa, Canada. _ 
1A, H. de Voogt, “The calculation of the path of a radio-ray 
in a given ionsphere,” Proc. IRE, vol. 41, pp. 1183-1186; September, 
1953. 


where is the index of refraction at a distance r from the 
center of the earth and at a point where the ray path 
makes an angle a with a straight line through the center 
of the earth (see Figs. 1 and 3), p is the ratio of the dis- 
tance r to the radius of the earth, and a» is the value of 
a at the earth’s surface. 

An electron density distribution can be constructed 
from a vertical ionogram using Schmerling and Thomas’s 
method? which neglects the magnetic field, or using 
Schmerling’s method* which includes the effects of the 
magnetic field. The distribution may be represented ac- 
curately by fitting to it a number of straight line seg- 
ments. If WN is the electron density at p, a; and 6; are 
constants, and & is a constant such that ./2N is the 
plasma frequency, then these straight line segments may 
be approximated by 

a b; 


Nea pile pas 


4= 0, 1,2- +=; 3 
k k 8) 


since the curvature of (3) is very small for values of p ap- 
plicable to the ionosphere. 

The electron density, N, and hence the index of re- 
fraction, are continuous functions of p throughout the 
distribution. As can be seen from (2), this makes a a 
continuous function of p which ensures the continuity 
of the first derivative of the ray path, dp/d6, at all points. 
Thus, as mentioned above, the ray path and its first de- 
rivatives are continuous. 

Neglecting collision effects, the index of refraction in 
the ionosphere,‘ is given by 


kN 
ee ee ie ee ee 
Cif? }\ Grif 
Ute weyesaea ae <a ————— + C;?/? 
2(f? — RN) 4(f? — RN)? 
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e2 
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Hy 
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2E, R. Schmerling and J. O. Thomas, “The distribution of elec- 
trons in the undisturbed F2 layer of the ionosphere.” Phil. Trans. 
Roy. Soc. London, vol. 248, pp. 609-620; 1956. ‘ 

3 E, R. Schmerling. “An easily applied method for the reduction 
of h’f records to N-h profiles including the effects of the earth’s 
magnetic field.” J. Atmospheric and Terrest. Phys., vol. 12, pp. 8- 

; 1958. 
ee S. K. Mitra, “The Upper Atmosphere,” The Asiatic Society, 
Calcutta, India, pp. 187-216; 1952. 
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The frequency (cycles/sec) is f, ¢ is the electronic charge 
(esu), m is the electronic mass (gm), ¢ is the velocity of 
light in free space (cm/sec), Hr is the component of the 
magnetic field transverse to the direction of propagation 
(gauss), and H; is the component along the direction of 
propagation. Let x be defined such that 

kN 


n? = 1{——- (8) 
x 


If the magnetic field is neglected, then x is the square of 
the frequency. However, the effect of the magnetic field 
can be partially corrected for by choosing some “aver- 
age” value for the field in that region of the ionosphere 
traversed by the ray, and then using this to compute the 
two values of x corresponding to the “O” and the “X” 
modes. From (4), it is seen that only the magnitude and 
not the sign of the magnetic field components is im- 
portant in determining an average. At the higher fre- 
quencies of oblique propagation, the magnetic field has 
less effect on the refractive index than at the lower fre- 
quencies of vertical propagation, and so it is a reason- 
able approximation to include the magnetic field in con- 
structing the electron density distribution and to neg- 
lect it in (8) for oblique propagation. 
Using Fig. 1, it is seen that 


rao 
/r2de? + dr? ‘ 


sina = 


(9) 


where r and @ are polar coordinates with the origin at 
the center of the earth. 
Combining (2), (3), (8), and (9) gives 


dp 


b; a; ¥ 
p 1 |p Sp sin" ay 
ay a 


where 4 is a constant of integration. If p? is set equal to 
2, (10) becomes, upon integration, 


6 = 00+ sin ap , (10) 


20 
6 = 00+ (1/2) sin“! Sis 3 Bane (11) 


V(% + b;)? — 4a, sin? a 


Eq. (11) gives the variation of 6 with z in the ith seg- 
ment. The integration constant, 00, has a different value 
for each segment. Let the polar axis be chosen to inter- 
sect the earth at the transmitter. Between the earth and 
the bottom of the ionosphere 


G=%=b;=h=0 (12) 
and at the transmitter 
d= 0, z= 1, (13) 
so that below the ionosphere 
0 = — 1/2 sin“ [1 — 2 sin? ag]. - (14) 
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Simplifying this gives 
T 
th = ag =u 


a (15) 


and hence the variation of @ with z is this segment (the 
“zeroth” segment) is 


2 
8 = a — a at 72 sin! — — sin? xo. (16) 
Z ~~ 


Let the limits of the 7th segment defined by a; and 0; 
occur at z=z;_; and z=2; (see Fig. 2), and also let S;x 


RAY 


CENTER OF EARTH 


~ POLAR AXIS 


Fig. 1. 


BOTTOM OF 
ONOSPHERE 


EARTH'S CENTER 
Fig. 3. 
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represent the following: : 


2x 
x -+ bs — — sin? ao 
2k 


V/(x% + 6;)? — 4a,x sin? ao] 


For z in the jth segment, that is, for z in the range 


Sie = 


sin-! 


(17) 


Pa Sa fae 
the variation of @ can be determined by repeating the 


_ procedure used to obtain (16), for each segment. 


j—1 


wees 2S ine — Stas] 


_ t=0 


6=a 


2x 
“+ b; — — sin? ay 
z 


/ (x + b;)? — 4a;x sin? ay 


This is the equation of the ray path, @=6(z), from the 
transmitter to the top of the path. At the top of the path 
where 


+ (1/2) sin- (18) 


—=0 (19) 


the surd in (10) is zero. If the top of the path occurs in 
the jth segment, then z can be eliminated from the last 
term in (18). The last term becomes 7/4 radians after 


on ee 20 23 
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substitution. The total angle, y, subtended at the center 
of the earth by the ray is then 


j-1 
vy = 200+ >, [Sis — Ss41,s]- 


i=0 


(20) 


The next term in the series S;,; is an inverse sine of a 
number greater than unity. Thus to obtain y the series 
is continued until the first unreal term is obtained. If all 
the segments used to approximate the electron density 
distribution produced real terms, then either the ray 
penetrates the ionosphere or there is insufficient data to 
plot the complete ray. 


APPLICATION TO OTTAWA-SLOUGH PATH 


The above method was applied to the Ottawa-Slough 
oblique path to study the one hop mode. The oblique 
ionograms for 1640 GMT and 1700 GMT, October 27, 
1957 (see Figs. 4 and 5), were used. These times corre- 
spond to local times at the midpoint of the path of 
about 1400 LT and 1420 LT. These records were used 
since they appear to have a direct ray on the one hop 
mode. From the records, it cannot be determined by in- 
spection whether this is a true direct ray or a distortion 
of the Pedersen ray due to a stratification at high F layer 
heights. 

The ionospheric distribution used was constructed by 
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Fig eas, serie ionogram for 1700 GMT, received at Ottawa, Boe De 1, 1957. 


— a : =e a eae 5.5 25% 
5 456 610 14 
FREQ. (Me/s) 


Tt 
iy 20 26 26 29 Sc 


FREQ.(Mcvs) 


ig. 6—Vertical ionogram ies 1400 AST recorded at St. John’s, 
Fig. 6-—Vertica. vfoundiand, October 27, 1957. 
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Schmerling’s method (3), from the vertical ionogram 
shown in Fig. 6, recorded at St. John’s, Newfoundland 
at 1400 AST (1430 Local Time). The magnetic field at 
St. John’s is very similar to that at Washington, D. C., 
and since Schmerling had done the preliminary calcula- 
tions for Washington, these calculations were used to 
construct the electron distribution at St. John’s. The 
electron density distribution was divided by eye into 
three straight line segments as shown in Fig. 7. The 
constants a;, b; and z; were obtained from each segment, 
and using (8), Figs. 8 and 9 were constructed. In making 


axp? + bs = aiy1p? + ditt (21) 


at 2;, it was found that five or six significant figures were 
necessary for the constants. Fig. 8 shows the variation 
of the angle y, subtended at the earth’s center, with the 
angle of departure, a, for two fixed frequencies, and Fig. 
9 shows the variation of frequency with the angle of de- 
parture for the Ottawa-Slough path. It was possible to 


compute only a small portion of the Pedersen ray in 


Figs. 8 and 9 due to the disappearance of the vertical 
ionogram trace near the critical frequency. Fig. 9 shows 
that earth cutoff is to be expected close to the maxi- 
mum usable frequency in such a way that a small part 
of the direct ray is predicted. This is fairly conclusive 
evidence that the one hop modes shown in Figs. 4 and 5 
do contain direct rays. 


CONCLUSION 


The above ray-tracing technique may be applied to 
many problems in oblique propagation where the con- 
ventional methods of analysis would be inaccurate or 
uncertain. These methods involve either the assump- 
tions that the equivalence theorem holds or that the 
vertical electron density distribution has some par- 
ticular shape. The labor involved by this ray tracing 
technique is roughly proportional to the number of 
straight line segments used; consequently, good ac- 
curacy is relatively easy to obtain. This method seems 
well suited to the calculation of ray paths by a digital 
computer. 
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The Effect of Multipath Distortion on the Choice of Operating — 
Frequencies for High-Frequency Communication Circuits* 
D. K. BAILEY} 


Summary—Harmful multipath distortion on high-frequency fac- 
simile services and telegraphic services operating at high speeds 
occurs when the received signal is composed of two or more com- 
ponents arriving by different modes over the same great-circle path 
with comparable intensities, but having travel times which differ by 
an amount equal to an appreciable fraction of the duration of a signal 
element. The dependence of multipath distortion on the relationship 
of the operating frequency to the MUF is discussed and a new term, 
the multipath reduction factor (MRF), is introduced which permits 
calculation in terms of the MUF of the lowest frequency which can 
be used to provide a specified measure of protection against multi- 
path distortion. The MRF has a marked path-length dependence 
and is calculated as a function of path length for representative 
values of the other parameters involved by making use of an iono- 
spheric model. It is then shown how the MRF can be used in con- 
nection with world-wide MUF prediction material to determine the 
minimum number of frequencies which must be assigned to a high- 
frequency communication service of continuous availability operat- 
ing at high speed. Some comparisons with observations are dis- 
cussed, and finally conclusions are drawn concerning manner of 
operation and choice of operating frequencies to reduce or to elim- 
inate harmful multipath distortion. 


INTRODUCTION 
FA csascen ts distortion is a matter of serious 


concern to such high-frequency communication 

services as automatic telegraphy and facsimile; 
it is of less serious concern for telephony. Multipath dis- 
tortion occurs when the received signal consists of two 
or more components arriving with comparable intensi- 
ties over the same great-circle path by different modes 
and having different times of travel. The ratio of the 
difference in arrival times of the first and last significant 
components of a signal to the length of a typical signal 
element measures the severity of the multipath distor- 
tion. The term multipath distortion as applied to high- 
frequency radio communication will be understood here 
to exclude the deleterious effects of echo! and signals 
arriving from other than the great-circle direction of the 
transmitter. In the latter category are found weak sig- 
nals composed of many components of different delays 
which arrive by means of the scatter mechanism. Scat- 


* Manuscript received by the PGAP, June 17, 1958. This paper 
was originally Satie asa Natl. Bur. of Standards Rept., Washington, 
D. C., 1951. The material in this paper constitutes one of the neces- 
sary preliminary investigations undertaken by the author in con- 
nectiob with his duties as Chairman of the Propagation Working 
Group of the Provisional Frequency Board of the International 
Telecommunications Union, which met at Geneva, Switzerland, 
from 1948 to 1950. It reflects the international character of the 
Geneva activities. The Propagation Working Group was specifically 
charged with the duty of establishing, on an engineering basis, rules 
for the selection of operating frequencies for high-frequency point- 

i io communications. p 
Ree rtasaons Eng., Cail aie ae? D. C. Formerly with 
ndards, Washington, D. C. " : 
er nai he effect of echo on the operation of high-fre- 
quency: communication circuits,” IRE TRANS. ON ANTENNAS AND 


PROPAGATION, vol. AP-6, pp. 325-329; October, 1958. 


tered signals are usually too weak to cause difficulty as 
long as the service is operating on a frequency below the 
MUF as normally understood. Harmful multipath sig- 
nal components are seldom encountered with delays 
much in excess of 4 or 5 milliseconds, whereas echo is 
characterized by delays from 10 to 100 milliseconds or 
more. 


RELATIONSHIP TO OPERATING FREQUENCY 


The number of modes received over a high-frequency 
communication path depends on the relationship of the 
actual operating frequency to the MUF for the path. If 
the operating frequency is equal to or just below the 
MUF, it is usually possible to receive by means of a 
single mode, and multipath distortion is entirely absent. 
As the operating frequency is decreased relative to the 
MUF, additional modes of transmission become pos- 
sible, corresponding to the increased number of separate 
reflections between the reflecting layer and the earth, 
each consisting of shorter individual “hops” and having, 
therefore, lower MUF’s. The number of modes received 
also depends upon other factors such as antenna char- 
acteristics at the terminals and the attenuation charac- 
teristics of the path. In general, higher-order modes— 
order is here specified as the number of ionospheric re- 
flections involved—are more heavily attenuated, par- 
ticularly by day when both ionospheric attenuation and 
ground reflection losses are combined. It is quite pos- 
sible, however, for the lowest order or first possible 
mode to be received more weakly than the second or 
other higher-order modes if the former comprises one 
or a series of reflections, each having lengths very close 
to the upper limit which is geometrically possible for a 
single reflection as determined by the reflection height 
and curvature of the earth. Under such circumstances 
the vertical angle of departure and arrival of the signal 
is so small that the antennas used may be relatively in- 
efficient as compared with their efficiency at higher 
angles appropriate to higher-order modes. 

Considering, first, paths several thousand kilometers 
in length, it is well known that frequencies far below the 
MUF cannot be used during daylight, owing to the con- 
siderable ionospheric attenuation they undergo and the 
consequent extremely low signal-to-noise ratio. For such 
paths the day frequency is usually sufficiently high and 
multipath distortion becomes most serious when the 
evening transition condition develops. A day frequency 
often remains useful until night has fallen on the path, 
and the normal ionospheric absorption has decreased 
virtually to zero. When the day frequency finally fails 
owing to skip, it is found that much lower frequencies 


398 


are receivable with satisfactory signal-to-noise charac- 
teristics and there is a real danger that too drastic a shift 
downward to a night frequency will have the result of 
inflicting intolerable multipath distortion on the service. 
When this happens it is necessary, in the absence of a 
suitable intermediate frequency, to reduce the speed of 
transmission of information for a period of time varying 
from several minutes to several hours depending on the 
rate of fall of the MUF for the path. Clearly the ratio 
of the night frequency to the day frequency—at the time 
of the frequency change the day frequency and the 
MUF are presumed equal—is an important measure of 
the susceptibility of the service to multipath distortion. 

Turning now to much shorter paths, a few hundred 
kilometers in length, it is well known that a number of 
modes besides the first possible, now identical with the 
first-order reflection, are present simultaneously even 
on frequencies only a little below the MUF. This hap- 
pens because the path lengths are no longer very great 
by comparison with the reflection height, with the con- 
sequence that the MUF for a second-order mode, for 
example, is not greatly less than that for a first-order 
mode. Furthermore, the relative attenuation during 
daylight hours of a second-order mode compared with 
the first-order mode is not so great; as a consequence 
multipath distortion may be a serious problem at all 
hours. The situation is further complicated in detail by 
the possibilities of significant modes of propagation by 
layers lower than the F2 layer. For reasons which will 
become evident when the figures are discussed, this lat- 
ter complexity need not cause concern as far as the prac- 
tical side of multipath protection is concerned, since re- 
gardless of the precise modes which give rise to a par- 
ticular case of multipath distortion, high-speed services 
of the type under discussion cannot be successfully 
operated on a regular and continuous basis by means of 
normal ionospheric propagation over distances less than 
several hundred kilometers. The practical difficulties of 
providing, by sufficient choice of frequencies and by 
flexibility in frequency changing, a truly adequate pro- 
tection against multipath distortion for high-speed 
telegraphy or facsimile services operating over dis- 
tances of a few hundred kilometers are apparent and re- 
quire little further discussion. 


MULTIPATH REDUCTION FAcTOR— 
CONCEPT AND DEFINITION 


It will be evident by now that the severity of multi- 
path distortion is intimately related to the ratio of the 
operating frequency to the MUF for the path; since 
these are identical during evening frequency changes, 
it must also be directly related to the ratio between ad- 
jacent frequencies in the group or complement of fre- 
quencies available to a particular service. In order to 
proceed to a quantitative discussion of the problem of 
protecting high-speed services against multipath dis- 
tortion through correct choice of operating frequencies, 
it is convenient to introduce and compute a new quan- 
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tity called the multipath reduction factor,” abbreviated : 
“MRF.” The multipath reduction factor is a different — 
and quantitative way of regarding an otherwise well-— 
known situation; it is specifically intended to be useful 
in problems of frequency assignment and utilization. 

The multipath reduction factor at a given moment 
for a given path is defined as the ratio of the lowest fre- 
quency which will provide a specified degree of protec- 
tion to the maximum usable frequency. The degree of 
protection provided is expressed in milliseconds and 
represents the maximum tolerable delay between the 
first and last received components of a signal element 
(i.e., the maximum tolerable elongation of a signal ele- 
ment) consistent with a particular type and quality of 
service. The determination of the lowest frequency 
which will provide a specified degree of protection re- 
quires the determination of the highest-order mode hav- 
ing a delay relative to the first possible mode equal to — 
or just less than the required degree of protection, and 
then the computation of the MUF corresponding to the 
next higher-order mode (the mode which must be ex- 
cluded at the receiver). This MUF is the frequency re- 
quired and its ratio to the MUF for the path is the 
multipath reduction factor. 

It can now be seen that the MRF is a complicated 
function of the characteristics of the ionosphere over the 
path. For the MRF to be amenable to calculation, 
some simplifying assumptions are necessary. Of these 
the assumption that the reflections are essentially 
specular and take place from a constant height corre- 
sponding to propagation via the F layer is the most 
important. This makes possible relatively simpler cal- 
culations of ray length and time of travel assuming 
the velocity to be that of light. Because the actual 
equivalent heights of reflection are dependent on the 
transmission distance and the detailed characteristics 
of the ionosphere at each reflection point, it is imprac- 
tical to make rigorous calculations of time of travel. 
Under these conditions the reduction factor for dis- 
tances less than 4000 km in terms of the standard 
MUF’s for 4000-km paths is a simple function only of 
transmission distance for a specified reflection height, 
and can be directly determined from a conventional 
transmission curve.‘ The transmission curve shown in 
Fig. 6.6 of Ref. 4 has been used in the calculations lead- 
ing to the curves presented in Figs. 1 through 4. The 
only precaution necessary in the calculations is that of 
calculating the ray lengths and travel times as a func- 
tion of distance for the 1F mode with sufficient precision 
to permit the calculation of the times of travel of higher- 


2 International Telecommunications Union, Provisional Fre- 
quency Board, “Second Report of Working Group 1 (Propagation), 
on ee 4,” Doc. No. 375-E, Geneva, Switzerland, p. 3; October 

3 International Telecommunications Union, Provisional Fre- 
ace ah erie Poe . Vote Group 1 (Propagation), 

ommittee 4,” Annex to Doc. No. 557-E, Ge , Swi r 
i April ue neva Switzerland, pp 

* “Ionospheric Radio Propagation,” National Bur. Standards, 

Washington, D. C., Circular.462, pp. 72, 74-76, 101; June 25, 1948. 
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order modes without significant accumulation of error 
by simple multiplication of the results of the basic cal- 
culation. It is the differences in travel.times as a func- 
tion of distance between the modes governing the par- 


ticular multipath protection which must be determined 
accurately. 


MULTIPATH REDUCTION Factor— 
ILLUSTRATIVE CALCULATIONS 


For many years it has been recognized that the re- 
sults of operation of high-frequency circuits cannot 
be interpreted solely in terms of a strict geometrical 
tay treatment of the propagation. Nevertheless ray 

treatments are the only useful means available for at- 
tempting to understand many experimentally obtained 
results. Direct observations, for example, of MUF are 
in fairly satisfactory agreement with theory for propa- 
gation over fairly short distances for which the 1F mode 
is strongly present. For greater distances the observed 
MUF'’s are usually higher than can be predicted from 
vertical-incidence observations by considering possible 
modes and determining the lowest MUF for the series 
of reflection points for the mode of lowest possible order. 
Early recognition of this discrepancy gave rise to a 
method of MUF calculation for all circuits having 
lengths in excess of 4000 km known as the two control- 
point method.‘ This empirical procedure results in 
MUF’s which are often higher than can be calculated 
by the more detailed mode treatment; such MUF’s are 
never lower than mode-determined MUF’s—neverthe- 
less, they too are often lower than the MUF’s required 
by the observed performance of communication circuits. 
Despite these difficulties, at present under investiga- 
tion, pulse experiments between England and New 
Zealand’ can be fairly intelligibly interpreted by means 
of an elementary mode analysis. This success for mode 
analysis provides a basis for some confidence in the re- 
sults for long distances presented in Figs. 1 through 5. 

Fig. 1 represents the MRF as a function of path 
length. The reflection height has been taken as 300 km 
corresponding to F-layer reflection. The results are fora 
multipath protection of 2 milliseconds, and the results 
for distances greater than 4000 km are referred to a path 
MUF determined by the two control-point method, and 
therefore to a 4000-km MUF. It has further been as- 
sumed that the only limits on useful propagation of a 
particular mode are layer height and earth curvature, 
so that a particular mode is considered as fully present 
until its angle of departure reaches zero degrees (until 
it becomes a tangential ray). The calculations have been 
extended to a path length of 30,000 km corresponding to 
long-path operation on a circuit having a short-path 
length of 10,000 km. The values published at Geneva, 
and adopted for use by the Provisional Frequency 


ad Zealand-United Kingdom Radio Circuit, Report on 
Prbparatinnal Efects:” New Zealand Post Office Engineering Branch 
Res. Rep. No. 2, General Post Office, Wellington, N. Z.; June 15, 
1945, (Private communication.) 


Bailey: Effect of Multipath Distortion on Operating Frequencies 


399 


Board,?* are plotted for comparison. They were based 
on fuller results of the kind shown here. The curve is 


--made up of a.number of discontinuous segments which 


are labelled to show the order of the first mode which 
must be excluded in order to provide the specified pro- 
tection. An indication is also given of the first possible 
mode for all path lengths. 

Fig. 2 represents the MRF for identical protection 
and layer-height values as for Fig. 1, but with the dif- 
ference that beyond a path length of 4000 km the 
MRF’s are calculated by reference to the MUF for a 
single “hop” of the first possible mode at each distance. 
The results below 4000 km are naturally identical to 
those in Fig. 1. Since in any practical situation the 
height of reflection is far from constant along the path, 
and is a function of the actual length of a “hop,” a 
smooth curve has been drawn to represent the data in a 
manner more suited to practical use, and intercom- 
Parison. 

Fig. 3 illustrates, for the same height of reflection, the 
dependence of the MRF on the degree of protection to 
be provided. It will be seen that operating frequencies 
must be changed downward in the evening in smaller 
steps to provide protection for the higher-speed services 
having smaller maximum tolerable delays. These curves 
are smoothed in accordance with the discussion of Fig. 2 
above. 

Fig. 4 illustrates, on the same scale as the preceding 
figures, the dependence of the MRF on the height of re- 
flection for a 2-millisecond protection. Three heights are 
shown: 200, 300, and 400 km. It will be seen that larger 
frequency changes can be safely made with lower layer 
heights. It is this fact which comes to the partial rescue 
of communication circuits of a few hundred kilometers 
length during daytime when circumstances are favor- 
able for fairly high E-layer MUF’s and consequently for 
predominant E-layer modes of propagation. 

Fig. 5 is designed to illustrate for the standard case 
adopted as a guide by the Provisional Frequency Board 
the range of vertical angles as a function of path length 
within which the components of the received signal 
must be kept if multipath protection is to be provided. 
The lower curve in each case represents the vertical 
angle corresponding to the first possible mode, and 
the upper curve of the vertical angle corresponding 
to the first mode which must be excluded. This figure is 
intended to be of assistance in problems of antenna de- 
sign. In this connection several further calculations have 
been performed to illustrate the effect on the MRF of 
assuming that no useful modes can exist which have 
vertical angles of radiation less than 2° and 5° above 
the horizon. These assumptions are intended to rep- 
resent situations which can occur with some practical 
types of antennas. They result in discontinuous curves 
similar to those of Figs. 1 and 2, but differing as to 
detail. The significant point is that the smooth curve 
through them does not sensibly differ from that shown 
in Fig. 2 for the same height of reflection and protec- 
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Fig. 1—Multipath reduction factor (MRF) for 2-millisecond protection as a function of path length, for a fixed reflection height of 300 km 
showing detailed values referred to 4000-km MUF'’s for distances greater than 4000 km, and showing previously published values. 
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7 Fig. 3—Smoothed curves of multipath reduction factor (MRF) for a fixed reflection height of 300 km, asa function of path length illustrating 
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Fig. 5—The range in vertical angle of arrival as a function of path length within the components of the received signal, corresponding to 
different modes of propagation, must be kept in order to provide 2-millisecond 
protection for a fixed reflection height of 300 km. 


tion value. For vertical-angle limitations close to but 
above the horizon, Fig. 5 would be changed only in 
details of the discontinuities. If smooth curves were 
drawn in Fig. 5 they would be raised approximately by 
the amount of the angle limitation, as long as the limita- 
tion was not much over 5°. 


APPLICATION OF THE MRF To FREQUENCY 
ASSIGNMENT PROBLEMS 


In the matter of assigning sets or complements of 
operating frequencies to high-speed communication 
circuits, the usefulness of the MRF can best be under- 
stood with the aid of two auxiliary quantities, now 
defined. Let the max-max-MUF* represent the highest 
monthly median MUF, against the occurrence of which 
it is desired to provide multipath protection. This 
value occurs at a particular hour of a particular month, 
usually in the year of highest solar activity. Similarly 
let the min-min-MUF*® represent the lowest monthly 
median MUF. This value occurs at a particular hour 


§ “High Frequency Radio Propagation Charts for Sunspot Mini- 
mum and Sunspot Maximum,” Rep. CRPL-1-2, 3-1, Central Radio 
Propagation Lab., National Bur. Standards, Washington, D. C.; 
December, 1947, 


of a particular month, a winter month in temperate 
regions, in the year of lowest solar activity. The lowest — 
operating frequency assigned to a service must be low 
enough to permit operation under normal conditions 
at times when min-min-MUF conditions prevail. Both 
the max-max-MUF and the min-min-MUF can be pre- 
dicted from available material. The MRF now pro- 
vides a tool for fixing a lower limit to the number of 
operating frequencies required if protection against 
harmful multipath distortion is to be provided at all 
times. Represent the MRF for the particular protection 
and path length as MRF (9, d) and the required operat- 
ing frequencies in descending order by fi, fo,° +>, fn, 
where x is the number required and f, is either equal to 
or determined in relation to the min-min-MUF. Then it 
is possible to write 


we ee eee 
max-max-MUF f, fe 5 ee 


where 7 is chosen to be the lowest integer which will sat- 
isfy the relations (i.e., when equality most nearly satis- 
fies the relations). It should, of course, be understood 
that other engineering considerations are involved in 
frequency assignments which may make it necessary to 
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assign more frequencies. For very short paths, over 
which high-speed working should not ordinarily be at- 
tempted on a continuous basis, fewer high frequencies 


_ are customarily assigned. 


COMPARISON WITH OBSERVATIONS 


The comparison with observations is a rather difficult 
matter. The results of the England-to-New Zealand 


_ pulse experiments have already been mentioned. Exam- 
_ ples of destructive multipath distortion on the service 


from London to Capetown have been examined,’ where 


; the night frequency tried was about 0.50 times the day 
_ frequency. The path is about 9600 km in length and the 
_ maximum reduction permissible according to the curve 


of Fig. 2 is by a factor of 0.62. On the whole, Eckersley, 


_ in two classic papers,®:? has supplied the most beautiful 


early evidence in support of the approach to multipath 
distortion made in this paper. While it is virtually im- 


_ possible to extract actual values for the MRF from 


Eckersley’s data, it is not difficult to appreciate that his 
data are nowhere in conflict with the present findings. 


_ Hallborg’® has attempted a fairly detailed study of the 


New York-to-San Francisco path including considera- 
tions of multipath distortion. 

Engineering opinion varies as to the safe upper limit 
for multipath elongation of a signal element, a most 
understandable situation when it is borne in mind that 
matters such as fading, and the effects of widely varying 
received intensities of the multipath components, 
though clearly involved, have not been considered, En- 
gineers of Cable and Wireless Ltd. report that they like 
to keep the elongation to 20 per cent or less, whereas 
RCAC operation can apparently stand elongations as 
high as 40 to 50 per cent." The Provisional Frequency 
Board was content to accept a 2-millisecond protection 
as adequate for high-speed services requiring multipath 
protection. This standard was adopted for guidance 
as part of the engineering basis for the selection of com- 
plements of frequencies prior to attempting to make 
detailed frequency assignment plans. The situation for 
facsimile was not investigated in detail, and it must 
be left to users to establish what protection they require. 
In any event, with facsimile it is usually possible to 
choose limited periods of operation sufficiently critically 
to obtain good results, particularly on the highest fre- 
quencies available to the service. 


7A, M. Humby, private communication; 1948. ok 
’ T. L. Eckersley, “Multiple-signals in short-wave transmission, 
Proc. IRE, vol. 18, pp. 106-122; January, 1930, | 
9T. L. Eckersley, “Studies in radio transmission,” J. IEE, vol. 
71, pp. 405-459; September, 1932. in or 
10H. E. Hallborg and S. Goldman, “Radiation angle variations 
from ionosphere measurements,” RCA Rev., vol. 8, pp. 342-351; 
, 1947, ; ‘ 
ge “RCA Comments Regarding Multi-Path Effects in the Opera- 
tion of Radio Circuits,” United States Delegation, Provisional Fre- 
uency Board, Geneva, Switzerland, Tech/10; October 11, 1948. 
Private communication.) 
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SUMMARY AND CONCLUSIONS 


The following general conclusions about multipath 
distortion of high-speed services may be stated; some of 


them are well known, but require examination against 


the background of the present approach via the multi- 
path reduction factor. 

1) The harmful effects of multipath distortion cannot 
in a particular situation be reduced by increasing the 
power. 

2) The harmful effects of multipath distortion can al- 
ways be reduced or eliminated by increasing the operat- 
ing frequency, or by reducing the speed of transmission 
of information. Fig. 5 provides information which sug- 
gests that there is some possibility of reducing the harm- 
ful effects of multipath distortion through careful an- 
tenna design. 

3) The degree to which a high-speed circuit is subject 
to multipath distortion is a function of path length. 
Though this function is discontinuous, it can conven- 
iently be represented as a smooth function. Very short 
and very long paths are more subject to multipath dis- 
tortion than paths of intermediate length. Paths of 
about 2500 kilometers appear to be least affected, 
though the effects are not severe between about 1500 
and 6000 kilometers. 

4) The multipath reduction factor (MRF) is a meas- 
ure of the degree to which a high-speed circuit is subject 
to multipath distortion; it represents the ratio of the 
lowest frequency which may be used with satisfactory 
results (insofar as considerations other than multipath 
distortion do not intervene) to the MUF for the path at 
a given moment. As such it is of importance in the selec- 
tion of operating frequencies, both as one of the consid- 
erations involved in the choice of the highest frequency 
to be assigned, and in the spacing of adjacent frequen- 
cies of a complement. 

5) The MRF has been calculated as a function of 
path length for three models of the ionosphere, and for 
four values of the required protection expressed as the 
maximum tolerable delay in milliseconds. In general, it 
will be seen that lower frequencies can be used at a par- 
ticular moment, according as the maximum tolerable 
delay is larger, or the reflection height in the ionosphere 
is lower. 

6) The MRF is insensitive to practical limitations 
which may exist in the efficiencies of antennas ‘at very 
low angles of departure and arrival. 

7) The recommendation made at the International 
Radio Conference of Atlantic City in 1947, that the 
“maximum frequency to be used should be taken as ap- 
proximately 70 per cent of the highest MUF,” fails to 


12 “Final Acts of the International Telecommunication and Radio 
Conferences, Recommendations and Resolutions,” Atlantic City, 
N. J., pp. 75-76; 1947. 
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recognize the path-length dependence of the MRF and 
is potentially wasteful of spectrum space. Corresponding 
to an MRF of 0.70, this recommendation would accord- 
ing to Fig. 2 overprotect, through the assignment of 
oversized frequency complements, all high-speed serv- 
ices having path lengths, for 2-millisecond protection, 
between 700 and 15,000 kilometers. 


ACKNOWLEDGMENT 


The author acknowledges the very helpful counsel 
and computing assistance received at Geneva from 
A. M. Humby, formerly of Cable and Wireless Ltd., a 
member of the United Kingdom Delegation represent- 
ing the British Admiralty Signals Department, without 
whose insistence and vast fund of experience this quan- 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


4 
ha 4 
October 
titative investigation would not have been possible. 
Acknowledgment is also due to D. McDonald, Chief of 
the Australian Delegation, G. E. F. Damant, Chief 
of the South African Delegation, and R. C. Kirby of 
the United States Delegation, for very useful personal 
assistance in the computing. For helpful discussion and 
results of operational experience, against which the 
theoretical calculations were checked, thanks are due 
to Dr. H. C. A. van Duuren, Chief of the Netherlands 
Delegation, G. Searle, Chief of the New Zealand Dele- 
gation, R. Keen, member of the United Kingdom 
Delegation representing Cable and Wireless Ltd., and 
C. E. Pfautz, a member of the United States Delegation 
representing the Radio Corporation of America. In 
connection with a recent detailed recalculation of the 
figures particular thanks are due to Miss Loris Perry. 


: 1959 IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 
; 


} Analysis of 3-cm Radio Height-Gain Curves 


Taken Over Rough Terrain* 


H. T. TOMLINSON} anp A. W. STRAITONt 


Summary—This report describes the effect of terrain and 
__ meteorological conditions on the height-gain pattern of 3.2-cm radio 
waves over various short transmission paths. Equivalent reflection 
coefficients are obtained and potential reflection areas are inves- 
__ tigated. A study of the time variations in the height of nulls in the 
signal strength pattern is made and the relationship between move- 
ment of the nulls and the corresponding refractive index distribution 

. is considered. 


INTRODUCTION 


HIS paper describes the analysis of height-gain 

curves taken over seven line-of-sight paths in the 

vicinity of Austin, Tex. These height-gain curves 
were used to obtain equivalent reflection coefficients 
and attempts were made to identify their principal 
features with the associated ground profiles. For one of 
the paths used, a study was made of the variations of 
the height of several nulls as a function of time. 

The emphasis in this paper will be on the data and 
their analysis with the details of the measuring systems 
omitted. It is felt that sufficient precautions were taken 
to avoid instrumental errors that would invalidate the 
data. 


RECEIVER SITE 


For each transmission path considered, the receiving 
site was the 275-foot tower of the Electrical Engineering 
Research Laboratory at the Balcones Research Center 
near the north edge of Austin. A view of this tower is 
shown in Fig. 1 and a view of the receiving equipment 
mounted in the elevator on the side of the tower is 
shown in Fig. 2. The height-gain curves were taken as 
the elevator moved continuously up the tower. The 
time interval for these measurements was about 23 min- 
utes. The elevation at the base of the tower is 768 feet 
MSL. 

In additional to the radio data, wet- and dry-bulb 
temperatures were measured at a number of heights 
with a psychrometer essentially simultaneously with the 
radio data. 


THE TRANSMISSION PATH 


Seven transmitter sites were used in conjunction with 
the common receiver site. The locations used for the 


* Manuscript received by the PGAP, August 4, 1958. 

+ Chance-Vought Aircraft Corp., Arlington, Tex., formerly at 
University of Texas, Austin, Tex. 

t University of Texas, Austin, Tex. 


Fig. 1_—Receiving site tower. 


Fig. 2—Receiver elevator equipment. 
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transmitter are shown in Fig. 3 with the designations 
which will be used later in this paper. Table I indicates 
the range, transmitter elevation, and general terrain 
features for each of the paths. 

More details concerning each of these paths will be 
given in later sections when an analysis is made of the 
resulting height-gain curves. 


HEIGHT-GAIN TRANSLATING SYSTEM 


The original recordings of the height-gain patterns, 
which were made on single-channel Sanborn paper, were 
on the order of 30 inches long and 2 inches wide. Be- 
cause these dimensions were obviously incompatible 
with the normal 8} X11-inch page size, a translating 
system was devised. This system was composed of two 
main parts; a playback unit and a recording unit. 

The playback unit was a Brush recorder movement. 
The spool guides were brought together sufficiently to 
hold the narrow Sanborn paper in alignment, and poten- 
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Fig. 3—Transmitter site locations. 


TABLE I 
Eee 
Si Elevation Range 
ite ae " Bere: Topographical Features 
St. Edwards 680 53,500 | Over cit 
Terrell Hill 680 51,700 | Over ag 
Barton Skyway 690 49,300 | Hilly part of city 
Mt. Larson 920 33,600 | Predominant ridges 
Four Corners 1030 31,900 | Wooded ridges 
East Base 530 76,000 | Flat area near transmitter 
Merrelltown 930 30,000 | Single rounded hill 
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tiometers were geared to the take-up spool and to a 
pointer device used to follow the trace on the paper. 


With low dc potentials applied to the terminals of both 


potentiometers, voltages were available from the wipers 
of these potentiometers which were dependent on both 
altitude and field intensity of the height-gain pattern as 
represented by distance along the recording and move- 
ment of the trace across the paper. 

The recorder unit was a Mosley X-Y recorder, on 
which both axes of a graph could be controlled at the 
same time. The movement of the recording pen along 
either axis was determined by the magnitude of an input 
voltage to the servoamplifiers driving the pen movement. 

The translation of the original recording was accom- 
plished by running the original recording through the 
Brush movement and manually following the trace with 
the pointer. As the paper passed to the take-up spool, 
two varying dc voltages were fed from the wipers of the 
potentiometers to the servoamplifiers driving each axis 
of the X-Y recorder. The pen of the X-Y recorder 
was positioned according to these voltages and traced 
out a translated height-gain pattern. The gains of the 
servoamplifiers were adjusted to reduce the size of the 
altitude axis and to expand the variations of the field 
intensity. 

The altitude information was obtained from the orig- 
inal recordings by marking 10-foot steps on the San- 
born paper and letting the recording pen touch the pa- 
per only at the times when these marks passed under 
the pointer on the Brush playback unit. 

The db scales on the original recordings were used to 
position the pointer on the playback unit and to mark 
the field intensity scale on the translated pattern. 

A photograph of the translating system is shown in 
Fig. 4. 


THEORETICAL HEIGHT-GAIN CURVES 
Flat Earth Reflection 


The development of the equation for the field inten- 
sity at the receiver as a function of height for a single 
flat reflector is given in many texts ({2], for example) 
and will not be given here. The geometry is shown in 


Fig. 4—Height-gain pattern translation system. 
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Fig. 5 and the phase delay of the reflected wave with 
reference to the direct is given approximately for near- 
grazing angles in a homogeneous atmosphere as 
412120 : 
AR 


do (1) 


where 


zi=height of the transmitter above the reflecting 
plane | 

z= height of the receiver above the reflecting plane 

\=wavelength 

R=range 

¢o=phase shift on reflection (approximately 180° for 
near-grazing angles). 


The reflected wave appears to come from a source 
which is the same distance below the reflecting plane as 
the real transmitter is above. For an area to be acon- 
tributing reflecting surface it must fulfill the following 
conditions: 


1) A line drawn from the image source to the receiver 
must pass through the surface. 

2) The angle of incidence and the angle of reflection 
on the surface must be equal. Stated in another 
way, the reflecting surface extended must bisect 
a line from the real to the image transmitter. 

3) The surface should be visible from both ends. 


Separation of Nulls 


In going from one null to the next, the difference in 
path length between the direct and the reflected rays 
will be increased by a wavelength and the separation of 
the nulls, d, is given by 


Rd 


Poa. 


d (2) 


This is independent of the receiver height for a plane 
surface extending between the transmitter and receiver. 
The resulting height-gain would then be as indicated in 
Bigs. 

In the measurements described in this report, the 
height-gain pattern did not show this regularity. In the 
analysis that follows, the separation of the nulls for a 
given receiver height is obtained directly from the 
graphs, and the position of the image transmitter below 
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Fig. 5—Flat earth reflection. 
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the actual transmitter 2,’ is determined from 
: Rr 3) 
2 = —- 
Sat: 


The line drawn from this image transmitter should 
pass through the effective reflecting area and the plane 
of this area should bisect the line from the actual to the 
image antenna. _ 


Movement of Nulls 


The change in the height of the nulls for a uniform 
change in index of refraction is negligible. However, if 
the average refractive index for the direct path changes 
relative to the reflected path, the height of a null may 
change. If this difference in average refractive index be- 
tween the direct and the reflected ray path is given by 
An and the corresponding change in the height of the 
null is given by Az, then 

Ry 


Age = — An 
221 


(4) 


where R; is the length of the direct ray path. 
This relation for the measured data is examined later. 


Knife-Edge Diffraction 

Another approach which is applicable to the trans- 
mission of waves over a ridge is to examine the height- 
gain curves associated with knife-edge diffraction. The 
associated geometry is shown in Fig. 6 and the signal 
strength as a function of the parameter V is given in 
Fig. 7. Assuming the knife edge to be centrally located 
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Fig. 6—Illustrations of flat earth reflection and 
knife-edge diffraction. 
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Fig. 7—Distance along cornu spiral (V) vs relative 
field intensity—db. 
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on the path, this parameter is related to the distance, dential areas of Austin. The profile for the St. Edwards 
Z2, above the minimum line-of-sight position by path is shown in Fig. 8 and the height-gain profile is 
shown in Fig. 9. Similarly, the profile and height-gain — 
Vaan (5) curve for the Terrell Hill path are shown in Figs. 10and _ 
where D is the horizontal distance from the ridge to the 11. All of the major details of the signal strength curves 
receiver. This height-gain curve has successive lobes were repeated on successive runs although some of the 


decreasing in amplitude and separation as the receiver fine detail varied somewhat. 


height is increased. The height-gain function for two of The height-gain curves for these two paths were very 
the transmission paths is interpreted in terms of this irregular and it is thought that the many buildings along 
knife-edge diffraction. the path which are not indicated on the profiles served 
to act as partial reflectors. The range from minimum to 

EXAMINATION OF MEASURED maximum signal was approximately 3 db for each of the 
HeIGHt-GaIn CURVES paths. For a single plane wave reflection, this would 

Two Examples of Incoherent Height-Gain Curves correspond to a reflection coefficient of about 0.17. Al- 


though the single reflection definitely is not applicable, 
the use of reflection coefficient is a convenient means of 
describing the range of the fluctuations. 


Two of the measurement paths designated as St. Ed- 
wards and Terrell Hill pass over the business and resi- 
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Fig. 10—Elevation profile Terrell Hill to Balcones Research Center. 
Fig. 8—Elevation profile St. Edwards to Balcones Research Center. 
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Vig. 12—Height-gain pattern Merrelltown site horizontal 
‘ Solestion: August 9, 1957. 11:00 a.m. 


For the St. Edwards path, the spacing between the 
major lobes varied between 9 and 20 feet in an irregular 
fashion. An attempt was made to find the reflecting 
areas by choosing lobe spacings of 10, 15, and 20 feet at 
the appropriate receiver height. The location of the 
image antenna for each condition was found and the 
three dashed lines in Fig. 8 were drawn. Since these lines 
crossed the profile in a region which was not illuminated 
by the transmitter, it was felt that the complex path and 
the resulting signal strength curve did not permit ready 
identification of the reflecting areas. 

For the Terrell Hill path, a broad smoothing of the 
height-gain curve indicates the presence of several lobes 
for the lower receiver heights with spacings of approxi- 
mately 60 feet between nulls and three nulls with spac- 
ings of about 20 feet near the top of the tower. When the 
image transmitting antennas are located and the lines 
drawn to the appropriate place on the receiving tower, 
the dashed lines of Fig. 10 are obtained. These lines pass 
through the areas marked C and D which would seem to 
account fairly well for some of the major features of the 
signal strength curve. The many smaller variations are 
unexplained, as indicated earlier, and are thought to be 
due to scatter from the buildings along the path. 


Examples of More Readily Identifiable Reflection Areas 


Three paths were used on which the reflecting regions 
could be identified with some assurance. On the Merrell- 
town path there seemed to be a single reflection region, 
on the Barton Skyways path there seemed to be two 
principal reflecting areas, while on the East Base path 
there were several reflection areas. 

On the Merrelltown path, the lobe structure as seen 
in Fig. 12 was most pronounced, ranging in magnitude 
from 3 to 6 db with equivalent reflection coefficients 
from 0.17 to 0.33. The lobes were not uniformly spaced 
but were closer together at greater receiver heights. 
When the locations of the image transmitter were found 
for several receiver elevations, the rays from the various 
image transmitter positions to the appropriate receiver 
heights all passed through or near a rounded portion of 
the profile as seen in Fig. 13. Visual observation showed 
that a road visible from both ends passed over this knoll 
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Fig. 13—Elevation profile Merrelltown to Balcones Research Center. 
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directly along the path. This indicated that this same 
general area served as a reflector for all receiver heights. 

The Merrelltown path was therefore best suited for 
the time studies described later since the number of 
variables in the transmission path was reduced. 

The Barton Skyway profile is shown in Fig. 14 and 
the associated height-gain curve is given in Fig. 15. A 
close inspection of this profile indicates two superim- 
' posed lobe structures with spacing of about 75 and 25 
feet. The image transmitting antennas were located and 
lines were drawn from them to the middle of the tower. 
These two lines pass through two areas which would 
seem to meet the requirements for areas of reflection. 


The equivalent reflection coefficient was of the order 
Of,0)2. 
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Fig. 14—Elevation profile Barton Skyway to Balcones 
Research Center. 
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The East Base site, whose profile is shown in Fig. 16, 
had a height-gain curve with fairly well defined but ir- 
regularly spaced lobes as shown in Fig. 17. By identify- 
ing image transmitter locations with various possible 


spacings, several potential reflecting areas were noted. 
As found for the Merrelltown path, two knolls marked 


C and D appeared as potential reflectors while the flat 


area at A was a third possible source. The large lobes 
associated with reflection from A had a range of about 
4 db while the smaller lobes associated with C and D had 
a range of 2 to 3 db. This corresponds to equivalent re- 
flection coefficients of 0.23 and 0.15, respectively. 


ELEVATION-FEET 


Can TRANSMITTER = 
ae i 
= 


=< 


_- 


ELEVATION- FEET 
a 
8 


a 
7 
= < 


7 7O 765 60 7 50 45 40 35 30 25 20 ‘5 40 s ° 
Be DISTANCE BETWEEN TRANSMITTER AND RECEIVER-FEET X 1000 
va 


HEIGHT ABOVE GROUND - FEET 
Se 2 oes i ea a SIs OSs RS eee PRD 
SER HE BRBa2BR2 S958 4S BBB 
6 0 56 6°56 ©. 10:0:10 UG. 10: (0 10; (91.0. 0) 10 
rt T 


-T2||-69 -68 -67 -66 -65 -64 -63 -62 
70 


=F 


RECEIVER SIGNAL LEVEL-DBM 
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Example of Curves Approximating Straight-Edge Diffrac- 
tion 

The profile for the Mt. Larson path is shown in Fig. 
18 and the associated height-gain curve is shown in 
Fig. 19. The ridge shown at A is tree-covered and has an 
effective height of about 30 feet above the ground. A line 
through the top of the trees passes 30 feet above ground 
at the receiving tower. Using these dimensions and the 
diffraction theory, a height-gain curve was calculated 
and is shown in Fig. 20 with the measured height-gain 
curve smoothed to remove the smaller variations. The 
agreement between the measured and calculated curves 
was thought to be very good. 

The Four Corners profile and the associated height- 
gain curve are shown in Figs. 21 and 22, respectively. 
The ridges were covered with trees which increased 
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their effective height. Only the upper portion of the 
tower is in the line of sight and the height-gain curve is 
thought to be that associated with the first lobe of the 
diffraction pattern with insufficient height reached 1 to 
attain the first maximum. 


VARIATION OF THE HEIGHT OF NULLS 


The Merrelltown transmission path was chosen for 
time studies of the variation of the height of the nulls 
as a function of time since the reflection area was most 
clearly defined. 

For the time studies, height-gain patterns were taken 
at intervals of 20 to 30 minutes and vertical wet- and dry- 
bulb temperature measurements were taken hourly. Six 
time studies were made, two around the sunset interval, 
two around sunrise, and two over 24-hour periods. In all 
cases there were sharp shifts in the heights of the nulls 
around sunrise and sunset. 
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Fig. 24—Index of refraction vs altitude. Balcones Research 
Center, September 10-11, 1957. 
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In a run on September 10 and 11, 1957, the positions 


of nulls in the vicinity of 140, 174, and 240 feet on the — 


tower were followed, and this movement is shown in 
Fig. 23. Several refractive index height profiles taken 


during the measurement period are shown in Fig. 24. It © 


is known that the refractive index varies rapidly with 
time and spacing and the values determined from the 
wet- and dry-bulb thermometers provide a great deal of 
smoothing. Greater precision at a single point would 
not, however, be of much help since the horizontal varia- 
tion of index of refraction would also be large. 

The second 24-hour run was made on October 17 and 
18, 1957, and is shown in Fig. 25 with selected refractive 
index soundings during the period shown in Fig. 26. 

As indicated earlier, the change in the position of the 
nulls may be predicted if the average index of refraction 


along the direct and reflected paths is known. For this ° 


purpose the average index over the height intervals 
through which the direct and reflected wave travels 
were calculated for each meteorological sounding. A 
comparison was made of successive soundings to give a 
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theoretical change in the nulls. These theoretical changes 
are plotted in Fig. 27 as a function of the measured 
changes. For an exact correlation, the points would fall 
on a 45° line. There is considerable scatter in the points 
- in Fig. 27 but this is to be expected because of the as- 
sumptions which were made. The procedure for calcu- 
lating the average index over the paths is poor since it 
requires horizontal stratification of meteorological pa- 
rameters even over the rolling terrain. In spite of this 
broad assumption, the direction of change was in nearly 
every instance in agreement with the direction pre- 
dicted from the index-of-refraction profile variations. 
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CONCLUSION 


The study of height-gain functions, although made 
over rather complex terrain, showed that reflection 
areas could be identified which seemed to fit the require- 
ments for sources of interfering signal. The observed 
signal-height curves could be explained in part by these 
reflection areas, with the number of areas being different 
for different profiles. Some fine scale variations were 
thought to be due to random reflectors such as buildings. 

The equivalent reflection coefficient ranged from 
0.15 to 0.33. Measurements over some wooded hills 
agreed with the equivalent reflection coefficient of 0.17 
measured by Sharpless [3] over somewhat similar ter- 
rain. 

Time studies of the height of nulls showed diurnal 
variations of 3 to 4 feet over the paths used. Analysis 
indicated some correlation between the measured null 
movement and that calculated from index of refraction 
soundings. 

The analysis of the height-gain function is a complex 
one and it is not anticipated that a one to one agreement 
with prediction from profile and meteorological measure- 
ment will ever be attained. It is felt, however, that data 
and analyses such as those presented here should be used 
in predicting the general propagation characteristics of 
low-angle radio waves. 
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Electron Densities of the Ionosphere Utilizing 
High-Altitude Rockets* 
0. C. HAYCOCKY}, J. I. SWIGART}, anv D. J. BAKER} 


Summary—The problem of determining the electron densities in 
the E-region of the ionosphere is approached by using 6-mc pulse 
transmissions from a rocket to several ground receiving stations. 

A logical and complete development, using dyadic techniques, is 
given for obtaining the propagation constant of the dissipative, aniso- 
tropic ionosphere. Special cases of the magneto-ionic formulas are 
given, and comparison of the ionosphere with a distributed-constant 
transmission line is made. 

In a nondissipative ionosphere, formulas are developed establish- 
ing the relationship between the effective electron density and the 
relative transmission delay of the 6-mc pulse. 

A description of the University of Utah’s vertical incidence ex- 
periment is given in which a 6-mc pulse from an airborne transmitter 
is received simultaneously at several ground receiving stations. 

The relative 6-mc time-delay data from three Aerobee high- 
altitude rockets launched from Holloman Air Development Center 
on July 1, 1953, November 3, 1953, and June 13, 1956, were obtained 
and, from these, electron density was calculated. Curves showing 
the profile of electron density as a function of altitude as calculated 
both during the rocket ascent and descent are presented. The curves 
indicate a general increase of electron density throughout the E- 
region, rising from nearly zero at 85 km to a maximum of about 
2X10" electrons/m?. The maximum altitude attained by the rockets 
allowed exploration up to 137 km above sea level. 


paper is the determination of the electron density 
in the £-region of the earth’s ionosphere, and its 
variations in both time and space. 

The first part of the report is a new derivation of the 
equations of ionospheric transmission. Most derivations 
imply a negative capacitance in the ionosphere, whereas 
free electrons would ordinarily be considered inductive. 
The criticism is conceptual rather than with the mathe- 
matical results. Baker then prepared the new deriva- 
tion, following more nearly the electromagnetic-wave 
and transmission-line theory common in electrical engi- 
neering, which we feel reduces the conceptual difficulties. 
The second part shows the results of the application of 
the transmission equations to data obtained over a 
period of years to obtain electron-density. 

The method of attack toward attainment of the ob- 
jective is the determination of electron densities by 
means of radio-frequency pulses transmitted through 
the E-region from an Aerobee high-altitude sounding 


lees OBJECT of the research reported by this 


* Manuscript received by the PGAP, December 9, 1957; revised 
manuscript received, March 4, 1959, This research has been carried 
out both at the University of Utah, Salt Lake City, Utah, and at 
Holloman ADC under Contract No. AF 19(604)-384 from the Geo- 
phys. Res, Directorate, Air Force Cambridge Res. Cen. Dr. Leon B. 
Linford served as Project director until his death on March 12, 1957. 

{ University of Utah, Salt Lake City, Utah. 

¢ USAF, Geophys. Res. Directorate, AFCRC, Cambridge, Mass. 


rocket to the ground (Fig. 1).1 A pulse transmitted 
through the region at a frequency somewhat greater 
than the critical frequency of the E-layer suffers anoma- 
lous dispersion in that its phase velocity exceeds that of 
light in free space, while its signal velocity is less than 
that in free space. A frequency of 6 mc has been chosen 
for the perturbing pulse. The transmission time of the 
perturbing pulse is compared with that of a synchro- 
nized UHF pulse, also transmitted from the rocket. A fre- 
quency near 600 mc has been chosen for the reference 
pulse because such pulses are negligibly retarded by 
passage through the ionosphere. Large scale space varia- 
tions could be obtained by receiving the downward 
transmissions at a number of sites separated by rela- 
tively large distances. The signal velocity as a function 
of altitude and the ray path must be established from 
the relative retardation times recorded throughout the 
rocket flight. The effective electron density can then be 
calculated by means of magneto-ionic theory thus giv- 
ing the distribution of electron density in the E-region 
as required. 

In order to determine the manner of propagation of a 
plane wave through the ionosphere, it is necessary to 
consider the motions of the charges in the medium. Be- 
cause of the great mass of a positive ion compared with 
that of an electron, the positive ions do not obtain 
sufficient velocities to contribute significantly to the 
current density produced by the passing waves. Hence, 
only electron flow will be considered. 

A plane electromagnetic wave is considered to be 
propagated in the positive Z-direction of a right-handed 
Cartesian coordinate system through an ionized medium 
containing WN electrons per unit volume. The electron 
density is assumed to be homogeneous over distances 
comparable with a wavelength (Fig. 2). 

The earth imposes a static magnetic field B, which 
may be resolved into components B, parallel to and B, 
transverse to the Z-axis. 

The classical equation for the force on the charge per 
unit volume may be written 

mv 
NG OD ee ee (1) 
where Eis the electric field intensity vector of the travel- 
ing wave, v is the number on collisions per second per 


Deb: Linford, “Determination of the Electron Density in the 
Ionosphere,” University of Utah, Salt Lake City, Progress Rept. 
No. 1, Contract No, AF 19(604)-384, pp. 1-30; September, 1952. 
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Fig. 1—Block diagram of 6-mc vertical incidence experiment. 


particle of the electron with other particles of the me- 
dium, e and mare the charge and mass, respectively, of 
the electron, and J is the total current density. 

The force caused by the magnetic field of the perturb- 
ing wave is neglected, the Lorentz polarization term is 
omitted,? and it is assumed that any higher order effects 
\ caused by nonlinearity of the medium and “electron 


Earths mognetic field bunching” are negligible.’ 
m . 
NeE = —(jo +y)J + JX B,, (2) 
B é 
where w is the angular frequency of the probing wave. 


Eq. (2) may be expressed in tensor form, and when the 
current density vector is expressed as a linear function 
of the electric field intensity vector, there results 


ef es 5; (3) 
wc? ys where &, a tensor of second rank, is the nonian form of 
paces Lave the conductivity dyadic of the medium represented by 
the matrix, 
Zz 2 C. Darwin, “The refractive index of an ionized medium,” Proc. 
Direction of Roy. Soc., vol. 182A, pp. 152-166; December, 1943. 


3C. O. Hines, “Higher-order approximations in ionospheric 
wave propagation,” J. Geophys. Res:, vol. 58, pp. 95-98; March, 


Fig. 2—The propagation of a plane wave through the ionosphere. 1953. 
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m 
C=—(jo+). (S) 
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The induced polarization of the ionosphere caused by 
the oscillating electrons is 


Be Coser ak E (6) 
jw 
where € is the permittivity of free space and K is the 
electric susceptibility dyadic of the ionosphere. Only 
when collisions are neglected (vw) does this dyadic 
become Hermitian. The Hermitian or non-Hermitian 
character of the susceptibility dyadic may be taken as 
a criterion for indicating whether the medium is non- 
dissipative or dissipative, respectively.* 
The electric displacement is given by 


D= e9E + P= eget: E, (7) 


where 


e=I+ ch x (8) 
JED 
is the permittivity dyadic of the medium, and IJ is the 
unit dyadic. 

The substitution of (7) into Maxwell’s equations for 
the time periodic, macroscopic field vectors, and the sub- 
sequent elimination of the magnetic field intensity 
vector yields the wave equation, 

2 


WE — V(V-E) = ——eE, (9) 
C 


where c is the velocity of light in free space. This equa- 
tion has a plane traveling-wave solution of the form exp 
jwt—yz only for the eigenvalues of the propagation 
constant given by equating the determinant of the 
characteristic matrix, 


me (0) AO) 
w” 
Bers E—|0 yy QO, (10) 
ie OY 


to zero. The square of the propagation constant will be 
real only when this matrix is Hermitian (nondissipative 
case). 

The characteristic equation gives a quadratic in y?; 
the quadratic formula can, therefore, be invoked to yield 
for the square of the propagation constant 


4 P. C. Clemmow and J. Heading, “Coupled forms of the differ- 
ential equations governing radio propagation in the ionosphere,” 
Proc. Camb. Phil. Soc., vol. 50, p. 319; 1954. 
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w? N2e%wpo 

{jNeC — weo (C? + 3B?) 

+ Vaca) (CBF — B2/4) + j2NeweC + Ne}, 
where po is the permeability of free space. 


The square of the ordinary ray propagation constant 
for the case of no magnetic field is > . 


y= 


(11) 


y= -o4+ (12) 


The ionosphere can be treated as an equivalent high- 
pass filter. This is shown in Appendix A. + 

The time delay of a 6-mc probing pulse relative to a 
synchronized UHF pulse is the result of both a reduced 
signal velocity and propagation over a ray path which 
differs from line of sight. 

Assuming that there is no horizontal inhomogeneity 
and neglecting the terrestrial magnetic field, the iono- 
sphere may be divided into horizontal layers, each of 
thickness Ah;, so that each layer is homogeneous within 
itself. The transmission time for a signal to traverse a 
path from the rocket in the gth layer to the ground is 


dN: 
i, =D 


i=0 Ugi 


(13) 


where As; is the length of the straight path in the ith 
layer, and u,; is the signal velocity in the 7th layer. By 
applying Snell’s law to the geometry of ray propagation 
through the zth layer, (13) becomes 


q Ahn; 
a 
0 Ug ne — %_°/(ct,)* 


where ; is the index of refraction in the ith layer, and 
%q is the ground projection distance from the rocket 
transmitter to the ground receiver. 

By separating the last term in the series, (14) may be 
solved for ”,*. Using B=nw/c, the resulting phase con- 
stant may be substituted (v<w) into (12) to yield 


i, = 


(14) 


Ah, 


at Ah; : ’ (15) 
tg —- 2, ————————— 
E x en an 


when solved for the electron density of the gth layer. 

An alternative formula may be found from (14) by 
finding the time Af, taken for the signal to traverse the 
qth layer.’ When solved for the phase constant, which is 
substituted into (12), the resulting equation gives 


= *J.R. Lien, RAG Marcou, J. C. Ulwick and D. R. McMorrow, 
onosphere research with rocket-borne instruments,” in “Rocket 


Exploration of the Upper At here,” i i 
tee Pe as ; aro ere,” Interscience Publishers, Inc., 
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Mee 
Ng 


{1 ie 2¢?/(ctg)? ae (Ah,/cAt,)? } (16) 

for the electron density of the gth layer. The time tq is 

related to the recorded relative delay time tz by 
1 Py ee BG ve 

te = tat se Vha + x2. (17) 

The first rocket from which the University of Utah, 
in conjunction with the Air Force Cambridge Research 
Center, received usable 6-mc relative delay data was 
USAF Aerobee No. 39, launched at 1052 hours, MST, 
from Holloman Air Development Center, N. Mex. on 
July 1, 1953. The effective electron density profile cal- 
culated from these delay data using either (15) or (16) 
is given for both the rocket ascent and descent in Fig. 3. 

A second rocket from which downward 6-mc trans- 
mission data were obtained was USAF Aerobee No. 45, 
launched at 1115 hours, MST, November 3, 1953. The 
results from this flight are given in Fig. 4. 

Fig. 5 presents the results calculated from a third 
rocket, USAF Interim Aerobee Hi No. 67, launched at 
Holloman Air Development Center at 1352 hours, 
MST, June 13, 1956, 
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Fig. 4—Effective electron density calculated from the Army-2 delay 
data from USAF Aerobee no. 45, launched at Holloman Air 
Development Center, N. Mex., 1115 hr. MST, November 3, 1953. 


ALTITUDE ABOVE SEA LEVEL, IN KILOMETERS 


i) 
eames 


a 


as. == ASCE 
Feu wae DESCENT 


O 4. 12 16 20) ce 
ELECTRON DENSITY, IN ELECTRONS /M® x 10'° 


85 


5—Effective electron density calculated from the skillet knob 


delay data from USAF Aerobee no. 67, launched at Holloman Air 
Decaiopeitnt Center, N. Mex., 1352 hr., MST, June 13, 1956. 


418 


CONCLUSION 


The following conclusions have been reached from the 
curves of effective electron density, calculated from the 
relative transmission delay of a 6-mc pulse in its down- 
ward passage through the F-region of the ionosphere: 

1) The electron density has a definite general increase 
with altitude throughout the E-region, which has here 
been explored to a height of 137 km above sea level. 

2) There exist striations, which are sometimes very 
marked, throughout the £-region. 

3) A pronounced difference occurs in the profile of 
electron density during the rocket descent as compared 
with that during the rocket ascent. This could be due 
to the changed transmission path, indicating a hori- 
zontal inhomogeneity (patchiness), and to rapid time 
variations. 

4) There is a very pronounced difference in the 
vertical structure of the ionosphere from one rocket 
firing to the next. This could be due to variable stria- 
tions superimposed upon a somewhat stable Chapman 
layer. 

5) The values of electron density range from nearly 
zero below 85 km to an observed maximum of about 
2X 101! electrons/m?. 

A comparison with the results from other experi- 
ments will now be given. Lien, et al.6 have computed an 
electron density profile curve from relative time delay 
data of a 4.87-mc pulse transmission from a ground 
transmitter to a receiver in an Aerobee rocket launched 
at Holloman ADC on June 26, 1953. These authors in- 
dicate a much more pronounced bifurcation of the E- 
region; however, the maximum electron density of 
nearly 2 X10" electrons/m! is the same. 

Seddon and Jackson’ have determined the electron 
density profile using Viking rockets launched at White 
Sands Proving Ground, N. Mex. The experiment con- 
sists in phase velocity measurements accomplished by 
transmitting a continuous-wave signal, selected to ob- 
tain the data, and a sixth harmonic, used asa reference, 
from the rocket to receiving stations on the ground. 
Beat notes are obtained from which the indexes of re- 
fraction and, subsequently, the electron densities can be 
calculated. While the results indicate somewhat of an 
over-all similarity, with the absence of a marked bi- 
furcation, they do not show striations. The maximum 
electron densities reached are about 2101! elec- 
trons/m*, 

Berning® has calculated the electron densities from 
rocket flights using radio-Doppler techniques. This 
method, using the DOVAP radio-Doppler electronic 


§ Lien, et al., op. cit., p. 232. 

fe C. Seddon and J, E. Jackson, “Absence of bifurcation in the 
E-layer,” Phys. Rev., vol. 97, pp. 1182-1183; 1955; and J.C. Seddon, 
A. D. Picker and J. E. Jackson, “Continuous electron density meas- 
oe up to 200 km,” J. Geophys. Res., vol. 59, pp. 513-524; 

8 W. W. Berning, “Charge densities in the ionosphere from radi 
doppler data,” in “Rocket Exploration of the Upper A Gnoaphere? 
Interscience Publishers, Inc., New York, N. Y., p. 272; 1954. 
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system of tracking, is to compare the radial velocities 
determined by vacuum trajectory formulas with those 
actually measured. The differences are converted to 
ionization densities at the levels through which the 
rocket is passing. The electron density profile as calcu- 
lated from a Viking launched at White Sands Proving 
Grounds on December 15, 1952 indicates a general bi- 
furcation of the E-region, but no fine structure is ap- 
parent. A maximum electron density of about.1.5 X10" 
electrons/m? is reached in the E-region. 
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APPENDIX A 


An equivalent transmission line with infinitesimal dis- 
tributed constants and a propagation constant given 
by (12) is shown in Fig. 6. 


Fig. 6—Equivalent transmission line of ionosphere. 


If collisions are neglected, the characteristic imped- 
ance of this network is 


/ wm 
w?’meyg — Ne? 


The ionosphere in this case behaves like a high-pass 
filter, with Z) becoming infinite at the critical frequency, 


1 Ne? 


ln 


Zo = (18) 


fe (19) 
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For frequencies below f,, Zo is inductive and the propa- 
gation constant is real; above the critical frequency, Zo 
is real and y is imaginary. 
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A Scatter Propagation Experiment Using an 
Array of Six Paraboloids* 
LORNE H. DOHERTY 


Summary—Using an antenna system whose aperture could be 
varied in four-foot steps between 4 and 24 feet, aperture-to-medium 
_ coupling loss measurements have been made on a 2720-msec, 216- 
_ mile path. These measurements reveal an intrinsic variability in the 
scattering mechanism which is not accounted for in most current 
theories. Diversity and fading-rate measurements were also made. 
A simple mathematical model of the diffracted field yields calculated 
values of the normal component of the wind which agree well with 
the measured wind. Calculated and measured values of fading rate 


_ are also seen to be in good agreement. An estimate is made of the 


turbulent wind velocity. 


INTRODUCTION 


2720-msec radio link was operated between Otta- 

wa and Toronto, a distance of 216 miles, for a 

period of 20 months (from April, 1955 to Decem- 
ber, 1956). The observations of signal level and details 
of the equipment were reported in a previous paper. 
During part of this 20-month period, and for four 
months following termination of the routine observa- 
tions, experiments were performed with a special receiv- 
ing antenna system. This antenna system consisted of 
six four-foot-diameter paraboloids mounted side-by-side 
horizontally, at right angles to the propagation path. 
Using the antennas individually, measurements were 
made of the correlation of signal amplitudes across the 
path. Any number of these antennas could be paralleled 
to form, with proper phasing, an antenna array whose 
aperture could be varied in four-foot steps between four 
feet and 24 feet. 

Experiments with this antenna system have yielded 
results on aperture-to-medium coupling loss, on fading 
rates as a function of antenna size, on correlation dis- 
tances normal to the path, on the effect of the average 
wind on fading rates and antenna gain, and on turbulent 


wind velocity. 


THE ANTENNA ARRAY 


A photograph of the six paraboloids is shown in Fig. 1. 
The centers of the antennas were about six feet from 
ground level and were mounted with about two inches 
between their rims. The antenna faces were laid out 
along a line at right angles to the propagation path. A 
waveguide double dipole feed was used, but a transition 
to coaxial line was placed immediately behind the pa- 
raboloids. Flexible 50-ohm lines (RG-8/U) were used to 
feed the signals from the individual antennas to a hous- 
ing behind the center of the array. These lines were cut 


* Manuscript received by the PGAP, March 25, 1959. 

+ Radio and Elect. Engrg. Div., Natl. Res. Council, Ottawa, Can, 

1. H. Doherty and G. Neal, “A 215-mile 2720-msec radio link, 
to be published in IRE TRANS. ON ANTENNAS AND PROPAGATION. 


Fig, 1—Photograph of the array of six paraboloids. 


to equal length. A coaxial line stretcher was placed in 
each of these lines and mounted in the central housing. 
A matching and paralleling unit was mounted inthe 
housing. This unit had six input connectors (one for 
each antenna) and an output connection to a receiver. 


‘If fewer than six antennas were to be paralleled, a 


shorted stub was placed on the unused connectors. A 
variable stub, calibrated in terms of the number of an- 
tennas paralleled, completed the unit. A voltage stand- 
ing-wave ratio of better than 1.3 was obtained with any 
antenna combination. A photograph of the housing is 
shown in Fig. 2. 

The array was placed just a few feet back from the 
edge of a cliff. Consequently, it was impossible to make 
the necessary phase adjustments with a nearby antenna 
providing a signal. The nearest accessible point for this 
calibrating antenna was some 15 miles away over water. 
The signal received from this distance was almost in- 
variably fading over a 10- to 20-db range. On a few oc- 
casions (usually during rain or below-freezing tempera- 
tures when outdoor working conditions were at their 
worst), a comparatively steady signal was received and 
the phase adjustments of the antennas could be checked. 

The initial phase adjustments were made using the 
scatter signal transmitted from Ottawa as a signal 
source. Because of the aperture-to-medium coupling 
loss, the observed signal level was not sensitive to the 
line-stretcher adjustment when more than three an- 
tennas were paralleled. Consequently the following pro- 
cedure was adopted. Two antennas at one end of the 
array were paralleled. The line stretcher of one was ad- 
justed to maximize the median signal received during a 
period which varied between 0.5 minute and 3.0 min- 
utes. The signal from another antenna was observed 
during this same period to determine what changes in 
signal level were independent of the line stretcher ad- 
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Fig. 2—Photograph of the interior of housing containing 
paralleling unit and line stretchers. 


justments. Following this adjustment, the second and 
third antennas were paralleled and the line stretcher 
associated with the third antenna adjusted for maxi- 
mum signal. This process was continued for all six an- 
tennas, each antenna being phased in conjunction with 
that immediately before it in the array. 

A considerable degree of confidence in this method of 
phasing the antennas developed, and it was the method 
used exclusively in the latter half of the project. The 
most likely source of phasing error would be a cumula- 
tive one resulting in a progressive change in phase down 
the length of the array. One method of guarding against 
this possibility was by starting at the opposite end of 
the array and paralleling the paraboloids in pairs as be- 
fore. No significant change in line-stretcher positions 
was ever observed when this experiment was performed. 
In addition, when any three antennas were paralleled, 
it was never possible to increase the signal level by a 
line-stretcher adjustment. 

Some variation in the electrical length of the cables 
was observed and the phasing was checked periodically. 
This was not, however, a serious problem. Small varia- 
tions in cable loss, frequently associated with the cable 
connectors, gave more trouble, and necessitated the re- 
placement of at least one cable each month. The relative 
gains, including cable loss, of the individual antennas 
were checked each time the antenna system was used. 

With the phasing accomplished as described, meas- 
urements of gain were made using a signal source placed 
along the path at a distance of 15 miles. This is a line-of- 
sight path, but as has already been mentioned, because 
of the almost continuous superrefraction over Lake On- 
tario,? the signal fluctuates over a 10 to 20-db range ina 


2 A. D. Hood and L. H. Doherty, “Radar Propagation on Lake 
Ontario,” Natl. Res. Council of Canada, Ottawa, REED Rept. 
ERA-321: March, 1957. 
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matter of one to five minutes. Table I lists the results of 
some gain measurements made during periods of rela- — 
tively stable signal levels. The average gains should be © 


compared with the plane-wave gains which would be 
obtained with perfect phasing of antennas of equal gain. 
The difference in measured gain between the lowest and 
highest figure is 1.6 db in the worst case, but the average 
agrees well with the calculated values, and there is no 
evidence of an improper phase adjustment.. 

Further evidence of the accuracy of the described 
method of phase adjustment may be found in the scatter 
signal gain measurements. In the results of the next and 
later sections, there are gain measurements yielding 
values in close agreement with the theoretical plane 
wave values. 


TABLE I 
PLANE-WAVE GAIN RELATIVE TO ONE ANTENNA (DB) 


Number of Measured re pated (80 
Antennas : verage| Calculate 
February March March April 
Paralleled 29 19 22 i6 
2 So Dat 4.0 3.0 33 3.0 
3 4.3 ei! 5.6 4.0 4.7 4.8 
4 5.6 6.7 6.8 6.3 6.4 6.0 
5 6.5 7.4 (fee 732 7A 7.0 
6 — tol, 7.8 10 thoy! 7.8 


PRELIMINARY MEASUREMENTS OF ANTENNA GAIN 


Some preliminary measurements of relative antenna 
gain on the scatter signal from Ottawa were made during 
the latter half of June, 1955. In these experiments, no 
reference antenna was used. One, two, to six antennas 
were connected to the receiver in turn. The signal was 
recorded for a period of three minutes with a time con- 
stant of four seconds. The median signal level for each 
antenna arrangement was then estimated from the re- 
cording. The results from 18 such experiments are sum- 
marized in Fig. 3. These experiments were performed at 
a different site than the rest of the experiments covered 
in this paper. 

In Fig. 3, the gain is plotted relative to the gain of 
one antenna. Each curve is an average of two, three, or 
four observations as indicated in brackets after the data. 
One experiment involving a single three-minute obser- 
vation for each antenna arrangement took about 25 
minutes to perform. 

The large variation in realized gain is immediately 
apparent from these curves. There would also appear to 
be a diurnal variation, higher gains being realized in the 
morning than in the afternoon. The afternoon observa- 
tions show the lowest gain figures of any made with this 
array, and it is possible that the site had an adverse 
effect on the observations. 

The results of a further set of preliminary measure- 
ments are shown in Fig. 4. In this case, one antenna of 
the array was used as a reference antenna, and conse- 
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Fig. 3—Some preliminary antenna gain measurements. 
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-. Fig. 4—Some preliminary antenna gain measurements 
using a reference antenna. 


quently a 20-foot aperture was the maximum that could 
be obtained. As before, the signal received with each an- 
tenna arrangement was recorded for three minutes with 
a time constant of four seconds. The median level was 
estimated from this recording. The antenna gain rela- 
tive to that of a single antenna was corrected by the 
amount of signal variation recorded simultaneously on 
the reference antenna. Each of these curves is the aver- 
age of two such observations, the entire experiment 
taking about 40 minutes to perform. 

The large variation in realized gain is again observa- 
ble. Probably as the result of the use of a reference an- 
tenna, this variation is less than that shown in Fig. 3. 
The observations of February 29 and of the morning of 
March 21 show realized gains in close agreement with 
the theoretical plane-wave gain. There is a striking dif- 
ference in the morning and afternoon observations on 


March 21. 


AN ACCOUNT OF THE MAIN OBSERVATIONS 


A more elaborate program of experiment and analysis 
was undertaken following the preliminary observations 
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_ of the previous section. Both antenna gain and diversity 


measurements were made using a time constant which 
was short compared with the fading rate, and a high- 
speed recorder which could follow the signal fading 
faithfully. 

For the antenna gain measurements, one of the an- 
tennas was used as a reference and its signal recorded on 
one channel of a two-channel Brush recorder, while in 
turn one, two, three, four, and five antennas were par- 
alleled and the resulting signal recorded on the other 
channel. A recording of approximately 30 seconds was 
taken at each antenna configuration, and the entire 
gain measurement took from 10 to 20 minutes. Cumula- 
tive amplitude distributions were determined from all 
the recordings. The relative antenna gains were then 
calculated from the average db difference between the 
distribution curves, between the 20- and 80-percentile 
levels, and corrected by the signal level change indicated 
by the reference antenna. From these same records, the 
fading rate of the signal as a function of antenna aper- 
ture was also obtained. The fading rate is defined as 
“the average number of positive crossings, per second, 
of the median level.” 

Diversity measurements were made with the same 
recorder and recording time. One receiver was con- 
nected to an antenna at one end of the array and another 
connected to each of the other antennas in turn. From 
these records, the normalized envelope correlation func- 
tions ¢,(7) of signals received at points separated by 4, 
8, 12, 16, and 20 feet were calculated. 


wc ea 2 A) ee Peel Uae 2) so Halo 
‘ {>> [Eu(t,) — E,]? >> [B2(t; + 1) — E,]?}1? 


where Fi(t;) —E is the zero-centered signal envelope at 
one antenna, and F,(t+7)—E is a similar signal at a 
second antenna a time 7 later. For each separation, the 
correlation function was calculated over a range of time 
shifts sufficient to include the maximum in the correla- 
tion, A set of correlation curves is shown in Fig. 5. The 
progressive shift in the position of the maximum and 
the reduction of the maximum value as the separation is 
increased is typical of the results obtained. 

Fig. 6 shows the results of the analysis of nine experi- 
ments. In six of the cases, the experimental data and the 
analysis are relatively complete. In one case (October 
30, 1956), the experimental data are complete but the 
correlation coefficients have not been calculated. In 
another case (October 10, 1956), no gain measure- 
ments were made, and in a third (December 21, 1956), 
the diversity measurements were not made. 

In the upper portions of Fig. 6 are shown the relative 
gains of the various antenna combinations relative to 
the gain of a single antenna, and on the same scale the 
fading rate (X10) of these antenna combinations rela- 
tive to the fading rate for a single antenna. Also listed 
is the signal level Sin db relative to the monthly median, 


(1) 
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the fading range R being the db difference between the 
10 and 90 percentiles, and Z the fading rate for a single 
antenna. The value of R for a Rayleigh distribution is 
13.4 db. In the lower portions of Fig. 8 are shown two 
correlation coefficient curves, one giving the correlation 
at zero time displacement as a function of antenna 
spacing, and the other the maximum correlation coef- 
ficient irrespective of time delay for each antenna sepa- 
ration. A third curve gives the time delay ft, at which 
this maximum occurs. Again, the signal level, the fading 
range and the fading rate observed during these di- 
versity measurements are noted. At the bottom are 
listed the time intervals during which the gain and di- 
versity measurements were made. The wind direction 
and speed, as reported by the Meteorological Service of 
Canada station at Trenton, about 35 miles south of the 
midpoint of the path, is also shown. The direction shown 
in Fig. 8 is relative to the path. A 0° wind is one blowing 
into the receivers from the direction of the transmitter. 
There follows a short description of the individual ex- 
periments. — 


April 19, 1956: There is only one point available for 
the variation of fading rate with antenna aperture. 
The line, consequently, is shown dashed. 

August 17, 1956: The antenna gain measurements were 
performed in a different manner than in any of the 
other experiments. The signal was observed for 10 
minutes at each antenna configuration and the signal 
was analyzed on an automatic totalizer.’ As a result, 
the gain measurements stretched out over a period of 
about 70 minutes, and there was a variation of close 
to 5 db in median signal level from the beginning to 
the end of the experiment. The signal correlation 
dropped rapidly with increasing separation and the 
maximum in the correlation function was not well 
defined for separations of 12 feet and 16 feet, and did 
not exist for a 20-foot separation. 

October 4, 1956: In this case, the diversity measurements 
were made in the morning, and the gain measure- 
ments in the afternoon. There was an 8-db change in 
median signal level and a significant change in the 
fading rate during the four hours separating the two 
measurements, and it is considered likely that the 
diversity results are not indicative of the conditions 
existing during the afternoon. 

October 10, 1956: No gain measurements were made and 
no wind observations are available. At an antenna 
separation of 20 feet, it became impossible to deter- 
mine a maximum in the correlation pattern. 

October 17, 1956: The signal level was constant during 


*S. A. Stone, “A Totalizer for Obtaining the Amplitude Distri- 
bution of a Fading Signal,” Natl. Res. Council of Canada, Ottawa, 
REED Rept. ERB-405; October, 1956. 
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Fig. 5—Cross-correlation functions of signals received on 
space antennas. 


the period of diversity measurements, but dropped 
5 db while the gain measurements were being made. 
It is considered likely that a significant change in the 
propagation conditions occurred in this short interval. 

October 26, 1956: Part, at least, of the irregularity in the 
tm-VS-separation curve for this date, and for some of 
the others, is due to the coarseness of the time inter- 
vals at which readings were taken. Where the true 
maximum occurs at a time shift between values for 
which the correlation coefficient was calculated, it is 
estimated that the indicated maximum may be low 
by as much as 0.1. 

October 30, 1956: Diversity measurements were made, 
but the calculations of correlation coefficients have 
not been made. The curve of time shift in the diffrac- 
tion pattern has been obtained by taking the average 
time difference of corresponding maxima in the re- 
corded signals on the spaced antennas. This is possible 
because of the very good correlation that exists be- 
tween signals from antennas as far as 20 feet apart. 

December 21, 1956: No diversity measurements were 
made. 

April 16, 1957: The correlation between signals re- 
corded just 8 feet apart was poor, and consequently 
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Fig. 6—Results of antenna gain and diversity measurements. (See text for definitions of Z, Z', G, b(tm), PO), fm.) 
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the time-shift curve is not very reliable and could not 
be read at an antenna separation of 16 feet. 


REALIZED ANTENNA GAIN 


The theories of tropospheric scattering have, in the 
main, called for an aperture-to-medium coupling which 
is essentially independent of meteorological conditions. 
Waterman gives the following formula for the present 
situation of one broad-beam antenna and the other an- 
tenna narrow in azimuth only: 


L, = V5?" — "s (2) 


where 


L,=the aperture-to-medium coupling loss, 
d=the distance between transmitter and receiver, 
a=the modified earth’s radius, 
@=the narrow azimuthal beamwidth, 
m =the exponent for the angular dependence of the 
scattering cross section o, 


a(8) = and 


sin” (6/2) 
6 =the scattering angle. 


The exponent m has different values for different scat- 
tering models. For the Booker-Gordon mode,**§ m=4. 
For the models proposed by Villars and Weisskopf,’ and 
by Wheelon,® the exponent has a value of 5. A value of 
m=11/3 is obtained by both Batchelor® and Silverman.?° 
For each model, however, meteorological conditions 
enter only through the modified earth’s radius factor. 
It is unlikely that significant changes in @ can occur, at 
least for the link considered here, without producing a 
distinguishable superrefracted signal. 

Significant changes in the aperture-to-medium cou- 
pling loss are, however, observed in the results con- 
tained in this paper. Fig. 3 shows some indication of a 
diurnal pattern in the measurement of aperture-to- 
medium coupling loss. Fig. 4 shows two instances where 
the realized and plane-wave gains are approximately 
equal. It appears, therefore, that a model is required 
which permits a variation in the scattering cross sec- 


4 A, T. Waterman, Jr., “Some generalized scattering relationships 
in trans-horizon propagation,” Proc. IRE, vol. 46, pp. 1842-1848; 
November, 1958. 

5 H. G. Booker and W. E. Gordon, “A theory of radio scattering 
in the troposphere,” Proc. IRE, vol. 38, pp. 401-412; April, 1950. 

6 W. E. Gordon, “Radio scattering in the troposphere,” Proc. 
IRE, vol. 43, pp. 23-28; January, 1955. 

7F, Villars and V. F. Weisskopf, “On the scattering of radio waves 
by turbulent fluctuations of the atmosphere,” Proc. IRE, vol. 43, 
pp. 1232-1239; October, 1955. 

8 A. D. Wheelon, “Spectrum of turbulent fluctuations produced 
by convective mixing of gradients,” Phys. Rev., vol. 105, pp. 1706- 
1710; March 15, 1057, 

9A. K. Batchelor, “The Scattering of Radio Waves in the At- 
mosphere by Turbulent Fluctuations in Refractive Index,” Cornell 
Univ., Ithaca, N. Y., Res. Rept. EE 262; September 15, 1955. 

0 R, A. Silverman, “Turbulent mixing theory applied to radio 
scattering,” J. Appl. Phys., vol. 27, pp. 699-705; July, 1956. 
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tion’s dependence on scattering angle. 

Before considering further the antenna gain measure- 
ments included in Fig. 6, it is worthwhile to relate these _ 
gain measurements to the measured correlation coef- 
ficients. The measured correlations were of the en- 
velopes of the received signal, whereas the RF correla- 
tion is required for a calculation of the expected gain. 
If $(R/) is the normalized RF correlation (zero time dis- 
placement) between signals observed a distance &l apart, 
then it is easily shown that a gain of m similar antennas 
in parallel relative to the gain of a single antenna is, 


ea ae (3) 


SOTOLe oy 


k=1 nN 


where 1 is the distance between adjacent antennas. 
The correlation function ¢ has the form," 


(x) = o(x) cos [A(x)] (4) 


where a(x) is related to the measured envelope correla- 
tion function ¢,(x) as follows, 


@) = ~7-(So+ Sot) (5) 
e x = a ae I! Se ee ras . 
: 4—7\4 64 

Thus, a(x) can be derived from the measured envelope 
correlation, but the term A(x), due to the phase fluctua- 
tions, cannot be so derived. Although the gain of the 
parallel antennas cannot be calculated from the meas- 
ured correlation coefficients, it was worthwhile to check 
the internal consistency of the measurements by a cal- 


_ culation assuming $(x) =¢,.(x). The results are shown 


in Fig. 7. The points fall within a reasonably narrow 
band except for the October 4 results, and two points of 
both the August 17 and October 17 results. In each of 
these cases there is good cause for believing, as already 
stated, that the results of the diversity measurements 
were not representative of conditions during the gain 
measurements. It appears, therefore, that the gain 
measurements may be considered with some confidence. 

The variability in the aperture-to-medium coupling 
loss is again observed in the eight gain curves plotted in 
Fig. 6. In particular, the results for October 30 show no 
aperture-to-medium coupling loss even for an aperture 
of 20 feet. This would not be an unexpected result if the 
signal received were due to superrefraction. However, 
the signal level is approximately equal to the monthly 
median and the experience with this path” is that there 
is no evidence of superrefraction even at the 10-per- 
centile level. In addition, the signal is approximately 
Rayleigh-distributed and the fading rate, while low, will 
be shown to be a result of the mean wind being directed 
very closely along the path. Thus, except for the gain 


1 R. Price, “A note on the envelope and phase-modulated com- 
ponents of narrow-band Gaussian noise,” IRE TRANs. ON INFORMA- 
TION THEORY, vol. IT-1, pp. 9-13; September, 1955. 

* Doherty and Neal, op. cit. The limited occurrence of super- 
refraction was confined to the summer months. 
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Fig. 7—Comparison of measured gains with gains calculated 
from results of diversity measurements. 


measurement itself, there is no reason to believe that 
this signal differs from the normal scatter signal on this 
path. 

The evidence presented in Figs. 3 and 4, and again in 
Fig. 6, suggests very strongly that there is a basic varia- 
bility in the scattering mechanism. The data of Fig. 6 in 
particular are sufficiently accurate so that the variabil- 
ity in the results cannot be assigned to experimental 
error. In addition, the strength of the signal, the ampli- 
tude distribution, and the relationships (which are dis- 
cussed in the next section) between the fading rate, the 
correlation distance and the mean wind, are all indica- 
_ tive of a tropospheric scatter signal and not of another 

propagation mechanism. Bolgiano™ has found a similar 
variability in the wavelength dependence and has been 
led to produce a model in which the m of (2) varies with 
the dynamic stability of the atmosphere. No attempt 
has yet been made to relate the measurements presented 
here with the meteorological situation in the manner 
suggested by Bolgiano’s work. 

Anisotropy in the turbulence is a consequence of 
Bolgiano’s model, in which atmospheric stability in- 
hibits vertical motion. The effect of anisotropic turbu- 
lence is treated by Staras“ in terms of a parameter 7 
which is the ratio between vertical and horizontal scales 
of turbulence. In order to account for the results of 
Fig. 6, 7 must vary between unity and approximately §. 


FADING AND THE WIND 


Following Gordon and Rice,® we assume a space 
correlation function for the envelope of the signal in the 


18 R, Bolgiano, Jr., “A Meteorological Interpretation of Wave- 
length Dependence in Transhorizon Propagation,” Cornell Univ., 
Ithaca, N. Y., Res. Rept. EE 385; September, 1958. 

“ H. Staras, “Antenna-to-medium coupling loss,” IRE TRans. 
oN ANTENNAS AND PROPAGATION, vol. AP-5, pp. 228-231; April, 
ca W. E. Gordon, “The Scattering of Radio Waves by Turbulence 
in the Troposphere,” Cornell Univ., Ithaca, N. Y., Res. Rept. EE 
163; September, 1953. ; : 

16S. O, Rice, “Statistical fluctuations of radio field strength far 
beyond the horizon,” Proc. IRE, vol. 41, pp. 274-281; February, 


1953 
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vicinity of the receiver of the form, 
be(x, 9, 2) = exp — | (a/s%0)® + (9/y0)* + (e/20)*f. (6) 


where x, y, and zg are measured respectively, horizontally 
across, horizontally along the path, and vertically. xo, yo, 
and Z are the correlation or diversity distances defined 


by 
Pe( Xo, 0, 0) = $-(0, V0 0) a $.(0, 0, Zo) aCe 


As a result of drift of the scatterers with the mean wind 
in the scattering volume, the pattern of signal strength 
in the vicinity of the receiver will move in a related 
manner. The correlation function, including time as a 
variable, will therefore have the form, 


ee oe) 
+E. © 


where vz, Yy, Vz, are the x, y, and zs components of the ve- 
locity of the diffraction pattern at the receiving site; 
and ¢p is the period or time constant of the turbulence. 

Implicit in (7) is the assumption that in the absence of 
turbulent motions, the diffraction pattern will not 
change in time when viewed in a co-ordinate system 
moving with the velocity vz, vy, v. An examination of 
the phase relationships in such a moving system shows 
that this is a good approximation for motion normal to 
the path. For motions along the path where the term in 
y is dominant, the approximation is poorer. Sample cal- 
culations indicate that when v,t>2y0, the changing 
phase relationships will begin to change the diffraction 
pattern even if there is no turbulence. In the analysis 
which follows, this failure of (7) is of no importance ex- 
cept in the section on turbulent velocities where this 
point is again discussed briefly. 

For the diversity measurements described in this 
paper y=z=0, and if, in addition, we assume v,=0, (7) 
reduces to 


cnt nen N+ +(O} 


If the scattering occurs in the neighborhood of the 
midpoint of the path, the relationship, to a good ap- 
proximation, between the diffraction pattern drift ve- 
locity and the mean wind V in the scattering volume is 


v = 2V. (9) 


A partial check on the validity of (8) is provided by 
Fig. 8. The correlation coefficients for zero time shift 
have been plotted against the normalized space separa- 
tion x/xo. Values from all the diversity measurements 
of Fig. 6 are included in Fig. 8. A curve of the form 
exp (—x?) has been superimposed for comparison, and 
is seen to agree well with the experimental points for 
correlation coefficients greater than 0.2. 
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Fig. 8—Signal correlation normal to the path 
(solid curve is exp —(%/xo)?). 


CALCULATION OF THE MEAN WIND 


If the cross-correlation function of the signals re- 
ceived on spaced antennas is calculated, the maximum 
in the correlation function is found to be shifted in time, 


as in Fig. 5. By setting 0¢./0t=0, the time displacement 


of the maximum is found to be 


xV_/%0" (10) 


Mer Yo" to” 


The linear relationship between f, and x is to be ob- 
served in Fig. 6. The value of the correlation function at 
the maximum is, 


x? LVebm 
(x, a) = exp — {= <= \ (11) 
Xo" XL” 
where 
x0" « 
ts = —— In be, bm) + — 
x Xo" 
- SN Pee (12) 
tn Sin 


The first term has been called the “apparent velocity.”!7 

This expression has been used to calculate the com- 
ponent of the mean wind normal to the path. In this 
calculation, a straight line has been fitted to the f,,-vs-x 
plots of Fig. 6. In most cases, this could be done without 
difficulty. Using the fact that ¢,, is proportional to x, it 
can be seen from (11) that In ¢.(R, tm) xx”. Consequently, 
In ¢, was plotted against x? and an attempt was made to 
fit a straight line to the results. In three of the six cases 
considered, this could be done with reasonable accuracy. 
In two of the three remaining cases (April 16, 1957; 
August 17, 1956), the correlation had dropped to a low 
value with an 8-foot separation. It is believed that the 
statistical fluctuation in the low values of correlation 
could account, in part, for the nonlinearity in these 
plots. A similar effect may be observed in Fig. 8. 


17S. N. Mitra, “A radio method of measuring winds in the iono- 
sphere,” Proc. IEE, vol. 96, pt. III, pp. 441-446: 1949, 
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Table II gives the values of the normal component of 
the mean wind as computed, using (12) and (9). A de- 


scription of the fit of the In $(«, tm)-vs-x? to a straight 


line is included. The measured winds were obtained from 
the Meteorological Service of Canada’s observing sta- 
tion at Trenton, Ontario, about 35 miles south of the 
midpoint of the path; they are for an altitude of 5000 
feet, the approximate height of the intersection of the 
horizon lines from the transmitter and receiver. The 
apparent velocity given by x/tm is also listed. With the 
exception of the October 26, 1956 data, the agreement 
between the computed and mesaured winds is good, 
and tends to be better when there is good linearity in 
the In ¢-vs-x curve. The measured wind for the October 
26 data was extrapolated from measurements made 
from the surface to 4000 feet, at which height the ob- 
servations were terminated. A strong wind shear was 


evident in the observations over the first 4000 feet, and 


a front was in the general vicinity of the path. It is en- 
tirely possible, therefore, that the measured wind 
quoted in Table II is in error. A 30° shift in wind direc- 
tion without change in wind speed would be sufficient 
to make the measured and calculated winds equal. 


TABLE II 
COMPONENT OF THE MEAN WIND NORMAL TO THE PATH 
(FEET/SECOND) 
aa linearity i is Vz (feet/second) 
2 
In @ vs x 2 tm |Computed Measured 
April 19, 1956 good 20 {7 19 
August 17, 1956 poor 31 13 20 
October 4, 1956 poor 60 26 19 
October 17, 1956 good 18 4 4 
October 26, 1956 good 43 38 19 
April 16, 1957 fair 14 2 1 


FADING RATE 


The observed fading rate of a signal received on a 
small antenna (aperture less than the diversity dis- 
tance) is of the order of the reciprocal of the correlation 
time. From Rice!’ the average number of positive 
crossings of the median per second is, approximately 


Lee al ar [4.(0, 0)| 
=e 1" ep se 
be Wea ea 
T X07 Vor to? ( ) 


It can be seen from (13) that attempts to correlate the 
fading rate with the component of wind normal to the 
path need not be very successful. In fact, correlation 
coefficients as low as 0.45 have been observed.!9 


te S. O. Rice, “Statistical properties of a sine wave plus random 
noise,” Bell Sys. Tech. J., vol. 27, pp. 109-157; January, 1948. 
' 1° B. C, Angell, J.B. L: Foot, W: J; Lucas) and’ C. T. Thompson, 
Propagation measurements at 3480 mc/s over a 173-mile path,” 
Proc. IEE, pt. B, suppl. no. 8, pp. 128-142; 1958. 
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From (13) and (10), an expression for the fading rate 
of the signal received on a small antenna may be de- 


rived, 
“1 [ «V, 72/2 
pty 
Tv bmX0” (14) 


Fading rates have been calculated for the six cases con- 
sidered in the previous section. The fading rates have 

_been calculated using both the calculated and measured 
values of the normal component of the mean wind. The 
results are shown in Table III. 


TABLE III 
FADING RATE OF SIGNAL RECEIVED ON SMALL ANTENNA 


Fading Rate 


Date Calculated from 
————]| Measured 
Calculated v, | Measured 2, 
April 19, 1956 ile WSR) bay 
August 17, 1956 2.6 SHG 25 
October 4, 1956 3.5 2.6 2.6 
October 17, 1956 0.3 0.6 0.3 
October 26, 1956 2.9 15 268 
April 16, 1957 0.5 0.4 0.6 


With the exception of the October 4 data, the com- 
parison between the measured fading rates and those 
calculated using the calculated values of the wind v, is 
very good. It is worthy of note that the October 26 data 
are at least selfconsistent. Thus, although there was a 
ratio of almost two-to-one between the calculated and 
measured wind speeds, the fading rate corresponds to 
that calculated from the calculated wind speeds. 

Eq. (13) is valid when the antenna aperture is less 
than xo. For an antenna whose aperture is large in the 
x-direction, the term (v,/x0)? must be modified to allow 
for the averaging that occurs over the aperture. The 

_effective correlation distance is of the order of the an- 
-tenna dimensions and the expression for the fading rate 
takes the form 


1 V2? Vy? 1 1/2 
ga et (15) 


where L is the aperture dimension in the x-direction. 
From (10) and (12), it can be shown that 


3 1 Is 
eM eS Phen Giant i) (16) 
yo" to? Xlm 
whence, 
1 ee x 
gai f gee: in a(x, tm) ae anak 
Tv I? Xt 


The fading rates have been calculated using (17). The 
results are presented in Table IV in terms of the ratio of 
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TABLE IV 


FADING RATE FOR VARIOUS ANTENNA APERTURES (FADING 
RATE RELATIVE TO THAT FOR SMALL APERTURE) 


April 19, 1956 | August 17, 1956 | October 4, 1956 


L Calcu- Meas- | Calcu- Meas- | Calcu- Meas- 
lated ured lated ured lated ured 

8 1.00 0.86 0.68 0.87 

12 0.91 0.81 0.83 0.53 0.78 
16 0.76 0.44 0.79 0.71 0.46 0.66 
20 0.64 0.78 0.83 0.43 0.54 
October 17, 1956 | October 26, 1956] April 16, 1957 

Calcu- Meas- | Calcu- Meas- | Calcu- Meas- 

lated ured lated ured lated ured 

8 1.00 1.00 1.00 0.76 0.98 0.83 

12 1.00 0.78 0.77 0.68 0.96 0.81 
16 1.00 0.69 0.62 0.53 0.97 0.61 
20 1.00 0.62 0.54 0.47 0.95 0.53 


the fading rate observed with an aperture L to that ob- 
served with an aperture of 4 feet. 

The agreement between the calculated and measured 
fading rates is not good. It has already been noted in 
connection with the gain measurements that the di- 
versity measurements of October 17, 1956, on which the 
calculated fading rates are based, are probably not in- 
dicative of conditions during the period when the an- 
tenna aperture was varied. The data of August 17 and 
October 26 show fair agreement between the calculated 
and measured fading rates, but those for October 4, and 
particularly for the following April 16, do not. In the 
latter case in particular, it appears certain that some 
factor affecting the contribution to the fading rate from 
the wind component v, has not been taken into account. 


TURBULENT VELOCITY 
On the basis of the analysis presented in this paper, 
the term (v,?/¥o?) +(1/to?) is given by (16). It is not pos- 
sible to derive a value for yo from the experiments pre- 
sented here. Gordon gives the following relationship be- 
tween Xo and yo:?° 


Yo = %?/2X. (18) 


Using (16) and (18), an estimate of to may be made. The 
results are shown in Table V. 


TABLE V 
CALCULATED PERIOD OR TIME CONSTANT OF ATMOSPHERIC 
TURBULENCE 
Date ty (seconds) 
April 19, 1956 Oe 


August 17, 1956 
October 4, 1956 

October 17, 1956 
October 26, 1956 
April 16, 1957 


-OrFcoo 
NW WW bh 


20 W. E. Gordon, op. cit. footnote 15, p. 52. 
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The periods listed in Table V are to be associated with 
an eddy scale /. 


j lar 1 
OK ee eB 
— sin — 
D, 
= 2.7 meters. 


The values for fp) must of course be treated with a great 
deal of caution. As mentioned earlier, some reshuffling 
of the diffraction pattern occurs even in the absence of 
turbulent motions. In this analysis, the result of this 
effect is included in to. The f of Table V must therefore 
be considered as an upper limit to the period of the tur- 
bulence. An estimate of the correction to be applied 


ik 
could be made, but it is not considered worthwhile in 
view of the lack of a measured value of y. An additional — 
factor, which might possibly be important in some cases, ~ 


~ would be the presence of a vertical air current. The ef- 


fect of any such vertical air movements is also included — 
in the ¢o of table V. 
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Sweep-Frequency Studies in Beyond-the-Horizon Propagation* 
W. H. KUMMER} 


Summary—tThis paper considers the bandwidth characteristics of 
the propagating medium in tropospheric beyond-the-horizon propa- 
gation. 

To study this problem, a frequency-sweep experiment was per- 
formed over a 171-mile experimental circuit. A 4.11-kmc transmitter 
was frequency modulated at a 1000-cps rate over a 20-mc band. 
The receiver was swept nonsynchronously over the same band at a 
30-cps rate. The resultant pulses were displayed on an oscillograph 
and photographed at the rate of one frame every two seconds. 

The experiment used a 28-foot transmitting antenna and 8-, 28- 
and 60-foot receiving antennas. 

Sequences of selected sweep-frequency pictures are shown for 
various antenna combinations and transmission conditions. The 
bandwidths from the experiment are compared with a calculation 
based on the common volume geometry. 

Photographs of signals received simultaneously from a twin-feed 
horizontal diversity system are also shown and discussed. 


INTRODUCTION 


( ee and military tropospheric be- 
yond-the-horizon systems are used to transmit 
voice and television, as well as data.! The com- 

plexity of these systems makes it difficult to use them in 

the measurement of the instantaneous bandwidth. 
In the experiments described in this paper, the instan- 


* Manuscript received by the PGAP, February 9, 1959; revised 
manuscript received, July 23, 1959. This paper was presented at 
URSI Meeting, University Park, Pa., October 22, 1958. 

{ Microwave Laboratory, Hughes Aircraft Co., Culver City, 
Calif.; formerly at Bell Telephone Labs., Holmdel, N. J. 

1 Proc. IRE, vol. 43; October, 1955, é 


taneous bandwidth is measured by a frequency-sweep 
method. It is possible to obtain equivalent information 
using pulse techniques? but the interpretation of the re- 
sults is rather difficult because of pulse distortion and 
overlapping. 

The experimental circuit used is 171 miles in length 
between Pharsalia, N. Y., and Crawford Hill, N. J. The 
terrain between locations is mountainous. There is no 
obstruction at either terminal. 

The bandwidth can be estimated by calculating the 
relative delay from the common volume geometry. This 
calculation of bandwidth is based on the maximum de- 
lays produced by the path differences defined by lines 
drawn through the 3-db points of the antenna patterns. 
From the common volume concept it is apparent that 
the delays will be greatest in the vertical plane. The 3- 
db points of the antenna patterns are 0.3°, 0.6° and 
2.2° for the 60-, 28-, and 8-foot paraboloids, respectively, 
as shown in Fig. 1. This method neglects the fact that 
the atmospheric discontinuities responsible for the 
propagation are weaker at higher elevations, and the 
reflection coefficient of these discontinuities decreases 
with larger grazing angles. These two effects decrease 


2 


J. H. Chisholm, P. A. Portmann, J. T. deBettencourt and J. F. 
Roche, “Investigations of angular scattering and multipath proper- 
ties of tropospheric propagation of short radio waves beyond the 
horizon,” Proc. IRE, vol. 43, pp. 1317-1335; October, 1955. 
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_the power which is received from higher elevations; if 
they are taken into account, it is found that the at- 
mosphere limits the effective beamwidth of wide beam 
antennas. From beam-swinging experiments? we have 
found that the atmosphere effectively limits the beam- 
width in the vertical plane to about 1° at 4 kmc. 


— 


ANTENNA SIZE 
TRANSMITTER (T)—28! 
RECEIVER (R)—8% 28%, 60/ 


Fig. 1—Vertical beamwidth of antennas. 


With the aid of Fig. 1 we see that the path length dif- 
ference, 6, will be 


ro al+ 9049) 


where a7 and az are the 3-db beamwidths in radians of 
the transmitting and receiving antennas; 6 is the angle 
in radians between the lower edge of the beam at the 
horizon and the straight line joining the terminals. For 
our path, 2a=171 miles and 6=0.9° (4/3 earth). 

Using the parameters for this circuit we get the band- 
widths shown in Table I. 


TABLE I 
Antenna Sizes | Beamwidths (3 db) |Path Length) p, nawidth 
Xm. Rec. Xm.ar_ Rec. az (feet) in me 
28’ 60’ 06° 2 0.3" 136 7.4 
28! 28’ 0690 30.6" 198 5.1 
28’ 8 eis pavo | 2a 3.6 


* Use only 1° due to atmosphere. 


We define the bandwidth as the frequency difference 
between two adjacent amplitude minima. 

Depending on the structure of the atmosphere, these 
bandwidths will change. The actual bandwidth will be 
determined by the distribution and strength of the dis- 
continuities in the common volume region. For example, 
if there were only one discontinuity, then one would ex- 
pect an infinite bandwidth. 

3 W. H. Kummer and D. C. Hogg, “Characteristics of Signals 


Received on a Large Aperture Antenna in Propagation Beyond the 
Horizon,” presented at URSI Meeting, Washington, D. C.; May 25, 
1957. 
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EXPERIMENTAL SET-UP 


The transmitter consists of a klystron oscillator fre- 
quency-modulated by a 1000-cps sawtooth voltage ap- 
plied to the repeller. This signal is amplified by a stagger 
tuned klystron-amplifier. The output power is about 10 
watts with a bandwidth of 10 mc at the 1-db points and 
15 mc at the 3-db points. No ripples occur across the 
band. 
| The receiver consists of a triple detection set with two 
IF amplifiers whose center frequencies are 66 mc and 3 
mc. The output of the second IF amplifier (150-kc 
bandwidth) is connected to the Y-axis of an oscilloscope 
(Fig. 2). The first beating oscillator is frequency-modu- 
lated at a 30- or 60-cps rate in a manner similar to the 
transmitter. These rates were chosen to be an order of 
magnitude higher than any fading rate which might be 
encountered on this circuit. 


SAWTOOTH 
GENERATOR 


BALANCED 
CONVERTER 


1ST IF (66 MC) 
BANDWIDTH 
1.8 MC 


2ND IF (3MC) 
BANDWIDTH 
150 KC 
ve 
FILM TIMING ws 
AND -CAMERA |-~ 
ADVANCE 
POWER 
SUPPLIES 


Fig. 2—Sweep receiver. 


B.0. 63 MC 


With the aid of Fig. 3 we see that whenever the dif- 
ference between the transmitter frequency and the beat- 
ing oscillator frequency is 66 mc, a pulse will appear on 
the oscilloscope connected to the last IF amplifier. The 
oscilloscope presentation is amplitude vs frequency. 


RESULTS 


A series of photographs taken on different days with 
the frequency sweep equipment are shown in Figs. 4-8. 
Each run consisted of a series of 150 frames taken at 23 
second intervals with a 1/10 second exposure. Selected 
sequences from several runs are shown. In the first three 
sets, Figs. 4, 5, and 6, the antenna sizes (28’—-60’) remain 
fixed. These sets were taken on different days to show 
the variability of transmission conditions. Fig. 4 shows 
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Fig. 3—Combination of transmitter and receiver 
sweep-frequency waveforms, 
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ANTENNA: RECEIVER — 60! 
_ TRANSMITTER ~ 28! 


Fig. 4—Sweep-frequency photographs. 
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the photographs for the 28’-60’ antenna combinations 
on a day when the median signal level was high with a — 
very slow fading rate (for a 4-kmc-cw signal). Since the 
fading rate is slow, the sequence appears continuous. 
The signal goes through one deep fade for the set shown. 
It should be noted that the amplitude fall-off at the ex- 
tremities of the photographs is due to the limited band- 
width of the transmitter. In this case the usable band- 
width of the medium is over 15 mc. The wide bandwidth 
suggests that the rather strong discontinuities primarily 
responsible for the propagation are contained in a rather 
small height interval. 

In Fig. 5 we observe at times a narrower bandwidth 
[ Fig. 5(h) ] as well as a very wide one [ Fig. 5(o) ]. In this 
set, the bandwidth is closer to what we predicted from 
our simple calculation.'The characteristic which is most 
noticeable is the variability from‘frame to frame. Had 
a continuous record been taken, continuous changes 


would have been noted. 


Fig. 6 shows, on the average, a broader bandwidth 
than the previous*one. However, the narrowest one 
[ Fig. 6(b) ] is about 6 mc wide. Fig. 6 is for the 28’—60’ 
antenna combination, as were all the preceding ones. 
Fig. 6, and the ones to follow were taken on the same 
day, with the receiving antenna as the variable. 
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Fig. 5—Sweep-frequency photographs, 
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Fig. 6—Sweep-frequency photographs, 


(0) 


14 7 MC : : _& tt A AT wc 92. 5 8 11 14 17.MC 


1} 


DATE —8 NOV. 1957 . ANTENNA? RECEIVER —28' CW MEDIAN FADING RATE —134/MIN. 
FREQUENCY —4110 MC oe : TRANSMITTER -28' _ . CW MEDIAN SIGNAL (-94 DBM) 


Fig. 7—Sweep-frequency photographs. 
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Fig. 8—Sweep-frequency photographs. 


1959 


Fig. 7 shows the received signal for the 28’-28’ an- 
tennas; these photographs were taken 7 minutes after 
those of Fig. 6. Here the narrowest bandwidth is about 
3 me [ Fig. 7(n)]. This is narrower than the predicted 
value of 5 mc. Fig. 8 shows the received signal on an 8’ 
antenna a few minutes later. Due to the lower gain of 
the 8’ antenna, the signal level is closer to the noise 
level of the system. However, one notes the narrowest 
bandwidth to be about 3 mc [ Fig. 8(n) ]. 

The photographs show that the medium introduces 
selective fading which bears a close similarity to the fad- 
ing which occurs on a line-of-sight path during anoma- 
lous propagation conditions.‘ It raises the question as to 
how many layer-like discontinuities are present at one 
time. The hypothesis that there are a limited number of 
regions of discontinuities does not necessarily contradict 
the fact that the received signal is Rayleigh-distributed 
as a function of time since in each region a few layers 
could change both in amplitude and position with time, 
therefore giving a Rayleigh distribution. 

To get a more quantitative answer as to the band- 
width of the medium and its relation to the antennas 
used, an analysis is being made to determine the cross- 
correlation function with frequency as well as the dis- 
tribution of bandwidth with time.’ A more realistic defi- 
nition of bandwidth in terms of change of amplitude as 
a function of frequency change will be used. Neverthe- 
less, the prediction of a bandwidth of the order of 
4-7 mc is consistent with the experimental data. 


-RESULTS—TWIN-FEED Diversity EXPERIMENTS 


Twin-feed diversity experiments, using cw transmis- 
sions, have shown that signals from the two received 
channels are uncorrelated most of the time at 4 kmc.° 
To examine the frequency correlation between two di- 
versity channels, tests were made using the 28’ trans- 
mitting antenna with a single feed and the 28’ receiving 
antenna with two horizontally disposed feeds. Simul- 
taneous recordings were made on the two channels using 
a dual trace oscilloscope. Photographs were taken with 
a Polaroid camera with 1/25 second exposure. Fig. 9 
shows several selected frames which illustrate the am- 
plitude-frequency characteristics; Fig. 9(g) shows the 
calibration for the photographs. Fig. 9(a)—(c) were re- 
corded on a day when the bandwidth was rather broad, 
whereas the remaining were taken on a more represen- 
tative day. In Fig. 9(a) and (e), the amplitude-frequency 
curves are well correlated; on the remaining ones there 
is less correlation. In all the runs the signals between 
the two channels at any particular frequency were un- 
correlated. An examination of several hundred frames 


4 A. B. Crawford and W. C. Jakes, Jr., “Selective fading of micro- 
waves,” Bell Sys. Tech. J., vol. 31, pp. 68-90; January, 1952. 

5 A. B. Crawford, D. C. Hogg, and W. H. Kummer, “Studies in 
tropospheric propagation beyond the horizon,” Bell Sys. Tech. J., 
vol. 38, pp. 1067-1178; September 1959. (See Sec. VIII.) 

6 W. H. Kummer, “Twin-feed Diversity Studies in Beyond-the- 
Horizon Propagation,” presented at URSI Meeting, Washington, 

D. C.; April 26, 1958. 
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Fig. 9—Sweep-frequency photographs of single channels in a twin- 
feed diversity system with horizontally disposed feeds—4110 mc. 
(g) calibration. 


shows that a frequency effect does occur between the 
two diversity channels when the frequency separation is 
of the order of several megacycles at 4 kmc. 

If the received channels are combined in a switch- 
type combiner, the percentage of time that the switched 
signal (at one frequency) spends below a certain level 
will decrease and the bandwidth will be broader. 


CONCLUSIONS 


Selected sequences of sweep-frequency photographs 
taken on a 171 mile beyond-the-horizon circuit have 
been shown; these exhibit selective fading characteris- 
tics typical of multipath propagation. The results of a 
calculation based on the geometry of the common vol- 
ume formed by the transmitting and receiving antennas 
predict a bandwidth of from four to seven megacycles. 
The bandwidth thus calculated is consistent with the 
one obtained from the experimental data. 

A look at the simultaneous recordings of two chan- 
nels from a twin-feed diversity system shows that the 
amplitude-frequency functions of the two channels are 
uncorrelated in most instances. 
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As an example, consider the reflection at normal inci- 
dence from a perfectly conducting infinite plane in the 
far-field of a radar. The radar will always be in the near- 
field of the infinite plane and thus it is expected that 
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communications 
Geometrical Optics Approximation of Near-Field 

Back Scattering* 
F. SHEPPARD HOLTt 

ie the radar equation 

PG o Gh? 
ne Gala) a) 
where 


P,=received power 

P,=transmitted power 

G=antenna gain 

R=range 
o =back-scattering cross section of the target 
\=wavelength 


it is assumed that the path attenuation from the radar 
to the target is proportional to 1/R?. This is a valid as- 
sumption provided the target is in the far-field of the 
radar. The back-scattering cross section @ is defined by 


4rR2S, 
5 


Ue (2) 
where S; is the power density incident at the target and 
S, is the reflected power density measured at the radar. 
If the return path attenuation is proportional to 1/R?, 
that is, if the radar is in the far-field of the target, and 
if the environmental conditions, the wavelength, and 
the target aspect are fixed, then o as given by (2) will be 
essentially constant. However, if the:radar is not in the 
far-field of the target then (2) will in general require o 
to be a function of the range R. 

* Manuscript received by the PGAP, April 29, 1959; revised 


manuscript received, June 15, 1959. 
t AF Cambridge Res. Center, Bedford, Mass. 


will be a function of R. The power density ratio S,/S;, as 
determined by geometrical optics, is equal to 4 for the 


infinite plane and hence by (2) 
o = TR’, 


(3) 


a function of R as expected. Substitution of (3) into (1) 
leads to the result 


P.G2r? 
"64,3 R? 


which can be verified directly by the method of images. 

Consider the reflection from a convex, doubly curved, 
perfectly conducting surface in the far-field of a radar. 
Assume that the surface is illuminated over many Fres- 
nel zones and that at the specular reflection point the 
principal radii curvature pi and p2 are large compared to 
d. In this case geometrical optics predicts a back-scat- 
tering cross section as follows: 


Tpip2R? 


¢ = ————_____, (4) 
(R ae p1) (R =f p2) 


where & is the range from the radar to the specular re- 
flection point on the doubly curved surface. To check 
the validity of this formula consider the two limiting 
cases: 1) pr=p2—> and, 2) pi=p,2=p, R->. Case 1 
leads to the back-scattering cross section of a perfectly 


7. eee 
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conducting infinite plane, and the formal result of ap- 
plying the indicated limiting operations to (4) is ¢ = 7R? 
or precisely (3). Case 2 leads to the determination of ¢ 
for a perfectly conducting sphere whose radius p is large 
compared to the wavelength \, but very small compared 
to the range R. The indicated limiting operations in this 
case when applied to (4) lead to the well-known result 


o = xp’. 


It is interesting to apply (4) to the case of the moon 
illuminated by a radar on the earth assuming that the 
moon is a smooth sphere with uniform reflectivity co- 
efficient. At a range of 240,000 miles and with a radius 
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of 1090 miles any point on the surface of the earth is in 
the near-zone of the moon at all frequencies above 4.9 
kc. This assumes the minimum far-field range to be 
2D?/ where D is the diameter of the moon. Application 
of (4) leads to the result 


a = 0.9910, 


where 9» is the far-field back-scattering cross section of a 
smooth spherical moon of uniform reflectivity coefficient. 
Therefore it is evident under the assumptions made that 
the fact that the earth is not in the far-field of the moon 
has very little effect (less than 1 per cent) upon the back- 
scattering cross section of the moon. 


Scanning Antenna Arrays of Discrete Elements* 
E. A. BLASI} anp R. S. ELLIOTTY 


considerable interest in scanning antennas com- 

posed of discrete elements, such as dipoles, slots, 
helixes, etc. The principal attraction appears to be more 
positive control over the aperture distribution than is 
possible with reflectors, lenses, and other continuous 
aperture types. Depending on the method of feeding the 
discrete elements, this advantage may prove entirely il- 
lusory. It is the purpose of this note to point up some 
of the difficulties which are encountered in a design ap- 
proach using discrete elements. 

When linear polarization is desired, dipoles and slots 
are frequent choices as the radiating element. For a 
planar array, the two are equivalent via Babinet’s prin- 
ciple, and for this reason we shall confine the discussion 
to dipoles. Using Ronald King’s data for self- and mutual 
impedances of parallel identical dipoles! in addition to 
the usual assumptions about superposition and images, 
it is a tedious but straightforward process to compute 
the driving point impedance of a single dipole in an ar- 
ray.2 For example, the case of a 5X3 array of dipoles 
has been considered. The arrangement is shown in 
Fig. 1. The dipoles are all \o/2 on centers and 0/4 in 
front of a ground plane, with > the mid-band wave- 
length. It is assumed that the amplitude of excitation is 


R eens systems designers currently are showing 


* Manuscript received by the PGAP, May 25, 1959, 

+ Lockheed Missiles and Space Div., Sunnyvale, Calif. ; 

¢ Dept. of Engrg., University of California, Los Angeles, Calif. 

1R, W. P. King, “The Theory of Linear Antennas,” Harvard 
University Press, Cambridge, Mass.; 1956. ; 

2. A. Blasi, “Effects of Mutual Interactions on the Design of 


Various Dipole Arrays,” Hughes Res. Labs., Culver City, Calif, 


Tech. Memo. No. 336; December, 1953. 
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Fig. 1—Geometry of 5X3 dipole array. 


uniform and that the phase of excitation is uniform pro- 
gressive. Therefore, this array approximates quite 
closely a 5X3 internal segment of a large array, and the 
driving point impedance of the central element is close 
to the driving point impedance values for a majority of 
the dipoles in a large array. An R—X plot of the driving 
point impedance of the central element is displayed in 
Fig. 2. The two parameters are frequency (via the wave- 
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Fig. 2—Driving point impedance of a central dipole element 
vs frequency and beam position. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


\ . 


October 


length A) and interelement phaseshift, 6. At the mid- 
band wavelength Ao, the beam scans in the E-plane from 


broadside (6 =0°) to endfire (6 = 180°). Using impedance — 


stability as a criterion, the array dipole is seen to be not 
only narrow-band, but also narrow-range when scanning 
is considered. Similar results are obtained for scanning 
in the H-plane, and thus for two-dimensional beam mo- 
tion. 

For very large arrays, with all elements-individually 
fed (or terminated), the principal effect of these imped- 
ance variations is on the gain of the antenna, with good 
maintenance of pattern shape. When conventional 
standing-wave and traveling-wave transmission lines 
are employed, the effect on pattern is disastrous and 
elaborate correction circuits must be added to the sys- 
tem. In either case, it is interesting to observe from Fig. 
2 that there exists a “cut-off” point at the lower fre- 
quency when approaching the endfire condition, since 
the driving point impedance tends towards a negative 
value. It has been the experience of several experimental 
investigators to actually measure these negative values. 

Experimental results confirm the calculations just 
presented. Similar calculations for other element geome- 
tries, such as the helix, are extremely difficult and have 
not been attempted. However, preliminary experi- 
mental results on helixes are equally sobering, and our 
suspicion is growing that, for many applications, a hand- 
some price is to be paid for the aperture control gained 
by going to discrete elements. 


On the Use of Uniform Circular Arrays to Obtain 
Omnidirectional Patterns* 
TA-SHING CHUt 


ANY omnidirectional antennas have been de- 
IV signed in the form of circular arrays of equally- 

spaced identical elements fed in phase. The 
term “omnidirectional” is restricted here to azimuthal 
patterns, 7.e., patterns in the plane of the array. It is the 
purpose of this study to determine the relationship be- 
tween the number of radiating elements and the fluctua- 
tions in the azimuthal pattern as the radius of the cir- 
cular array varies. Of particular interest are the condi- 
tions under which a good omnidirectional pattern can 


3 Manuscript received by the PGAP, April 17, 1959. This work 
was sepneored in part by the U. S. Army, Engrg. Lab., Fort Mon- 
mouth, N. J. 

{ Antenna Lab., Dept. of Elec. Engrg., The Ohio State Uni- 
versity, Columbus, Ohio. 


be obtained from such an array. If there are S identical 
elements fed in phase so that a rotation of the array 
through 27/S radians about an axis perpendicular to 
its plane does not alter the appearance of the array, it is 
evident that each point in the radiation pattern must be 
repeated (S—1) times. As the number of sources in- 
creases, decreasing the angular spacing, it is to be ex- 
pected that the pattern variation between correspond- 
ing points will generally decrease. The influence of the 
pattern of a single element on the array pattern fluctua- 
tion is also of interest. 

The problem of obtaining good omnidirectional pat- 
terns from circular arrays has been touched upon ina 
number of earlier papers. A qualitative discussion of the 
omnidirectional properties of circular arrays has been 


5 


~~ 


given by Hansen and Woodyard! and Hansen and Hol- 
lingsworth.? The radiation from dipoles mounted on a 
conducting cylinder has been analyzed by Carter? for 


cases likely to be of interest in the design of radio and 


television antennas. A synthesis method for circular ar- 
rays has been described by Taylor.4 The radiation from 


circular arrays of dipoles has been treated by Page® and 


Knudsen.® In this paper, the method of analysis given 
in Knudsen’s paper has been extended to circular arrays 
of arbitrary, identical elements; the detailed discussion, 


_ however, is restricted to elements having symmetrical 


patterns. The pattern fluctuations are shown in graph- 
ical form for several types of elementary patterns. 
Since these results were to be used in the microwave 
region, curves are given for larger values of S than pre- 


_ sented in the earlier papers. 


The problem to be considered is the radiation from S 
elements arranged in a circle. The elements are identical, 
equally-spaced, and fed in phase. Since their far-zone 


_ patterns are of interest, the location of the elements may 


be described simply by ideal point sources. A spherical 


- coordinate system (r, 0, ¢) is centered at the origin of the 


ring array shown in Fig. 1. The plane of the array is per- 
pendicular to the polar axis so that the coordinates of 
the jth source are (a, 7/2, u;), where uj;=j(2m/S) with 
Tey 2B, 20° 5:05. 


Fig 1—A uniform circular array. 


The symmetrical pattern F(¢’) of the jth point source 
of the array can be represented by the Fourier cosine 


series 


F(¢’) = Fibs cos nd’ = >” A, cos" ¢’ (1) 


n=0 n=0 


where ¢’=0 at ¢=u; and the constants An, which may 
be complex, are functions of 6. The condition under 


: W. W. Hansen, and J. R. Woodyard, “A new principle in di- 


rectional antenna design,” Proc. IRE, vol. 26, pp. 333-345; March, 


Sw. W. Hansen, and L. M. Hollingsworth, “Design of flat- 


shooting antenna arrays,” Proc. IRE, vol. 27, pp. 137-143; Feb- 


, 1939. r 
Se PLS, Carter, “Antenna arrays around cylinders,” Proc. IRE, 
: . 671-697; December, 1943. : Sune 
hart iP Taylor, “A synthesis method for circular and cylindrical 
antennas composed of discrete elements,” IRE TRANS. ON ANTENNAS 

AND PROPAGATION, vol. AP-3, pp. 251-261; August, 1952," 

5H. Page, “Ring-aerial systems—minimum number of radiators 
required,” WW asclesk Engr., vol. 25, pp. 308-315; 1948. . 
6H. L. Knudsen, “Radiation from ring quasi-arrays, IRE 
TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-4, pp. 452-472; 


July, 1956. 
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which F(¢’) is determined is important if the interac- 
tion between elements is to be taken into account prop- 
erly and the principle of superposition accurately ap- 
plied.” 

However, for most design work, approximations can 
be made; usually, the pattern of a single element is sim- 
ply taken to be the array pattern for S=1. Applying 
the superposition principle, the total far-field pattern 
for S elements is 


a ee 
ey ah Du An cos" (¢ — uw) | ei% cos (guj) 


j=1L n=0 


2 »D A,(—i)" = > eit cos «| (2) 


n=0 dZ 


I= 


where Z = ka sin 8 and for n=0 there is no differentiation 
with respect to Z. After some manipulation, in which 
the formulas 


ei cos (us) = DS (2 — Som)i”m(Z) cos m(d — uj) (3) 
m=0 
and 


S Ss 
sy eimuj = »y e% (2nmj/s) 
j=l 


j=l 


m 
S tor =p 
= where p =. 0,11, '+ 2) six 
QO in any other case (4) 
are used, 
} N d” 
@=S ee oe Ayire ( Ju(2)) | 
p=0 n=0 aZ? 


-(2 — Sop) cos spd. (5) 


In the above equation, the infinite sum on 7 has been 
replaced by a finite sum, since any practical Fourier rep- 
resentation of a pattern function would employ a finite 
number of NV terms. The summation with respect to p is 
rapidly convergent for a Jarge number of elements in an 
array of small radius, because sp becomes larger than Z 
within a few terms and the order of the Bessel function 
exceeds its argument. If the number of terms WN in the 
Fourier representation is Jess than the number of ele- 
ments S, then ® may be approximated by 


d” 
Wags 


oS os An(—i)” — [Jo(Z) + 2(4)*J,(Z) cos sd]. (6) 


n=0 


The approximation is most accurate for patterns with 
small fluctuations. 


7 J. N, Hines, e¢ al., “On the design of arrays,” Proc. IRE, vol. 
42, pp. 1262-1267; August, 1954. 
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In order to examine some of the properties of uniform 
circular arrays, the previous expression is applied to 
several simple cases, and the fluctuation in the azi- 
muthal pattern, defined as the ratio of maximum || to 
minimum | , is determined. In Fig. 2(a), curves for dif- 
ferent S have been plotted as a function of ka sin @ for 
an array composed of sources having a pattern of the 
form (1-+cos ¢’), and in Fig. 2(b), similar curves have 
been plotted for an array composed of sources having a 
pattern of the form (1+4 cos ¢’). They are typical ex- 
amples of arrays composed of broadly directional ele- 
ments and qualitatively indicate the general behavior 
of such arrays. For fluctuations of less than 1 db, the 
two sets of curves compare closely. However, as would 
be expected, the larger fluctuations are more sensitive 
to the element pattern; e.g., a 5-db fluctuation with S 
fixed results in differences in the array radius of up to 20 
per cent. On the other hand, the results for sources with 
an omnidirectional pattern are plotted in Fig. 2(c) and 
are seen to be considerably different from the previous 
curves. At certain values of ka sin 0, the fluctuation be- 
comes very large independently of S as indicated by the 
dotted lines in Fig. 2(c). These occur for Jo(Z) =0, as 
may be seen from (6), noting that in thiscase, N=0. It 
is clear that arrays of broadly directional elements do 
not have this undesirable property, so that a satisfac- 
tory pattern can be obtained over a desired band of fre- 
quencies by choosing the proper number of sources. 
This, of course, assumes that the pattern of the source 
does not deteriorate in the frequency band. In the case 
of the omnidirectional elements, an odd number of 
sources gives less azimuthal pattern fluctuation than an 
even number. This is not true for arrays composed of 
broadly directional elements. 

Eq. (6) indicates that as the number of elements is in- 
creased for a given Z, in general, the fluctuation in the 
azimuthal pattern decreases. Moreover, for the array 
radius less than the value corresponding to the first 
maximum in the curve, there is less fluctuation at the 
higher elevation angles, because the fluctuation is a 
function of ka sin 0. 

In Figs. 2(a) and 2(b), it is interesting to observe that 
good omnidirectional patterns can be achieved for ar- 
rays consisting of more than a few elements, if the ele- 
ments are spaced about one half-wavelength apart or 
less. This agrees well with an intuitive extension of the 
half-wavelength criteria for the existence of a single, 
well-defined maximum in the radiation pattern of a lin- 
ear array,® and with another prediction of a qualitative 
nature which can be deduced from the work of Taylor.! 


8 This was pointed out by C. Eason of the U. S. Army Signal 
Research and Development Laboratory in an informal conversation. 
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Fig. 2—The fluctuation in the azimuthal pattern of 
a uniform circular array. 


The effects of progressive phase shift between iden- 
tical elements has been treated by Knudsen* for the case 
of arrays composed of omnidirectional elements. His 
analysis can easily be generalized using the method de- 
scribed here. 
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Status of Tropospheric Extended Range Transmission* 
K. BULLINGTON} 


engineers, ask such questions as: who invented 
tropospheric extended range transmission, and 
when? Or, what single experiment led to its discovery? 
There is no easy answer to any of these questions. It is 
simply a matter of how far back in history we want to 
go and what constitutes a beginning. 
In the case of extended-range or beyond-horizon 


[pee reporters, and sometimes even 


_ tropospheric transmission, Marconi on at least one oc- 


casion received 400-mc signals over a distance of about 
150 miles. That was more than twenty-five years ago 
and there may even have been someone else who pre- 
dated him. Marconi had a hunch or faith that UHF 
could be useful beyond the horizon, but he did not have 


_ either the data on which to build a good theory or the 


facilities with which to get the data. 

In the last twenty-five years, many people have con- 
tributed to our present understanding of beyond-hori- 
zon transmission. The use of higher power at higher fre- 
quencies has provided an increasing amount of data 
which showed that the old ideas were incomplete and 
provided both the incentive and the material for new 
theories. Some of the measured programs were by- 
products of other work, some were definitely planned 
to check a theory and some were designed primarily to 
gather statistical data for engineering purposes. During 
these years, some data have had to be reinterpreted and 
some theories have had to be modified, but this is a nec- 
essary part in understanding any phenomenon. Most of 
the early work was summarized or at least mentioned 
in the October, 1955 issue of the PROCEEDINGS OF THE 
IRE. 

There now seems to be reasonable agreement on the 
major characteristics of tropospheric transmission, 
which has been called by various names such as ex- 
tended range, transhorizon, beyond horizon, scatter or 
that unwieldy FPTS. 

The principal characteristic is that the received power 
decreases rapidly with distance, perhaps as the 7th or 
8th power of distance. In spite of this attenuation, use- 
ful signals have been measured out to 600 miles or more. 

The average signal level is lower in the Arctic than in 
the tropics, but useful signals can be received even in 
the coldest and driest climates. In the middle latitudes, 
there is a seasonal variation of +10 db or more with the 
highest signals in the summer. The variation with season 


* Manuscript received by the PGAP, November 12, 1958; revised 
manuscript received, April 24, 1959. This paper is the substance of 
a talk at the National Symposium on Extended Range Transmission 
in Washington, D. C., October 7, 1958. Its purpose is to summarize 
the present status of extended range tropospheric transmission with 
brief mention of the history, principal characteristics, nature of the 
mechanism and general usefulness. ; 

+ Bell Telephone Laboratories, Inc., Murray Hill, N. J. 


and latitude depends on atmospheric refraction and is 


_ more or less proportional to our old friend, &, the effec- 


tive earth’s radius factor. 

The short-term fading is essentially random; that is, 
it follows a Rayleigh distribution, and some form of 
space or frequency diversity is necessary. Antennas as 
large as 40 wavelengths in diameter can achieve essen- 
tially their full gain. Larger antennas fail to realize their 
full plane-wave gain because of a lack of phase coher- 
ence. However, useful increases in gain may be realized 
up to about 100 wavelengths, and these larger antennas 
may also be helpful in increasing the useful bandwidth. 
While some lack of correlation does exist at a separation 
of 40 wavelengths, full diversity advantage requires a 
separation of 100-150 wavelengths. 

Although the fading is rapid, the significant compo- 
nents of the signal in practical systems are separated in 
time by only fractions of a microsecond. As a result, the 
available bandwidth is sufficient to provide an accept- 
able grade of black and white television service for at 
least one link. Alternatively, 100 or more telephone 
channels can be provided on a single radio carrier. High- 
quality voice transmission and even data transmission 
can be obtained with high reliability, providing the de- 
sign has adequate signal-to-noise margin. 

Any attempt to obtain maximum distance, maximum 
bandwidth and maximum quality or reliability all in one 
design is doomed to failure. Any one of these desirable 
features can be maximized, but at the expense of at least 
one of the other features. 

The received power decreases somewhat as the fre- 
quency increases, but frequencies from less than 100 mc 
to more than 5000 mc may be useful. This is illustrated 
in Fig. 1, which shows the estimated range of a single 
link circuit for various values of antenna size and fre- 
quency. For example, with 120-foot antennas, the opti- 
mum frequency is below 200 mc, while with 30-foot an- 
tennas, the optimum frequency is below 1000 mc. The 
optimum frequency will be increased when lower noise 
figures can be maintained at the higher frequencies. The 
chart assumes that the transmitter power, bandwidth 
and reliability are held constant. These estimates also 
assume the use of dual diversity reception; the use of 
quadruple diversity increases the estimated ranges by 
about 15 per cent. 

Sometimes the questions are asked: how does the 
energy get beyond the horizon? What is the real mecha- 
nism? The answer is not yet entirely clear. Equations 
have been evolved from both experimental data and 
theory, and gradually these two have come into reason- 
able agreement. The physicist is usually satisfied with 
the word “scatter,” but the layman interprets scattering 
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Fig. 1—Estimated range for beyond-horizon transmission. 


as spreading in more or less all directions. The experi- 
mental characteristics fit more closely to the layman’s 
concept of reflection rather than scattering but here also 
there may be some conceptual difficulties. 

A simplified equation for the loss in power relative to 
that expected in free space is shown in Fig. 2. The ex- 
perimental results show a small wavelength dependence 
of about m=1. This is difficult for the scattering theory 
to explain unless the blobs are squashed into layers. 
The distance dependence of »=5+1 is more than can 
be accounted for by simple scattering alone. A further 
assumption is needed regarding the way in which the 
average variations in dielectric constant change with 
height above the ground. Almost any value for m can be 
obtained by assuming the right change in dielectric con- 
stant with elevation; and this important parameter is 
difficult to measure and perhaps variable with time. 
Moreover, the antenna factor f(a/@) can confuse the 
issue by providing an additional exponent of 1, 2, or 3 
when very narrow-beam antennas are used. 

For engineering purposes, it is sufficient to emphasize 
the equation that fits the experimental results and to 
minimize the fine shades of meaning in the interpreta- 
tion of the equation. While this procedure may not com- 
pletely satisfy our desire for basic knowledge, it does 
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Fig. 2—Beyond-horizon tropospheric transmission, 


have some good historical precedents. For example, 
Isaac Newton discovered a formula that accounted for 
the motion of the planets, but he did not explain the 
mechanism of gravitation. Some of his contemporaries 
saw nothing new in this approach because it showed 
only the how and not the why of gravitation. Gradually, 
most people stopped asking why gravitation occurred 
and simply accepted the formula. As radio engineers, we 
may ultimately need to take a similar position in regard 
to tropospheric transmission. 

Another question frequently asked is: what is beyond- 
horizon tropospheric transmission good for and where 
will it be used? As already mentioned, it is capable of 
relatively wide-band transmission. It is being used pri- 
marily in the Arctic and over water links, and its use 
will probably increase in areas of difficult terrain. On 
the other hand, in well-populated regions with a good 
network of roads and power lines, beyond-horizon trans- 
mission cannot compete economically with comparable 
line-of-sight microwave systems. In addition, the high 
power involved may cause interference into other serv- 
ices unless special precautions are taken. 

Consequently, beyond-horizon transmission is com- 
plementary to and is not a substitute for line-of-sight 
systems. It is very useful in areas where line-of-sight 
transmission is difficult, but the circuits are relatively 
expensive and, hence, cannot compete in regions that 
are more favorable to line-of-sight systems. 
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